A.A. Ungar 


FUNDAMENTAL THEORIES OF PHYSIGS. 166 


Hyperbolic 
Triangle Centers 


The Special Relativistic Approach 


Q Springer 


Hyperbolic Triangle Centers 


Fundamental Theories of Physics 


An International Book Series on The Fundamental Theories of Physics: 
Their Clarification, Development and Application 


Series Editors: 

PHILIPPE BLANCHARD, Universitdt Bielefeld, Bielefeld, Germany 

PAUL BUSCH, University of York, Heslington, York, UK 

BOB COECKE, Oxford University Computing Laboratory, Oxford, UK 
DETLEF DUERR, Mathematisches Institut, Munich, Germany 

ROMAN FRIGG, London School of Economics and Political Science, London, UK 
CHRISTOPHER A. FUCHS, Perimeter Institute for Theoretical Physics, Waterloo, 
Ontario, Canada 

GIANCARLO GHIRARDI, University of Trieste, Trieste, Italy 

DOMENICO GIULINI, University of Hannover, Hannover, Germany 

GREGG JAEGER, Boston University CGS, Boston, USA 

CLAUS KIEFER, University of Cologne, Cologne, Germany 

KLAAS LANDSMANN, Radboud Universiteit Nijmegen, Nijmegen, 

The Netherlands 

CHRISTIAN MAES, K.U. Leuven, Leuven, Belgium 

HERMANN NICOLAI, Max-Planck-Institut fiir Gravitationsphysik, Golm, 
Germany 

VESSELIN PETKOV, Concordia University, Montreal, Canada 

ALWYN VAN DER MERWE, University of Denver, Denver, USA 

RAINER VERCH, Universitat Leipzig, Leipzig, Germany 

REINHARD WERNER, Leibniz University, Hannover, Germany 

CHRISTIAN WUTHRICH, University of California, San Diego, La Jolla, USA 


Volume 166 


For other titles published in this series, go to http://www.springer.com/series/6001 


A.A. Ungar 
Hyperbolic 


Triangle Centers 


The Special Relativistic Approach 


g) Springer 


Prof. A.A. Ungar 

Dept. Mathematics 2750 
North Dakota State University 
58108-6050 Fargo, ND 

USA 
Abraham. Ungar @ndsu.edu 


ISBN 978-90-48 1-8636-5 e-ISBN 978-90-48 1-8637-2 
DOI 10.1007/978-90-48 1-8637-2 
Springer Dordrecht Heidelberg London New York 


Library of Congress Control Number: 2010930171 

© Springer Science+Business Media B.V. 2010 

No part of this work may be reproduced, stored in a retrieval system, or transmitted in any form or by 
any means, electronic, mechanical, photocopying, microfilming, recording or otherwise, without written 
permission from the Publisher, with the exception of any material supplied specifically for the purpose 
of being entered and executed on a computer system, for exclusive use by the purchaser of the work. 
Cover design: eStudio Calamar S.L. 


Printed on acid-free paper 


Springer is part of Springer Science+Business Media (www.springer.com) 


To my Daughters and Sons 
Tamar, Ziva, Ilan and Ofer 
and to my Grandchildren 


Preface 


The seeds of this book were planted in 1988 [55], when the author discovered that 
the seemingly structureless Einstein addition of relativistically admissible velocities 
possesses rich nonassociative algebraic structures that became known as a gyrocom- 
mutative gyrogroup and a gyrovector space. Einstein gyrovector spaces turn out to 
form the algebraic setting for the Cartesian—Beltrami—Klein ball model of the hyper- 
bolic geometry of Janos Bolyai and Nikolai Ivanovich Lobachevsky, just as vector 
spaces form the algebraic setting for the standard Cartesian model of Euclidean ge- 
ometry. 

This book presents the novel approach to triangle centers in hyperbolic geometry 
that Einstein’s special theory of relativity offers. Writing the book became possi- 
ble following the adaption of Cartesian coordinates and vector algebra for use in 
hyperbolic geometry in its forerunners, the author’s four earlier books [58, 60, 
63, 64]. This adaption enables in this book the Mébius barycentric coordinates in 
Euclidean geometry to be embedded into hyperbolic geometry. The resulting hyper- 
bolic barycentric coordinates form a tool for determining various hyperbolic triangle 
centers and relations between them, just as Euclidean barycentric coordinates form a 
tool for determining various Euclidean triangle centers and relations between them. 

Following Mobius idea, let R? be the Euclidean 3-space whose points represent 
Newtonian velocities in classical mechanics. The barycentric coordinates of a point 
P € R? with respect to a triangle in R* are viewed as masses suspended at the trian- 
gle vertices in such a way that P is their center of momentum. Clearly, the masses 
are determined by P up to a multiplicative common factor, so that barycentric coor- 
dinates of a point with respect to a triangle are homogeneous. 

Incorporating Einstein’s ideas, let R3 be the c-ball of R?, that is, the ball of 
IR? that contains all vectors of R? with magnitude smaller than the vacuum speed 
of light, c. Viewing the points of the ball as Einsteinian velocities in relativistic 
mechanics, we obtain hyperbolic barycentric coordinates that are fully analogous 
to their Euclidean counterpart. Thus, the hyperbolic barycentric coordinates of a 
point P € R3 with respect to a hyperbolic triangle in R3 are viewed as Einsteinian, 
relativistic masses suspended at the triangle vertices in such a way that P is their 
center of momentum. Clearly, the relativistic masses are determined by P up to a 


Vii 


Vili Preface 


multiplicative common factor, so that hyperbolic barycentric coordinates of a point 
with respect to a hyperbolic triangle are homogeneous. 

Seemingly “unfortunately”, (i) the Einstein relativistic mass is velocity depen- 
dent so that, as a result, (ii) it seemingly does not sit under the umbrella of the 
Minkowskian four-vector formalism of Einstein’s special theory of relativity. How- 
ever, it is demonstrated in this book that (i) the velocity dependence of the Einstein 
relativistic mass is precisely what is needed to successfully determine various trian- 
gle centers in hyperbolic geometry and that, contrary to general belief, (ii) the Ein- 
stein relativistic mass meshes up extraordinarily well with the Minkowskian four- 
vector formalism of Einstein’s special relativity. 

Accordingly, this book takes an in-depth look at one of the aspects of gyrocom- 
mutative gyrogroups and gyrovector spaces where Einstein’s special relativity and 
the hyperbolic geometry of Bolyai and Lobachevsky meet. 

A most convincing way to describe the success of the author’s adaption of Carte- 
sian coordinates and vector algebra for use in hyperbolic geometry is presented by 
the renowned historian of relativity physics Scott Walter in his review of the author’s 
2001 book [58], which is the first forerunner of this book. Therefore, part of Scott 
Walter’s review is quoted below. 


Over the years, there have been a handful of attempts to promote the non- 
Euclidean style for use in problem solving in relativity and electrodynamics, 
the failure of which to attract any substantial following, compounded by the 
absence of any positive results must give pause to anyone considering a sim- 
ilar undertaking. Until recently, no one was in a position to offer an improve- 
ment on the tools available since 1912. In his [2001] book, Ungar furnishes 
the crucial missing element from the panoply of the non-Euclidean style: an 
elegant nonassociative algebraic formalism that fully exploits the structure of 
Einstein’s law of velocity composition. The formalism relies on what the au- 
thor calls the “missing link” between Einstein’s velocity addition formula and 
ordinary vector addition: Thomas precession ... 

Scott Walter, 2002 [71] 


Indeed, the special relativistic effect known as Thomas precession is mathemat- 
ically abstracted into a version called Thomas gyration. The latter, in turn, justifies 
the prefix “gyro” that is extensively used in this book. Thus, as a matter of a few 
examples, Einstein’s velocity addition is neither commutative nor associative, but 
it turns out to be both gyrocommutative and gyroassociative, thus giving rise to the 
algebraic structures known as gyrogroups and gyrovector spaces. Remarkably, the 
mere introduction of gyrations turns Euclidean geometry, the geometry of classical 
mechanics, into hyperbolic geometry, the geometry of relativistic mechanics. This 
remarkable result gives rise to the gyro-language of this book, in which one prefixes 
a gyro to a classical term to mean the analogous modern term. 

As a mathematical prerequisite for a fruitful reading of this book, it is assumed 
familiarity with Euclidean geometry from the point of view of vectors and with basic 
elements of linear algebra and classical mechanics. In particular, there is no demand 
upon readers of this book as to a prior acquaintance with either special relativity, 
nonassociative algebra or hyperbolic geometry. 
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The immediate purpose of this book is to build a momentum toward the hunt of 
more hyperbolic triangle centers and the study of relationships between them. It is 
hoped that this book will be in the forefront of shaping and popularizing the future 
of the study under one umbrella of both (i) the special theory of relativity of Einstein 
and (ii) the hyperbolic geometry of Bolyai and Lobachevsky. 


Fargo, ND, USA A.A. Ungar 
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Chapter 1 
Einstein Gyrogroups 


Abstract Einstein’s addition law of three-dimensional relativistically admissible 
velocities is the corner stone of Einstein’s three-vector formalism of the special 
theory of relativity that he founded in 1905. In this chapter, we present Einstein 
addition along with its role in nonassociative algebra and hyperbolic geometry. We 
make no demands upon readers of this book as to a prior acquaintance with either 
special relativity, nonassociative algebra or hyperbolic geometry. 


1.1 Introduction 


Einstein’s addition law of three-dimensional relativistically admissible velocities 
appears in [58, 60, 63, 64] as the corner stone of Einstein’s three-vector formalism 
of the special theory of relativity that he founded in 1905 [12, 34]. Einstein addition 
is presented in this chapter, along with the nonassociative algebraic structures that 
it encodes. These are the gyrocommutative gyrogroup structure and the gyrovector 
space structure that form a natural generalization of the common commutative group 
structure and vector space structure from associative algebra into nonassociative 
algebra. 

It will turn out that the resulting Einstein gyrovector spaces, studied in Chap. 2, 
form the setting for the Cartesian—Beltrami—Klein ball model of hyperbolic geom- 
etry just as vector spaces form the setting for the standard Cartesian model of Eu- 
clidean geometry. 

We make no demands upon readers of this book as to a prior acquaintance with 
either the hyperbolic geometry of Bolyai and Lobachevsky or the special theory of 
relativity of Einstein. Rather, we will present the modern and unknown in terms of 
analogies that they share with the classical and familiar. Accordingly, as a math- 
ematical prerequisite for a fruitful reading of this book, familiarity with Euclidean 
geometry from the point of view of vectors and with basic elements of linear algebra 
and classical mechanics is assumed. 


A.A. Ungar, Hyperbolic Triangle Centers, 3 
Fundamental Theories of Physics 166, 
DOI 10.1007/978-90-48 1-8637-2_1, © Springer Science+Business Media B.V. 2010 


4 1 Einstein Gyrogroups 


1.2 Einstein Velocity Addition 


Let c be any positive constant and let (R”,+,-) be the Euclidean n-space, n = 
1,2,3,..., equipped with the common vector addition, +, and inner product, -. 
Furthermore, let 


Ri={veR": IIv| <c} (1.1) 


be the c-ball of all relativistically admissible velocities of material particles. It is the 
open ball of radius c, centered at the origin of R”, consisting of all vectors v in R” 
with magnitude ||v|| smaller than c. 

Einstein velocity addition is a binary operation, ®, in the c-ball RY? of all relativis- 
tically admissible velocities, given by the equation [58], [49, (2.9.2)], [40, p. 55], 
[18], 


@v + = eek (u-v) (1.2) 
= u 2 
u iy c u-y)u 


for all u, v € R!, where y, is the gamma factor given by the equation 


i ... i 
Vi-F yi-5 


Here u-v and ||v|| are the inner product and the norm in the ball, which the ball R? 
inherits from its space R”, ||v||> = v-v = v’. A nonempty set with a binary operation 
is called a groupoid so that, accordingly, the pair (R”, ®) is an Einstein groupoid. 

In the Newtonian limit of large c, c + ov, the ball R! expands to the whole of 
its space IR”, as we see from (1.1), and Einstein addition @ in R? reduces to the 
ordinary vector addition + in R”, as we see from (1.2) and (1.3). 

In physical applications, R” = R? is the Euclidean 3-space, which is the space 
of all classical, Newtonian velocities, and R? = R3 C R? is the c-ball of R? of all 
relativistically admissible, Einsteinian velocities. Furthermore, the constant c repre- 
sents in physical applications the vacuum speed of light. Since we are interested in 
applications to geometry, we allow n to be any positive integer. 

Einstein addition (1.2) of relativistically admissible velocities, with n = 3, was 
introduced by Einstein in his 1905 paper [12], [13, p. 141] that founded the special 
theory of relativity, where the magnitudes of the two sides of Einstein addition (1.2) 
are presented. One has to remember here that the Euclidean 3-vector algebra was 
not so widely known in 1905 and, consequently, was not used by Einstein. Einstein 
calculated in [12] the behavior of the velocity components parallel and orthogonal 
to the relative velocity between inertial systems, which is as close as one can get 
without vectors to the vectorial version (1.2) of Einstein addition. 

We naturally use the abbreviation uOv = u@(—Vv) for Einstein subtraction, so 
that, for instance, vVOv = 0, Ov = 06v = —v and, in particular, 


(1.3) 


Ww = 


O(uGv) = Gucv (1.4) 
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and 
©Ou®d(u@v) =v (1.5) 


for all u, v in the ball IR”, in full analogy with vector addition and subtraction in R”. 
Identity (1.4) is known as the automorphic inverse property, and Identity (1.5) is 
known as the left cancellation law of Einstein addition [63]. We may note that Ein- 
stein addition does not obey the naive right counterpart of the left cancellation law 
(1.5) since, in general, 


(u@v)ev Au (1.6) 


However, this seemingly lack of a right cancellation law of Einstein addition is 
repaired in Sect. 1.9, p. 21. 
Einstein addition and the gamma factor are related by the gamma identity, 


Uv 
Yuev = Yu Vv (1+) (1.7) 


which can be equivalently written as 


Uv 
Youev _ Yu Vy (: ro 7) (1.8) 


for all u, v ¢ R”. Here, (1.8) is obtained from (1.7) by replacing u by Gu = —u 
in (1.7). 
A frequently used identity that follows immediately from (1.3) is 


2 2 2 
v v -1 
_IwP _ x as 
C2 C2 y 
and, similarly, a useful identity that follows immediately from (1.8) is 
ee (1.10) 
c Yu Vv 


It is the gamma identity (1.7) that signaled the emergence of hyperbolic geom- 
etry in special relativity when it was first studied by Sommerfeld [51] and Varicak 
[66, 67] in terms of rapidities, a term coined by Robb [47]. In fact, the gamma iden- 
tity plays a role in hyperbolic geometry, analogous to the law of cosines in Euclidean 
geometry, as we will see in Sect. 6.3, p. 132. Historically, it formed the first link be- 
tween special relativity and the hyperbolic geometry of Bolyai and Lobachevsky, re- 
cently leading to the novel trigonometry in hyperbolic geometry that became known 
as gyrotrigonometry, developed in [63, Chap. 12], [64, Chap. 4], [57, 62] and in 
Part II of this book. 

Einstein addition is noncommutative. Indeed, while Einstein addition is commu- 
tative under the norm, 


[Udy] = || veul| (1.11) 
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we have, in general, 
ud@v 4 vou (1.12) 


for u, v € R’. Moreover, Einstein addition is also nonassociative since, in general, 
(u@v) Ow 4 u@(vOw) (1.13) 


for u,v, we RY". 

It seems that following the breakdown of commutativity and associativity in Ein- 
stein addition some mathematical regularity has been lost in the transition from 
Newton’s velocity vector addition in R” to Einstein’s velocity addition (1.2) in R¢. 
This is, however, not the case since Thomas gyration comes to the rescue, as we 
will see in Sect. 1.4. Owing to the presence of Thomas gyration, the Einstein 
groupoid (Ri, @) has a grouplike structure [56] that we naturally call the Einstein 
gyrogroup [58]. The formal definition of the resulting abstract gyrogroup will be 
presented in Definition 1.5, p. 12. 


1.3 Einstein Addition With Respect to Cartesian Coordinates 


Like any physical law, Einstein velocity addition law (1.2) is coordinate indepen- 
dent. Indeed, it is presented in (1.2) in terms of vectors, noting that one of the great 
advantages of vectors is their ability to express results independent of any coordinate 
system. 

However, in order to generate numerical and graphical demonstrations of phys- 
ical laws, we need coordinates. Accordingly, we introduce Cartesian coordinates 
into the Euclidean n-space IR” and its ball IR”, with respect to which we generate 
the graphs of this book. Introducing the Cartesian coordinate system ¥ into R” and 
IR”, each point P € R” is given by an n-tuple 


P=(x1,%2,0.-4%n), Xp HAZHt + +.x;p <00 (1.14) 


of real numbers, which are the coordinates, or components, of P with respect to 2’. 
Similarly, each point P € Ri is given by an n-tuple 


PH=(X1,x2,-0-5%n), XP HAZ H+ <c? (1.15) 


of real numbers, which are the coordinates, or components of P with respect to 2’. 

Equipped with a Cartesian coordinate system %' and its standard vector addi- 
tion given by component addition, along with its resulting scalar multiplication, R” 
forms the standard Cartesian model of n-dimensional Euclidean geometry. In full 
analogy, equipped with a Cartesian coordinate system > and its Einstein addition, 
along with its resulting scalar multiplication (to be studied in Sect. 2.1), the ball 
IR? forms in this book the Cartesian—Beltrami—Klein ball model of n-dimensional 
hyperbolic geometry. 
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As an illustrative example, we present below the Einstein velocity addition law 
(1.2) in R3 with respect to a Cartesian coordinate system. 

Let R3 be the c-ball of the Euclidean 3-space, equipped with a Cartesian coordi- 
nate system »’. Accordingly, each point of the ball is represented by its coordinates 
(x1, X2,x3)' (exponent ¢ denotes transposition) with respect to ¥, satisfying the 
condition + Se + i ae, 

Furthermore, let u, v, w € R3 be three points in R3 C R? given by their coordi- 
nates with respect to x, 


uy} Vv] Ww] 
u=]u2], v=] ], w=]|u2 (1.16) 
U3 U3 W3 
where 
w=u0Vv (1.17) 


The dot product of u and v is given in » by the equation 
WV = UV, + U2QVU2 +.U3U3 (1.18) 
and the squared norm ||v||* = v-v of v is given by the equation 
IIvIl? = v2 + v3 + v3 (1.19) 
Hence, it follows from the coordinate independent vector representation (1.2) of 


Einstein addition that the coordinate dependent Einstein addition (1.17) with respect 
to the Cartesian coordinate system »' takes the form 


W1 1 
2) = Uj Vj FU2V2+U3 V3 
W3 I+ c2 
1 y uj 1 v1 
x i+ * (use uae + w30)| uz} +— | v2 (1.20) 
cl+y en Vii is 
where 
1 
Ya = (1.21) 
1 up tus+uy 
ee 


The three components of Einstein addition (1.17) are w1, w2 and w3 in (1.20). 
For a two-dimensional illustration of Einstein addition (1.20) one may impose the 
condition u3 = v3 = 0, implying w3 = 0. 
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In the Newtonian—Euclidean limit, c > o, the ball R3 expands to the Euclidean 
3-space IR3, and Einstein addition (1.20) reduces to the common vector addition 
in R3, 


WI uy VI 
w2}=],u2t+ 4] v2 (1.22) 
W3 U3 U3 


1.4 Einstein Addition vs. Vector Addition 


Vector addition, +, in R” is both commutative and associative, satisfying 


u+v=v+u, (Commutative Law) 


u+(v+w)=(u+v)+w_ (Associative Law) oe) 
for all u, v, w € R”. In contrast, Einstein addition, @, in R? is neither commutative 
nor associative. 

In order to measure the extent to which Einstein addition deviates from as- 
sociativity we introduce gyrations, which are maps that are trivial in the spe- 
cial cases when the application of © is associative. For any u,v € RY’, the gy- 
ration gyr[u, v] is a map of the Einstein groupoid (R?, ®) onto itself. Gyrations 
gyr[u, v] € Aut(R?, ®),u,ve R3, are defined in terms of Einstein addition by the 
equation 


gyr[u, vlw = O(u@v)@ {ue(vew)} (1.24) 


for all u, v, WE R3, and they turn out to be automorphisms of the Einstein groupoid 
(Rz, ©). 

We recall that an automorphism of a groupoid (S, @) is a one-to-one map f of S 
onto itself that respects the binary operation, that is, f(a®@b) = f(a)®f (b) for all 
a,b €S. The set of all automorphisms of a groupoid ($, @) forms a group, denoted 
Aut(S, ®). To emphasize that the gyrations of an Einstein gyrogroup (R3, ®) are 
automorphisms of the gyrogroup, gyrations are also called gyroautomorphisms. 

A gyration gyr[u, v], u,v € R3, is srivial if gyr[u, v]w = w for all w € R?. 
Thus, for instance, the gyrations gyr[9, v], gyr[v, v] and gyr[v, Ov] are trivial for 
allve R3, as we see from (1.24). 

Einstein gyrations, which possess their own rich structure, measure the extent 
to which Einstein addition deviates from commutativity and associativity as we see 
from the gyrocommutative and the gyroassociative laws of Einstein addition in the 
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following identities [58, 60, 63]: 
uv = gyr[u, v](v@u), (Gyrocommutative Law) 


u@(v@w) = (u@v)O gyr[u, v]w, (Left Gyroassociative Law) 
(u@v) Ow = u@ (ve gyrt[v, ulw), (Right Gyroassociative Law) 


gyr[u®v, v] = gyr[u, v], (Gyration Left Loop Property) (1.25) 
gyr[u, vu] = gyr[u, v], (Gyration Right Loop Property) 
gyr[Ou, Ov] = gyr[u, v], (Gyration Even Property) 


(gyr[u, v]) ~! = gyrfv, ul, (Gyration Inversion Law) 


for all u, v, we RY". 

Einstein addition is thus regulated by gyrations to which it gives rise owing to its 
nonassociativity, so that Einstein addition and its gyrations are inextricably linked. 
The resulting gyrocommutative gyrogroup structure of Einstein addition was dis- 
covered in 1988 [55]. Interestingly, (Thomas) gyrations are the mathematical ab- 
straction of the relativistic effect known as Thomas precession [63, Sect. 10.3]. 

The loop properties in (1.25) present important gyration identities. These two 
gyration identities are, however, just the tip of a giant iceberg. Many other useful 
gyration identities are studied in [58, 60, 63] and will be studied in the sequel. 


1.5 Gyrations 


Owing to its nonassociativity, Einstein addition gives rise in (1.24) to gyrations 
gyr[u, v]: RR! > R? (1.26) 


for any u, v € R" in an Einstein groupoid (R”, ®). Gyrations, in turn, regulate Ein- 
stein addition, endowing it with the rich structure of a gyrocommutative gyrogroup, 
as we will see in Sect. 1.6, and a gyrovector space, as we will see in Sect. 2.1. 
Clearly, gyrations measure the extent to which Einstein addition is nonassociative, 
where associativity corresponds to trivial gyrations. 

An explicit presentation of the gyrations of Einstein groupoids (R”, ®) is, there- 
fore, desirable. Indeed, the gyration equation (1.24) can be manipulated into the 
equation 

Au+ By 


gyr[u, vJw=w+ Ta (1.27) 
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where 
i awe ew 
(y+) Vv perry 
Zing dh 
AG ae Ty a la 
u v (1.28) 
1 yw 
=a a {Yaw + Daw) + (% — Dy (v-w)} 


uv 
D=vars(1+ 97) +1= roy +1>1 
c 


for all u, v, w € R”. Allowing w € R” 5 R? in (1.27)+(1.28), gyrations gyr[u, v] are 
expendable from maps of IR? to linear maps of IR” for all u, v € RY”. 

In each of the three special cases when (i) u = 0, or (ii) v = 0, or (iii) u and v are 
parallel in R”, ul|v, we have Au+ Bv = 0 so that gyr[u, v] is trivial. Thus, we have 


gyr[0, v]jw=w 
gyr[u, 0Jw=w (1.29) 
gyr[u, vJw=w, ullv 


for all u, v € R®”, and all we R”. 
It follows from (1.27) that 
gyr[v, u](gyr[u, v]}w) = w (1.30) 


for all u, v € R", we R", so that gyrations are invertible linear maps of R”, the in- 
verse, gyr~![u, v], of gyr[u, v] being gyr[v, uJ]. We thus have the gyration inversion 
property 


gyr_'[u, v] = gyriv, ul (1.31) 


for allu, v € R?. 
Gyrations keep the inner product of elements of the ball IR” invariant, that is, 


gyr[u, vja- gyr[u, v]b = a-b (1.32) 


for all a, b, u, v € R”. Hence, gyr[u, v] is an isometry of IR”, keeping the norm of 
elements of the ball R” invariant, 


I[gyrtu, v]wl| = Iwi (1.33) 
Accordingly, gyr[u, v] represents a rotation of the ball IR? about its origin for any 
u,veR?. 


The invertible self-map gyr[u, v] of IR? respects Einstein addition in R’, 


gyr[u, v](a®b) = gyr[u, vja® gyr[u, v]b (1.34) 
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for all a, b, u, v € R”, so that gyr[u, v] is an automorphism of the Einstein groupoid 
(Re, ®). 


1.6 From Einstein Velocity Addition to Gyrogroups 


Taking the key features of the Einstein groupoid (IR?,@) as axioms, and guided 
by analogies with groups, we are led to the formal gyrogroup definition in which 
gyrogroups turn out to form a most natural generalization of groups. Definitions 
related to groups and gyrogroups thus follow. 


Definition 1.1 (Groups) A groupoid (G, +) is a group if its binary operation satis- 
fies the following axioms. In G there is at least one element, 0, called a left identity, 
satisfying 


(G1) 
O+a=a 


for all a € G. There is an element 0 € G satisfying Axiom (G1) such that for 
each a € G there is an element —a € G, called a left inverse of a, satisfying 
(G2) 


-—a+a=0 


Moreover, the binary operation obeys the associative law 
(G3) 


(a+b)+c=a+(b+c) 
for alla, b,ceEG. 
Groups are classified into commutative and noncommutative groups. 
Definition 1.2 (Commutative Groups) A group (G, +) is commutative if its binary 
operation obeys the commutative law 
(G6) 
a+b=b+a 

foralla,beG. 

Definition 1.3 (Subgroups) A subset H of a subgroup (G, +) is a subgroup of G 


if itis nonempty, and H is closed under group compositions and inverses in G, that 
is, x, y € H implies x + y € H and —x € H. 


Theorem 1.4 (The Subgroup Criterion) A subset H of a group G is a subgroup if 
and only if (i) H is nonempty, and (ii) x, y € H impliesx —y € H. 
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For a proof of the Subgroup Criterion see any book on group theory. 


Definition 1.5 (Gyrogroups) A groupoid (G, @) is a gyrogroup if its binary oper- 
ation satisfies the following axioms. In G there is at least one element, 0, called a 
left identity, satisfying 


(G1) 
0@a =a 


for all a € G. There is an element 0 € G satisfying Axiom (G1) such that for 
each a € G there is an element Ga € G, called a left inverse of a, satisfying 
(G2) 


Ca@a = 0 


Moreover, for any a,b,c € G there exists a unique element gyr[a, b]lc € G 
such that the binary operation obeys the left gyroassociative law 
(G3) 


a®(b@c) = (a@b)@ gyr[a, blc 


The map gyr[a, b] : G > G given by ct gyr[a, b]c is an automorphism of 
the groupoid (G, @), that is, 
(G4) 
gyr[a, b] € Aut(G, 8) 
and the automorphism gyr[a, b] of G is called the gyroautomorphism, or the 
gyration, of G generated by a, b € G. The operator gyr : G x G — Aut(G, ®) 
is called the gyrator of G. Finally, the gyroautomorphism gyr[a, b] generated 


by any a,b € G possesses the left loop property 
(G5) 


gyt[a, b] = gyr[a®@b, b] 


The gyrogroup axioms (G1)-(G5) in Definition 1.5 are classified into three 
classes: 


— 


. The first pair of axioms, (G1) and (G2), is a reminiscent of the group axioms. 

2. The last pair of axioms, (G4) and (G5), presents the gyrator axioms. 

3. The middle axiom, (G3), is a hybrid axiom linking the two pairs of axioms in (1) 
and (2). 


As in group theory, we use the notation a@b = a@(Ob) in gyrogroup theory as 
well. 

In full analogy with groups, gyrogroups are classified into gyrocommutative and 
non-gyrocommutative gyrogroups. 


Definition 1.6 (Gyrocommutative Gyrogroups) A gyrogroup (G, ®) is gyrocom- 
mutative if its binary operation obeys the gyrocommutative law 
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(G6) 
a®@b=gyrla, b]\(b@a) 
for alla, beG. 
In order to capture analogies with groups, we introduce into the abstract gy- 


rogroup (G, ®) a second binary operation, H, called the gyrogroup cooperation, or 
coaddition. 


Definition 1.7 (The Gyrogroup Cooperation (Coaddition)) Let (G,@) be a gy- 
rogroup. The gyrogroup cooperation (or, coaddition), H, is a second binary opera- 
tion in G related to the gyrogroup operation (or, addition), @, by the equation 


aHib=a@gyrla, Cblb (1.35) 


for alla,beG. 


Naturally, we use the notation aH b =a 4 (Gb) where Gb = —J, so that 


aHb=ae@gyrla, blb (1.36) 


The gyrogroup cooperation is commutative if and only if the gyrogroup operation is 
gyrocommutative, as we will see in Theorem 1.33, p. 35. 

Hence, in particular, Einstein coaddition H = H, is commutative since Einstein 
addition @ = ®, is gyrocommutative. Indeed, Einstein coaddition H = H, is com- 
mutative, given explicitly by the equation [63, pp. 92-93] 


Yu + Vy 


Yyutyv 
v= 742 
Marve nw lS 


(1.37) 


iy Ut wv) = 28 
7) u Vv 
for all u, v € R”? where, by scalar multiplication definition, 2@v = v@v. 

While it is clear how to define a right identity and a right inverse in a gyrogroup, 
the existence of such elements is not presumed. Indeed, the existence of a unique 
identity and a unique inverse, both left and right, is a consequence of the gyrogroup 
axioms, as the following theorem shows, along with other immediate results. 


Theorem 1.8 (First Gyrogroup Properties) Let (G,@®) be a gyrogroup. For any 
elements a,b,c, x € G we have: 


. Ifa®@b=aec, then b =c (general left cancellation law; see item (9) below). 
. gyt[0, a] = I for any left identity 0 in G. 

. gyt[x, a] =I for any left inverse x of ain G. 

. gyt[a,a]=T. 

. There is a left identity which is a right identity. 

. There is only one left identity. 

. Every left inverse is a right inverse. 

. There is only one left inverse, Ga, of a, and G(Ga) =a. 


ONNNKWN 
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9. The Left Cancellation Law: 
©Oa®(a@b) = b. (1.38) 
10. The Gyrator Identity: 


gyrtla, blx = O(a®b)G {a@(box)}. (1.39) 


Proof 


1. Let x be a left inverse of a corresponding to a left identity, 0, in G. We have 
x@(a@b) = x@(aGc), implying (xGa)O gyr[x, a]b = (xGa)O gyr[x, alc by 
left gyroassociativity. Since 0 is a left identity, gyr[x,a]b = gyr[x, a]c. Since 
automorphisms are bijective, b= c. 

. By left gyroassociativity we have for any left identity 0 of G, a@x = 
0@(aGx) = (OGa)@ gyr[0, a]x = a® gyr[0, a]x. Hence, by Item | above we 
have x = gyr[0, a]x for all x € G so that gyr[0, a] = /. 

. By the left loop property and by Item 2 above we have gyr[x, a] = gyr[x@a, a] 
= gyr[0,a] =I. 

. Follows from an application of the left loop property and Item 2 above. 

. Let x be a left inverse of a corresponding to a left identity, 0, of G. Then by left 
gyroassociativity and Item 3 above, x®@(a@0) = (xa) gyr[x, a]0 = 060 = 
0 = x@a. Hence, by (1), a@0 =a for all a € G so that 0 is a right identity. 

6. Suppose 0 and 0* are two left identities, one of which, say 0, is also a right 

identity. Then 0 = 0*@0 = 0*. 

7. Let x be a left inverse of a. Then x®(a@x) = (x@a)@ gyr[x, a]x = 0@x = 
x = x@0, by left gyroassociativity, (G2) of Definition 1.5 and Items 3, 5, 6 
above. By Item 1, we have a®x = 0 so that x is a right inverse of a. 

8. Suppose x and y are left inverses of a. By Item 7 above, they are also right 
inverses, so a@x = 0 =a®@y. By Item 1, x = y. Let Ga be the resulting unique 
inverse of a. Then Ga@a = 0 so that the inverse 6(Ga) of Ga is a. 

. By left gyroassociativity and by Item 3, we have 


N 


1S) 


ns 


\o 


Ca (a@b) = (Ca@a)@ gyr[Ga, alb = b (1.40) 


10. By an application of the left cancellation law in Item 9 to the left gyroassociative 
law (G3) in Definition 1.5, we obtain the result in Item 10. 

11. We obtain Item 11 from Item 10 with x = 0. 

12. Since gyr[a, b] is an automorphism of (G, @), we have from Item 11 


gyt[a, b](Gx)@ gyr[a, b]x = gyr[a, b](Ox®x) = gyr[a, b]O=0 (1.41) 


and hence the result. 
13. We obtain Item 13 from Item 10 with b = 0, and a left cancellation, Item 9. 
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1.7 Elements of Gyrogroup Theory 


Einstein gyrogroups (G, ®) possess the gyroautomorphic inverse property, accord- 
ing to which @(a@b) = Gacb for all a,b € G. In general, however, O(a@b) # 
©aeb in other gyrogroups. Hence, the following theorem is interesting. 


Theorem 1.9 (Gyrosum Inversion Law) For any two elements a, b of a gyrogroup 
(G, ®) we have the gyrosum inversion law 


O(ab) = gyrla, b](EbSa) (1.42) 


Proof By the gyrator identity in Theorem 1.8(10) and a left cancellation, Theo- 
rem 1.8(9), we have 


gyt[a, b](@bOa) = O(a@b)@(aB(bO(EbEa))) 
= O(a®b) @(aea) 
= ©(a@b) (1.43) 


Theorem 1.10 For any two elements, a and b, of a gyrogroup (G, ®), we have 


gytla, b]b = O{ (ab) ea} 
(1.44) 
gyt[a, Ob]b = O(a@b) Ga 


Proof The first identity in (1.44) follows from Theorem 1.8(10) with x = 6b, and 
Theorem 1.8(12), and the second part of Theorem 1.8(8). The second identity in 
(1.44) follows from the first one by replacing b by Ob. 


A nested gyroautomorphism is a gyration generated by points that depend on an- 
other gyration. Thus, for instance, some gyrations in (1.45)—(1.47) below are nested. 


Theorem 1.11 Any three elements a,b,c of a gyrogroup (G, ®) satisfy the nested 
gyroautomorphism identities 


gyr[a, b@c] gyr[b, c] = gyr[a@b, gyr[a, b\c| gyr[a, b] (1.45) 
gyt[a@b, © gytla, b\b] gyt[a, b]=I1 (1.46) 
gyt[a, © gyrla, b]b] gyrla, b] = 1 (1.47) 


and the gyroautomorphism product identities 


gyt[Oa, ab] gyrla, b] =I (1.48) 
gyt[b, a@b] gyrla, b] = 1 (1.49) 
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Proof By two successive applications of the left gyroassociative law in two different 
ways, we obtain the following two chains of equations for all a, b,c,x € G, 


a®(b@(c@x)) — a®((bOc)® gyr[b, c]x) 
= (a®(b@c))® gyr[a, b@c] gyr[b, c]x (1.50) 
and 


a®(b®(cOx)) = (aGb)@ gyrla, b] (cx) 
= (a@b)@(gyrla, b]c® gyr[a, b]x) 
= ((a®b)@ gyrla, blc)® gyr[a@b, gyrla, blc] gyrla, b]x 
= (a®(b@c))® gyr[a@b, gyrla, b]c] gyrla, b]x (1.51) 


By comparing the extreme right-hand sides of these two chains of equations, and by 
employing the left cancellation law, Theorem 1.8(1), we obtain the identity 


gytla, b@c] gyr{b, clx = gyr[a®b, gyrla, blc] gyrla, b]x (1.52) 


for all x € G, thus verifying (1.45). 
In the special case when c = OD, (1.45) reduces to (1.46), noting that the left- 
hand side of (1.45) becomes trivial owing to Items (2) and (3) of Theorem 1.8. 
Identity (1.47) results from the following chain of equations, which are numbered 
for subsequent derivation: 


() 
I = gyr[ab, © gyrla, b]b] gyria, 5] 


Q) 
= gyr[(a@b)O gyrla, b]b, © gyrla, b]b] gyrla, b] 


(3) 
== gyr[a@(beb), © gyrla, b]b] gyrla, b] 


(4) 
— gyr[a, © gyrla, b\b] gyr[a, b] (1.53) 


Derivation of the numbered equalities in (1.53) follows: 


1. Follows from (1.46). 

2. Follows from Item | by the left loop property. 

3. Follows from Item 2 by the left gyroassociative law. Indeed, an application of the 
left gyroassociative law to the first entry of the left gyration in (3) gives the first 
entry of the left gyration in (2), that is, a®(beb) = (a@b)e© gyr{a, b]b. 

4. Follows from Item 3 immediately, since bO@b = 0. 
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To verify (1.48), we consider the special case of (1.45) when b = Ga, obtaining 


gytla, Sac] gyr[Sa, c] = gyr[0, gyrla, Galc] gyrla, Ga] = 1 (1.54) 


where the second identity in (1.54) follows from Items (2) and (3) of Theorem 1.8. 
Replacing a by Ga and c by b in (1.54), we obtain (1.48). 

Finally, (1.49) is derived from (1.48) by an application of the left loop prop- 
erty to the first gyroautomorphism in (1.48) followed by a left cancellation, Theo- 
rem 1.8(9). Accordingly, 


I = gyt[Ga, a®b] gyr[a, 5] 


— gyr[SGa®(a@b), a®b| gyr[a, b] 
= gyr[b, a®@b] gyr[a, b] (1.55) 


The nested gyroautomorphism identity (1.47) in Theorem 1.11 allows the equa- 
tion that defines the coaddition H to be dualized with its corresponding equation in 
which the roles of the binary operations Hi and © are interchanged, as shown in the 
following theorem: 


Theorem 1.12 Let (G,@®) be a gyrogroup with cooperation H given in Defini- 
tion 1.7, p. 13, by the equation 


aHb=a@gyrla, Ob]|b (1.56) 


Then 


ab =a gyr[a, blb (1.57) 


Proof Let a and b be any two elements of G. By (1.56) and (1.47), we have 


al gyr[a, b]b=a® gyr[a, © gyr[a, b\b] gyr[a, b]b 
=aQb (1.58) 


thus verifying (1.57). 


We naturally use the notation 


aBb=a (eb) (1.59) 


in a gyrogroup (G, @), so that, by (1.59), (1.56) and Theorem 1.8(12), 


aHb=aH (eb) 
= a gyrla, b](Ob) 
= a0 gyr[a, blb (1.60) 
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and hence 


aHa=a0a=0 (1.61) 


as it should be. Identity (1.61), in turn, implies the equality between the inverses of 
a € G with respect to © and H, 


a=0a (1.62) 


for alla eG. 
Theorem 1.13 Let (G, ®) be a gyrogroup. Then 
(Ca®b) gyt[Ga, b](Gb@c) = GaGc (1.63) 


foralla,b,ceEG. 


Proof By the left gyroassociative law and the left cancellation law, and using the 
notation d = Ob@c, we have 


(Ga®b)® gyr[Ga, b](GbBc) = (GaSb) gyr[Sa, bld 
= Cae(bed) 
= 6a6(bO(Eb@c)) 
= uc (1.64) 


Theorem 1.14 (The Gyrotranslation Theorem, I) Let (G, @) be a gyrogroup. Then 
O(GaGb)G(CaGc) = gyr[Oa, b](GbGc) (1.65) 


foralla,b,ceEG. 


Proof Identity (1.65) is a rearrangement of Identity (1.63) obtained by a left cancel- 
lation. 


The importance of Identity (1.65) lies in the analogy it shares with its group 
counterpart, —(—a + b) + (-a +c) =—b+c in any group (Group, +). 

The identity of Theorem 1.13 can readily be generalized to any number of terms, 
for instance, 


(Ga®b)® gyr[Oa, b] { (ObGc)® gyrlOb, cl(@c@d)} = Gawd (1.66) 


which generalizes the obvious group identity (-a + b) + (-b+c)+(-—c+d)= 
—a-+d in any group (Group, +). 
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1.8 The Two Basic Equations of Gyrogroups 


The two basic equations of gyrogroup theory are 

a®x =b (1.67) 
and 

x@a = b (1.68) 


for a, b, x € G, each for the unknown x in a gyrogroup (G, ©). 
Let x be a solution of the first basic equation, (1.67). Then we have by (1.67) and 
the left cancellation law, Theorem 1.8(9), 


Ca@b = Ca@(ax) = x (1.69) 


Hence, if a solution x of (1.67) exists then it must be given by x = Ga@b, as we 
see from (1.69). 

Conversely, x = Ga@b is, indeed, a solution of (1.67) as wee see by substituting 
x = ©a@b into (1.67) and applying the left cancellation law in Theorem 1.8(9). 
Hence, the gyrogroup equation (1.67) possesses the unique solution x = Ga@b. 

The solution of the second basic gyrogroup equation, (1.68), is quiet different 
from that of the first, (1.67), owing to the noncommutativity of the gyrogroup oper- 
ation. Let x be a solution of (1.68). Then we have the following chain of equations, 
which are numbered for subsequent derivation: 


qd) 
= x@0 

(2) 

== x@(aSGa) 
(3) 

== (x@a)@ gyr[x, a](Ga) 
(4) 

== (x@a)O gyr[x, ala 
(5) 

== (x@a)O gyr[x@a, ala 
(6) (7) 

== bO gyrI[b, ala=—b Ha (1.70) 


Derivation of the numbered equalities in (1.70) follows: 


1. Follows from the existence of a unique identity element, 0, in the gyrogroup 
(G, ®) by Theorem 1.8. 

2. Follows from the existence of a unique inverse element Ga of a in the gyrogroup 
(G, ®) by Theorem 1.8. 

3. Follows from Item 2 by the left gyroassociative law in Axiom (G3) of gyrogroups 
in Definition 1.5, p. 12. 
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4. Follows from Item 3 by Theorem 1.8(12). 

5. Follows from Item 4 by the left loop property (G5) of gyrogroups in Defini- 
tion 1.5. 

6. Follows from Item 5 by the assumption that x is a solution of (1.68). 

7. Follows from Item 6 by (1.60). 


Hence, if a solution x of (1.68) exists then it must be given by x = b Ha, as we 
see from (1.70). 

Conversely, x = b Ha is, indeed, a solution of (1.68), as we see from the follow- 
ing chain of equations: 


(1) 
x@a == (bHa)@a 


=| 


bO gyr[b, ala) @a 
(bO gyr[b, ala) ® gyr[b, © gyr[b, al] gyr[b, ala 


b@(© gyrlb, ala® gyr[b, ala) 


a (1.71) 


Derivation of the numbered equalities in (1.71) follows: 


1. Follows from the assumption that x = b Ha. 

2. Follows from Item | by (1.60). 

3. Follows from Item 2 by Identity (1.47) of Theorem 1.11, according to which the 
gyration product applied to a in (3) is trivial. 

4. Follows from Item 3 by the left gyroassociative law. Indeed, an application of the 

left gyroassociative law to (4) results in (3). 

. Follows from Item 4 since © gyr[b, a]a is the unique inverse of gyr[b, a]a. 

6. Follows from Item 5 since 0 is the unique identity element of the gyrogroup 
(G, ®). 


Formalizing the results of this section, we have the following theorem: 


Nn 


Theorem 1.15 (The Two Basic Gyrogroup Equations) Let (G, ®) be a gyrogroup, 
and let a, b € G. The unique solution of the equation 


a@x =b (1:72) 


in G for the unknown x is 


x = Cab (1.73) 
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and the unique solution of the equation 
x@a =b (1.74) 


in G for the unknown x is 


x=bBa (1.75) 


Let (G, ©) be a gyrogroup, and let a € G. The maps A, and pg of G, given by 


Aa: GoG, dai gragg 
(1.76) 
Pa. GG, Pa: &t> g@a 


are called, respectively, a left gyrotranslation of G by a and a right gyrotranslation 
of G by a. Theorem 1.15 asserts that each of these transformations of G is bijective, 
that is, it maps G onto itself in a one-to-one manner. 


1.9 The Basic Gyrogroup Cancellation Laws 


The basic cancellation laws of gyrogroup theory are obtained in this section from the 
basic equations of gyrogroups solved in Sect. 1.8. Substituting the solution (1.73) 
into its equation (1.72), we obtain the left cancellation law 


a®(Gaeb) = b (1.77) 


for all a, b € G, already verified in Theorem 1.8(9). 
Similarly, substituting the solution (1.75) into its equation (1.74), we obtain the 
first right cancellation law 


(bHa)@a=b (1.78) 


for all a, b € G. The latter can be dualized, obtaining the second right cancellation 
law 


(b6a)Ha=b (1.79) 
for all a, b € G. Indeed, (1.79) results from the following chain of equations 
b=be0 
= b®(GaGa) 
= (bOa)® gyr[b, Gala 
= (bOa)®@ gyr[bGa, Cala 


= (bGa) Ha (1.80) 
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where we employ the left gyroassociative law, the left loop property, and the def- 
inition of the gyrogroup cooperation. Identities (1.77)-(1.79) form the three basic 
cancellation laws of gyrogroup theory. 


1.10 Commuting Automorphisms with Gyroautomorphisms 


In this section, we will find that automorphisms of a gyrogroup commute with its 
gyroautomorphisms in a special, interesting way. 


Theorem 1.16 For any two elements a, b of a gyrogroup (G, ®) and any automor- 
phism A of (G,®), A € Aut(G, 8), 


A gyt[a, b] = gyr[Aa, Ab]A (1.81) 


Proof For any three elements a,b,x € (G,@) and any automorphism A &€ 
Aut(G, ®), we have, by the left gyroassociative law, 


(Aa@Ab)@A gyrla, b]x = A((a®b)@ gyrla, b]x) 
= A(a®(b@x)) 
= Aa®(Ab@Ax) 
= (Aa@®Ab)@ gyr[Aa, Ab]Ax (1.82) 
Hence, by a left cancellation, Theorem 1.8(1), 


A gyt[a, b]x = gyr[Aa, Ab] Ax 


for all x € G, implying (1.81). 


Theorem 1.17 Let a,b be any two elements of a gyrogroup (G,@) and let A € 
Aut(G) be an automorphism of G. Then 


gyr[a, b] = gyt{Aa, Ab] (1.83) 
if and only if the automorphisms A and gyt(a, b] are commutative. 


Proof If gyr[Aa, Ab] = gyr[a,b] then by Theorem 1.16 the automorphisms 
gyt[a, b] and A commute, A gyr[a, b] = gyr[Aa, Ab]A = gyr[a, b]A. Conversely, if 
gyr[a, b] and A commute then by Theorem 1.16 gyr[Aa, Ab] = Agyr[a, b]JA~! = 
gyr[a, b]JAA~! = gyr{a, bd]. 


As a simple, but useful, consequence of Theorem 1.17 we note the elegant iden- 
tity 


gyt[gyrla, bja, gyr[a, b\b] = gyr[a, b] (1.84) 
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1.11 The Gyrosemidirect Product 


Definition 1.18 (Gyroautomorphism Groups, Gyrosemidirect Product) Let G = 
(G, ®) be a gyrogroup, and let Aut(G) = Aut(G, ) be the automorphism group 
of G. A gyroautomorphism group, Auto(G), of G is any subgroup of Aut(G) con- 
taining all the gyroautomorphisms gyr[a, b] of G, a,b € G. The gyrosemidirect 
product group 


G x Auto(G) (1.85) 


of a gyrogroup G and any gyroautomorphism group, Auto(G) of G, is a group 
of pairs (x, X), where x € G and X € Auto(G), with operation given by the gy- 
rosemidirect product 


(x, X)(y, Y) = (x@Xy, gyr[x, Xy]XY) (1.86) 


It is anticipated in Definition 1.18 that the gyrosemidirect product set (1.85) of a 
gyrogroup and any one of its gyroautomorphism groups is a set that forms a group 
with group operation given by the gyrosemidirect product (1.86). The following 
theorem shows that this is indeed the case. 


Theorem 1.19 Let (G, ®) be a gyrogroup, and let Auto(G, ®) be a gyroautomor- 
phism group of G. Then the gyrosemidirect product G x Auto(G) is a group, with 
group operation given by the gyrosemidirect product (1.86). 


Proof We will show that the set G x Autg(G) with its binary operation (1.86) sat- 
isfies the group axioms. 


(i) Existence of a left identity: A left identity element of G x Autg(G) is the pair 
(0, 1), where 0 € G is the identity element of G, and J € Auto(G) is the identity 
automorphism of G. Indeed, 


(0, 1)(a, A) = (0@ 1a, gyr[0, a] A) = (a, A) (1.87) 


noting that the gyration in (1.87) is trivial by Theorem 1.8(2). 
(ii) Existence of a left inverse: Let A~! € Auto(G) be the inverse automorphism of 
A € Auto(G). Then, by the gyrosemidirect product (1.86) we have 


(@A71a, A~')(a, A) = (GA~'a@A“!a, gyr[GA~!a, A~'a]A~' A) = (0, 1) 
(1.88) 
Hence, a left inverse of (a, A) € G x Autg(G) is the pair (eA wa, 


(a, A)" = (@A71a, A“) (1.89) 


(iii) Validity of the associative law: We have to show that the successive products 
in (1.90) and in (1.91) below are equal. 
On the one hand, we have 
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(a1, Aj)((az, Az) (a3, A3)) 
= (a1, Aj) (a2 A243, gyt[az, A2a3]A2A3) 
= (4; @A | (a2®A2a3), gyt[a, Ai (ax®Az2a3)] Aj gyr[az, Aza3]A2A3) 


= (a; @(A1a2@ A} Aza3), 
gyt[a1, Aja2®Aj A2za3] gyt[A1a2, Ay A2a3]A;A2A3) (1.90) 
where we employ the gyrosemidirect product (1.86) and the commuting law 
(1.81). 
On the other hand, we have 
((a1, A1)(a2, A2)) (a3, A3) 
= (a1@A 1a, gyrlar, Aya2]A1 A2) (a3, A3) 
= ((a;@A1a2)® gyrlai, A1a2]A1 A2a3, 
gyt[a1@A 1a, gyr[ar, Aa2]A1A2a3] gyr[a1, Ara2]A1A2A3) (1.91) 
where we employ (1.86). 


In order to show that the gyrosemidirect products in (1.90) and (1.91) are 
equal, using the notation 


aj=a 
Ajaz=b (1.92) 
A ,A2A3=cC 


we have to establish the identity 


(a@(b@c), gytla, b@c] gyr[b, c]A1A2A3) 
= ((a@b)® gyt[a, blc, gyt[a@b, gyr[a, b\c] gyr[a, b]A, A2A3) (1.93) 


This identity between two pairs is equivalent to the two identities between their 
corresponding entries, 


a®(b@c) = (a@b)@ gyr[a, blc 
(1.94) 
gytla, b@c] gyr[b, c] = gyr[a@b, gyrla, blc] gyrla, b] 


The first identity is valid, being the left gyroassociative law, and the second 
identity is valid by (1.45), p. 15. 
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Instructively, a second proof of Theorem 1.19 is given below. 


Proof A one-to-one map of a set Q; onto a set Qp> is said to be bijective and, 
accordingly, the map is called a bijection. The set of all bijections of a set Q onto 
itself forms a group under bijection composition. Let S be the group of all bijections 
of the set G onto itself under bijection composition. Let each element 


(a, A) € So := G x Auto(G) (1.95) 
act bijectively on the gyrogroup (G, @) according to the equation 
(a, A)g =a@®Ag (1.96) 
the unique inverse of (a, A) in So = G x Auto(G) being, by (1.89), 
(a, A)' =(@A~'a, A~') (1.97) 


Being a set of special bijections of G onto itself, given by (1.96), So is a subset 
of the group S, So C S. Employing the subgroup criterion in Theorem 1.4, p. 11, we 
will show that, under bijection composition, So is a subgroup of the group S. 

Two successive bijections (a, A), (b, B) € So of G are equivalent to a single bi- 
jection (c, C) € Sg according to the following chain of equations. Employing suc- 
cessively the bijection (1.96) along with the left gyroassociative law we have 


(a, A)(b, B)g = (a, A)(b@Bg) 
= adA(b@Bg) 
= a®(Ab@ABg) 
= (a®Ab)® gyrla, Ab]ABg 


(a®Ab, gyrla, AbJAB)g 


:(c, C)g (1.98) 
for all g € G, (a, A), (b, B) € So. 
It follows from (1.98) that bijection composition in So is given by the gyrosemidi- 
rect product, (1.86), 
(a, A)(b, B) = (a@Ab, gyr[a, AbJAB) (1.99) 
Finally, for any (a, A), (b, B) € So we have by (1.97) and (1.99), 
(a, A)(b, B)' = (a, A)(B"'b, B™') 
= (a@AB'b, gyr[a, AB 'b]AB™') 
€ So (1.100) 
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Hence, by the subgroup criterion in Theorem 1.4, p. 11, the subset So of the group 
S of all bijections of G onto itself is a subgroup under bijection composition. But, 
bijection composition in Sg is given by the gyrosemidirect product (1.99). Hence, 
as desired, the set So = G x Auto(G) with composition given by the gyrosemidirect 
product (1.99) forms a group. 


The gyrosemidirect product group enables problems in gyrogroups to be con- 
verted to the group setting thus gaining access to the powerful group theoretic tech- 
niques. Illustrative examples for the use of gyrosemidirect product groups are pro- 
vided by the proof of the following two Theorems 1.20 and 1.21. 


Theorem 1.20 Let (G, ®) be a gyrogroup, let a,b € G be any two elements of G, 
and let Y € Aut(G) be any automorphism of (G, ®). Then, the unique solution of 
the automorphism equation 


Y = Ogyr[b, Xa]X (1.101) 
for the unknown automorphism X € Aut(G) is 
X = Ogyr[b, YalY (1.102) 


Proof Let X be a solution of (1.101), and let x € G be given by the equation 


x=bHXa (1.103) 


so that, by a right cancellation, (1.78), b=x@®Xa. 
Then we have the following gyrosemidirect product 


(x, X)(a, I) = (x@Xa, gyr[x, Xa]X) 

= (x®Xa, gyt[x@Xa, Xa]X) 

= (b, gyr[b, Xa]X) 

= (b, 8Y) (1.104) 
so that 

(x, X)=6,eN)@a1! 

= (b, OY)(Ga, I) 

= (beYa, Ogyr[b, YalY) (1.105) 
Comparing the second entries of the extreme sides of (1.105) we have 

X = Ogyr[b, Ya]Y (1.106) 


Hence, if a solution X of (1.101) exists, then it must be given by (1.102). 
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Conversely, the automorphism X in (1.106) is, indeed, a solution of (1.101) as 
we see by substituting X from (1.106) into the right-hand side of (1.101), and em- 
ploying the nested gyration identity (1.47), p. 15. Indeed, 


6 gyr[b, Xa]X = gyr[b, © gyr[b, YalYa] gyt[b, Ya]Y =Y (1.107) 


as desired. 


1.12 Basic Gyration Properties 


The most important basic gyration properties that we establish in this section are the 
gyration even property 


gyt[Ga, Ob] = gyrla, b] (1.108) 
and the gyroautomorphism inversion law 


gyr ‘[a, b] = gyrlb, a] (1.109) 


for any two elements a and b of a gyrogroup (G,®), where gyr![a,b] = 
(gyr[a, b])~! is the inverse of the gyration gyr[a, b]. 


Theorem 1.21 (Gyrosum Inversion, Gyroautomorphism Inversion) For any two 
elements a, b of a gyrogroup (G, @®) we have the gyrosum inversion law 


@(a@b) = gyr[a, b](@bea) (1.110) 
and the gyroautomorphism inversion law 
gyr ‘[a, b] = gyreb, Ga] (1.111) 


Proof Let Autg(G) be any gyroautomorphism group of (G,@), and let G x 
Autg(G) be the gyrosemidirect product of the gyrogroup G and the group Auto(G) 
according to Definition 1.18. Being a group, the product of two elements of the gy- 
rosemidirect product group G x Autg(G) has a unique inverse. This inverse can be 
calculated in two different ways. 

On the one hand, the inverse of the left-hand side of the gyrosemidirect product 


(a, 1)(b, 1) = (a®b, gyria, b}) (1.112) 
in G x Autg(G) is 
(b, (a, D7! = (6b, D(a, 1) 


= (@bea, gyr[Ob, Sal) (1.113) 
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On the other hand, the inverse of the right-hand side of the product (1.112) is, by 
(1.97), 


(6 gyr'[a, b\(a@b), gyr”![a, b]) (1.114) 
for all a, b € G. Comparing corresponding entries in (1.113) and (1.114), we have 
@bea = O gyr_![a, b](a@b) (1.115) 
and 
gyt[Ob, Ca] = gyr™'[a, b] (1.116) 


Eliminating gyr! [a, b] between (1.115) and (1.116), we have 


@bOa = 6 gyt[Ob, Ga] (a@b) (1.117) 


Replacing (a, b) by (Gb, Ga), (1.117) becomes 


a®b = © gyrla, b\(@beGa) (1.118) 


Identities (1.118) and (1.116) complete the proof. 


Instructively, the gyrosum inversion law (1.110) is verified here as a by-product 
along with the gyroautomorphism inversion law (1.111) in Theorem 1.21 in terms 
of the gyrosemidirect product group. A direct proof of (1.110) is, however, simpler 
as we see in Theorem 1.9, p. 15. 


Theorem 1.22 Let (G, ®) be a gyrogroup. Then for alla,béG 


gyr [a,b] = gyr[a, © gyrla, bIb] (1.119) 
gyr'[a, b] = gyr[Oa, a@b] (1.120) 
gyr'[a, b] = gyr[b, ab] (1.121) 
gyrla, b] = gyrlb, Oba] (1.122) 
gyt[a, b] = gyr[Sa, 6bSa] (1.123) 
gytla, b] = gyr[O(@@b), a] (1.124) 


Proof Identity (1.119) follows from (1.47). 

Identity (1.120) follows from (1.48). 

Identity (1.121) results from an application to (1.120) of the left loop property 
followed by a left cancellation. 

Identity (1.122) follows from the gyroautomorphism inversion law (1.111) and 
from (1.120), 


gytla, b] = gyr '[Ob, a] = gyrlb, obea] (1.125) 
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Identity (1.123) follows from an application, to the right-hand side of (1.122), of 
the left loop property followed by a left cancellation. 

Identity (1.124) follows by inverting (1.120) by means of the gyroautomorphism 
inversion law (1.111). 


Theorem 1.23 (The Gyration Inversion Law; The Gyration Even Property) The 
gyroautomorphisms of any gyrogroup (G, ®) obey the gyration inversion law 


gyr ![a, b] = gyr[b, a] (1.126) 
and possess the gyration even property 
gyrlGa, Ob] = gyr{[a, b] (1.127) 
satisfying the four mutually equivalent nested gyroautomorphism identities 
gyt[b, © gyr[b, ala] = gyrfa, b] 


gyt[b, gyr[b, Gala} = gyr[a, Ob] 


= (1.128) 
gyt[© gyrla, b]b, a] = gyrla, b] 
|= 


gyt[gyrla, Ob]b, a] = gyrla, Ob] 
foralla,beG. 
Proof By the left loop property and (1.121), we have 
yr '[a@b, b] = gyr '[a, 
= gyt[b, a®b] (1.129) 


for all a, b € G. Let us substitute a = c Hb into (1.129), so that by a right cancella- 
tion a@b = c, obtaining the identity 


gyt'[c, b] = gyrlb, c] (1.130) 


for all c, b € G. Renaming c in (1.130) as a, we obtain (1.126), as desired. 
Identity (1.127) results from (1.111) and (1.126), 


gyt[Oa, Ob] = gyr|[b, a] 
= gyr[a, b] (1.131) 


Finally, the first identity in (1.128) follows from (1.119) and (1.126). 

By means of the gyroautomorphism inversion law (1.126), the third identity in 
(1.128) is equivalent to the first one. 

The second (fourth) identity in (1.128) follows from the first (third) by replacing 
a by ©a (or, alternatively, by replacing b by Gb), noting that gyrations are even by 
(1.127). 
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The left gyroassociative law and the left loop property of gyrogroups admit right 
counterparts, as we see from the following theorem. 


Theorem 1.24 For any three elements a, b, and c of a gyrogroup (G, ®) we have 
Gi) (a@b)@c = a@(b@ gyr[b, alc) (Right Gyroassociative Law). 
(ii) gyr[a, b] = gytla, b@a] (Right Loop Property). 


Proof The right gyroassociative law follows from the left gyroassociative law and 
the gyration inversion law (1.126) of gyroautomorphisms, 


a®(b® gyr[b, alc) = (a@b)@ gyr{[a, b] gyr[b, alc 
= (a®@b)@c (1.132) 
The right loop property results from (1.121) and the gyration inversion law (1.126), 


gyt[b, ab] = gyr ‘La, b] 
= gyr[b, a] (1.133) 


The right cancellation law allows the loop property to be dualized in the follow- 
ing theorem. 


Theorem 1.25 (The Coloop Property—Left and Right) Let (G, ®) be a gyrogroup. 
Then 


gyt[a, b]=gyrlaHb,b] (Left Coloop Property) 


gyt[a,b]=gyrla,bHa] (Right Coloop Property) 


foralla,beG. 


Proof The proof follows from an application of the left and the right loop property 
followed by a right cancellation, 


gytla Hb, b] = gyt[ (a Bb) ob, b] = gyrla, b] 
gyt[a,bHa]= gyt[a, (b a)@a| = gyr[a, 5] 


(1.134) 


A right and a left loop give rise to the identities in the following theorem. 


Theorem 1.26 Let (G, ®) be a gyrogroup. Then 


gytla®b, Ga] = gyrla, 5] 
(1.135) 
gyt[Oa, a®b] = gyr[b, a] 


foralla,beG. 
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Proof By aright loop, a left cancellation and a left loop we have 


gyt[a@b, Ca] = gyr[a@b, Ca@(aeb)] 
= gyr[a®b, 5] 
= gyrla, 5] (1.136) 


thus verifying the first identity in (1.135). The second identity in (1.135) follows 
from the first one by gyroautomorphism inversion, (1.126). 


In general, G(a®b) # GaSb ina gyrogroup (G, @). In fact, we have G@(a@b) = 
©aOb for all a, b € G if and only if the gyrogroup (G, ®) is gyrocommutative, as 
we see from Theorem 1.32, p. 34, of Chap. 2 on gyrocommutative gyrogroups. 
In this sense, the gyrogroup cooperation H conducts itself more properly than its 
associated gyrogroup operation, as we see from the following theorem. 


Theorem 1.27 (The Cogyroautomorphic Inverse Property) Any gyrogroup (G, ®) 
possesses the cogyroautomorphic inverse property, 


@(a Hb) = (6b) H (Ga) (1.137) 


foranya,beG. 


Proof We verify (1.137) in the following chain of equations, which are numbered 
for subsequent derivation: 


(1) 
ab = a@ gyrla, Ob|b 

(2) 

= o gyr[a, gyrla, Ob1]{O gyrla, b|boa} 
(3) 

= pyr[a, gyria, ObIb]{O(C gyrla, eb]bea)} 
(4) 

= pgyr[a, © gyrla, Ob1(6d)]{O(6 gyrla, Ob]bea)} 
(5) 

= pyr[a, ObI{O(6 gyrla, Ob]bOa)} 
(6) 

= e(ebe gyr™![a, Oba) 


== 6[9be gyr[b, Gala} 


= e{(6b) H (ea)} (1.138) 
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Inverting both extreme sides of (1.138) we obtain the desired identity (1.137). 
Derivation of the numbered equalities in (1.138) follows: 


. Follows from Definition 1.7, p. 13, of the gyrogroup cooperation 

. Follows from Item 1 by the gyrosum inversion, (1.110). 

. Follows from Item 2 by Theorem 1.8(12) applied to the term {...} in (2). 

. Follows from Item 3 by Theorem 1.8(12) applied to b, that is, gyr[a, Ob]b = 
© gytla, Ob] (Cb). 

5. Follows from Item 4 by Identity (1.119) of Theorem 1.22. 

6. Follows from Item 5 by distributing the gyroautomorphism gyr~![a, Ob] over 

each of the two terms in {...}. 
7. Follows from Item 6 by the gyroautomorphism inversion law (1.111). 
8. Follows from Item 7 by Definition 1.7, p. 13, of the gyrogroup cooperation 
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Theorem 1.28 Let (G, ®) be a gyrogroup. Then 


a®{(Ga@b)@a} =bHa (1.139) 


foralla,beG. 


Proof The proof rests on the following chain of equations, which are numbered for 
subsequent explanation: 


a®{(Ga@b)Ga} = {a@(Ca@b)}@ gyrla, Ga@bla 


=—— b@ gyt[b, Sa@®bja 


=~ 
ww 
LS 


b® gyr[b, Cala 


ba (1.140) 


The derivation of the equalities in (1.140) follows. 


1. Follows from the left gyroassociative law. 

2. Follows from Item | by a left cancellation, and by a left loop followed by a left 
cancellation. 

3. Follows from Item 2 by a right loop, that is, an application of the right loop 
property to (3) gives (2). 

4. Follows from Item 3 by Definition 1.7, p. 13, of the gyrogroup cooperation 
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1.13 An Advanced Gyrogroup Equation 


As an example, we present in Theorem 1.29 below an advanced gyrogroup equation 
and its unique solution. The equation is advanced in the sense that its unknown 
appears in the equation both directly, and indirectly in the argument of a gyration. 
Theorem 1.29 Let 

c= gyr[b, Ox]x (1.141) 


be an equation for the unknown x in a gyrogroup (G, ®). The unique solution of 
(1.141) is 


x = ©(9be(c Bb) (1.142) 


Proof Vf a solution x to the gyrogroup equation (1.141) exists then, by (1.141) and 
by the second identity in (1.44), p. 15, 


c= gyt[b, Ox]x = O(bOx)@b (1.143) 


Applying a right cancellation to (1.143), we obtain 


6(bex) =c Bb (1.144) 


or, equivalently, by gyro-sign inversion, 


box = O(cHb) (1.145) 
so that, by a left cancellation 
Ox = ObO(c Hb) (1.146) 
implying, by gyro-sign inversion, 
x= 0(EbE(c b)) (1.147) 


Hence, if a solution x to (1.141) exists, it must be given by (1.147). 

Conversely, x given by (1.147) is a solution. Indeed, the substitution of x of 
(1.147) into the right-hand side of (1.143) results in c, as we see in the following 
chain of equations, which are numbered for subsequent derivation: 


(1) 
gyr[b, Ox]x = 6 gyr[b, @bO(c Bb) |{EbE(c Bd)} 


(2) 


© {be(ebe(c Bb))}@b 


be Mh 


gyt[o(b@(Sbo(c Bb))}, b] (be {be(bE(c Bb))}) 
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(4) 

= cgyr[bo(ebe(c Bb)), Ob] {Obo(c Bb)} 
(5) 

= oegyr[b, obe(c Bb)|{obe(c Bb)} 
(6) 

= 6 gyr[S(c Bb), eb]{eba(c Hb)} 
(7) 

= ogyr[cBb, bl{ebe(cAb)} 


c (1.148) 


Derivation of the numbered equalities in (1.148) follows: 


. Follows from the substitution of x from (1.147), and from Theorem 1.8(12). 
. Follows from Item | by the first identity in (1.44), p. 15. 

. Follows from Item 2 by the gyrosum inversion law (1.42), p. 15. 

. Follows from Item 3 by the gyration even property and by a left cancellation. 
. Follows from Item 4 by the first identity in (1.135). 

. Follows from Item 5 by the second identity in (1.135). 

. Follows from Item 6 by the gyration even property. 

. Follows from Item 7 by the gyrosum inversion law (1.42), p. 15. 

. Follows from Item 8 by a right cancellation. 
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Corollary 1.30 Let (G, @) be a gyrogroup. The map 
at c= gyr[b, Cala (1.149) 


of G into itself is bijective so that when a runs over all the elements of G its image, 
c, runs over all the elements of G as well, for any given element be G. 


Proof It follows immediately from Theorem 1.29 that, for any given b € G, the map 
(1.149) is bijective and, hence, the result of the corollary. 


1.14 Gyrocommutative Gyrogroups 


Definition 1.31 (Gyroautomorphic Inverse Property) A gyrogroup (G,@®) pos- 
sesses the gyroautomorphic inverse property if for alla, b € G, 


O(a®b) = Saeb (1.150) 


Theorem 1.32 (The Gyroautomorphic Inverse Property) A gyrogroup is gyrocom- 
mutative if and only if it possesses the gyroautomorphic inverse property. 
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Proof Let (G,@®) be a gyrogroup possessing the gyroautomorphic inverse prop- 
erty. Then the gyrosum inversion law (1.42), p. 15, specializes, by means of Theo- 
rem 1.8(12), p. 13, to the gyrocommutative law (G6) in Definition 1.6, p. 12, 


a®b = © gyr[a, b](ObGa) 
= gyrla, b]{o(ebea)} 
= gytla, b](b@a) (1.151) 


for alla,beG. 
Conversely, if the gyrocommutative law is valid then by Theorem 1.8(12) and the 
gyrosum inversion law, (1.42), p. 15, we have 


gytla, b]{(@bea)} = © gyrla, b|(@bSa) = ab = gyrla, b\(b@a) (1.152) 


so that, by eliminating the gyroautomorphism gyr[a, b] on both extreme sides of 
(1.152) and inverting the gyro-sign, we recover the gyroautomorphic inverse prop- 
erty, 


O(b@a) = Oba (1.153) 


foralla,beG. 


Theorem 1.33 The gyrogroup cooperation H of a gyrogroup (G, ®) is commutative 
if and only if the gyrogroup (G, ®) is gyrocommutative. 


Proof For any a,b € G we have, by Equality (7) of the chain of equations (1.138) 
in the proof of Theorem 1.27, p. 31, 


aib=0(6be gyr[b, Cala) (1.154) 
But by definition, 
bHa=b@ gyr[b, Sala (1.155) 
Hence 
afb=bHa (1.156) 


for all a, b € G if and only if 
©(CEb6c) = bc (1.157) 
for all a,b € G, where 


c= gyr[b, Gala (1.158) 


as we see from (1.154) and (1.155). But the self-map of G that takes a to c in 
(1.158), 


at> gyr[b, Cala=c (1.159) 
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for any given b € G is bijective, by Corollary 1.30, p. 34. Hence, the commuta- 
tive relation (1.156) for H holds for all a, b € G if and only if (1.157) holds for all 
b,c € G. The latter, in turn, is the gyroautomorphic inverse property that, by Theo- 
rem 1.32, is equivalent to the gyrocommutativity of the gyrogroup (G, @). Hence, 
(1.156) holds for all a, b € G if and only if the gyrogroup (G, ®) is gyrocommuta- 
tive. 


Theorem 1.34 Let (G, ®) be a gyrocommutative gyrogroup. Then 
gyr[a, b] gyr[b@a, c] = gyrla, bc] gyr[D, c] (1.160) 


for alla,b,cEG. 


Proof Using the notation g,,, = gyr[a, b] whenever convenient, we have by Theo- 
rem 1.16, p. 22, by the gyrocommutative law, and by Identity (1.45), p. 15, 


gyr[a, b] gyr[b@a, c] = gyt[ ga,p(b@a), ga,oc| gyrla, b] 
= gyr[a@b, gyr[a, bc] gyr[a, b] 
= gyrla, b@cl gyrlb, c] (1.161) 


Theorem 1.35 Let a,b,c € G be any three elements of a gyrocommutative gy- 
rogroup (G, @), and let d € G be determined by the “gyroparallelogram condition” 


d=(bWc)Oa (1.162) 


Then, the elements a,b,c and d satisfy the telescopic gyration identity 
gytla, Ob] gyr[b, Sc] gyric, Gd] = gyrla, Sd] (1.163) 


foralla,b,ceEG. 


Proof By Identity (1.160), along with an application of the right and the left loop 
property, we have 


gyt[a’, b'@a’ | gyr[b’ a’, c’] = gyr[a’, b' Bc’ | gyr[b’ Bc’, c’] (1.164) 
Let 
a=Oc 
c=@ad’ (1.165) 


b=b'@a' 
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so that, by the third equation in (1.165) and by (1.162), we have 


b'@c' = (b a')@c" 
= (bHc)ea 
=d (1.166) 


Then (1.164), expressed in terms of a, b,c, d in (1.165)—(1.166), takes the form 
gyr[Sc, b] gyr[b, Ga] = gyrlSc, d] gyr[d, Oa] (1.167) 


Inverting both sides of (1.167) by means of the gyration inversion law (1.126), 
p. 29, and the gyration even property (1.127), p. 29, we obtain the identity 


gyrla, Ob] gyr[b, Oc] = gyrla, Od] gyr[d, Oc] (1.168) 


from which the telescopic gyration identity (1.163) follows immediately, by a gyra- 
tion inversion and the gyration even property. 


Theorem 1.36 The gyroparallelogram condition (1.162), 


d=(bHc)6a (1.169) 


in a gyrocommutative gyrogroup (G, ®) is equivalent to the identity 
OcO@d = gyr[c, Ob] (bGa) (1.170) 


Proof In a gyrocommutative gyrogroup (G, ®), the gyroparallelogram condition 
(1.162) implies the following chain of equations, which are numbered for subse- 
quent derivation. 


qd) 

d= (bHic)6a 
(2) 
== (cH b)O gyr[b, Cc] gyr[c, Obla 
(3) 
== (cHb)e gyr[c, gyr[c, Ob]b] gyr[c, bla 


} 


(c® gyr[c, eb]b)e gyr(c, gyr[c, ob]b| gyr[c, Obja 


c®(gyric, Ob|be gyric, Ob]a) 


©) 
= O gyr[c, 6b|(bea) (1715 


for all a, b,c € G. Derivation of the numbered equalities in (1.171) follows: 
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1. This is the gyroparallelogram condition (1.162). 

2. Follows from Item | (i) since the gyrogroup cooperation H is commutative, by 
Theorem 1.33, p. 35, and (ii) since, by gyration inversion along with the gyration 
even property in (1.126)-(1.127), p. 29, the gyration product applied to a in (2) 
is trivial. 

. Follows from Item 2 by the second nested gyration identity in (1.128), p. 29. 

. Follows from Item 3 by Definition 1.7, p. 13, of the gyrogroup cooperation 

5. Follows from Item 4 by the left gyroassociative law. Indeed, an application of the 

left gyroassociative law to (5) results in (4). 

6. Follows from Item 5 since gyroautomorphisms respect their gyrogroup opera- 

tion. 


io) 


a 


Finally, (1.170) follows from (1.171) by a left cancellation, moving c from the 
extreme right-hand side of (1.171) to its extreme left-hand side. 


Theorem 1.37 Let (G, ®) be a gyrocommutative gyrogroup. Then 
gytla, b]{b@(aGc)} = (aBb)@c (1.172) 
for alla,b,ceEG. 


Proof By the left gyroassociative law and by the gyrocommutative law we have the 
chain of equations 


b®(a@c) = (b@a)@ gyr[b, alc 
= gyr[b, a](a@b)@ gyr[b, ale 
= gyr[b, a]{ (a@b)@c} (1.173) 


from which (1.172) is derived by the gyroautomorphism inversion law (1.111), 
p. 27. 


The special case of Theorem 1.37 corresponding to c = Ga gives rise to a new 
cancellation law in gyrocommutative gyrogroups, called the left-right cancellation 
law. 


Theorem 1.38 (The Left-Right Cancellation Law) Let (G, ®) be a gyrocommuta- 
tive gyrogroup. Then 

(a®@b)Ga = gyr[a, blb (1.174) 
foralla,b,céEG. 
Proof Identity (1.174) follows from (1.44), p. 15, and the gyroautomorphic inverse 


property (1.150), p. 34. Alternatively, Identity (1.174) is equivalent to the special 
case of (1.173) when c = Ga. 
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The left-right cancellation law (1.174) is not a complete cancellation since the 
echo of the “canceled” a remains in the argument of the involved gyroautomor- 


phism. 


Theorem 1.39 Let (G, @) be a gyrocommutative gyrogroup. Then 


a®{(Ga@b)@a} =aHb (1.175) 


foralla,beG. 


Proof By Theorem 1.28, p. 32, and Theorem 1.33, 


a®{(Ga@b)Ga} =bHa=ab (1.176) 


Theorem 1.40 Let (G, ®) be a gyrocommutative gyrogroup. Then 


af (a@b) = a®(b@a) aeues: 


foralla,beG. 


Proof By a left cancellation and Theorem 1.39, we have 


a®(b@a) = a®({Oa@(a@b)}@a) =a H (a@b) (1.178) 


Theorem 1.41 (The Gyrotranslation Theorem, II) Let (G, @) be a gyrocommuta- 
tive gyrogroup. For alla,b,c €G, 


©(a@b)@(a@c) = gyrla, bl(@bGc) (1.179) 
(a®b)O(aGc) = gyrla, b\(bOc) | 


Proof The first identity in (1.179) follows from the Gyrotranslation Theorem 1.14, 
p. 18, with a replaced by Ga. Hence, it is valid in nongyrocommutative gyrogroups 
as well. The second identity in (1.179) follows from the first by the gyroautomorphic 
inverse property of gyrocommutative gyrogroups, Theorem 1.32, p. 34. Hence, it is 
valid in gyrocommutative gyrogroups. 


The following theorem gives an elegant gyration identity in which the product of 
three telescopic gyrations is equivalent to a single gyration. 


Theorem 1.42 Let a,b,c € G be any three elements of a gyrocommutative gy- 
rogroup (G, ®). Then, 


gyt[Oa@b, ac] = gyr[a, Ob] gyr[b, Oc] gyr[c, Ca] (1.180) 
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Proof By Theorem 1.16, p. 22, and by the gyrocommutative law, we have 
gytla, b] gyt[b@a, c] = gyr[gyrla, b]\(b@a), gyrla, dlc] gyrla, b] 
= gyt[a@b, gyr[a, bc] gyr[a, b] (1.181) 
Hence, Identity (1.45) in Theorem 1.11, p. 15, can be written as 
gytla, b®c] gyr[b, c] = gyrla, b] gyr[b®a, c] (1.182) 
By gyroautomorphism inversion, the latter can be written as 
gyt[a, b@c] = gyr[a, b] gyr[b@a, c] gyr[c, b] (1.183) 


Using the notation b@a = d, which implies a = Gb@d, Identity (1.183) becomes, 
by means of Theorem 1.26, p. 30, 


gyr[Ob@d, b&c] = gyr[Obed, b] gyr[d, c] gyr[c, b] 
= gyr[Ob, d] gyr[d, c] gyric, b] (1.184) 
Renaming the elements b, c,d € G, (b, c,d) > (Ga, c, Gb), (1.184) becomes 
gytlaob, Ca@c] = gyrla, Ob] gytlOb, c] gyric, Oa] (1.185) 


By means of the gyroautomorphic inverse property, Theorem 1.32, p. 34, and the gy- 
ration even property (1.127) in Theorem 1.23, p. 29, Identity (1.185) can be written, 
finally, in the desired form (1.180). 


The special case of Theorem 1.42 when c = Gb is interesting, giving rise to the 
following theorem. 


Theorem 1.43 Let (G, ®) be a gyrocommutative gyrogroup. Then 
gyt[a, Ob] = gyt|[Oa@b, a®b] gyr[a, b] (1.186) 


Proof Owing to the gyration inversion law in Theorem 1.23, p. 29, Identity (1.180) 
can be written as 


gyr[Ca@®b, aGc] gyr[Oa, c] = gyr[a, Ob] gyr[b, Oc] (1.187) 


from which the result (1.186) of the theorem follows in the spacial case when 
c = Ob by applying the gyration even property. 


Identity (1.186) is interesting since it relates the gyration gyr[a, Gb] to the gy- 
ration gyr[a, b]. Furthermore, it gives rise, by gyration inversion and the gyration 
even property, to the following elegant gyration identity, 


gyr[Sa, b] gyr[b, a] = gyr[Sa®b, aGb] (1.188) 
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in which the product of two gyrations is equivalent to a single gyration. 

As an application of Theorem 1.42, and for later reference, we present the fol- 
lowing Theorem 1.44. This theorem, the proof of which involves a long chain of 
gyrocommutative gyrogroup identities, will prove crucially important for the in- 
troduction of hyperbolic vectors, called gyrovectors, into hyperbolic geometry in 
Chap. 3. 


Theorem 1.44 Let (G, ®) be a gyrocommutative gyrogroup. Then 


(x@a) H (x@b) = x@{(a b)ex} (1.189) 
foralla,b,x eG. 


Before presenting the proof of Theorem 1.44, it would be instructive to present 
an immediate corollary of the theorem. Renaming the elements x,a,b € G of the 
identity, (1.189), of Theorem 1.44 as Ga, b, c, respectively, we obtain the parallel- 
ogram addition law as a corollary of Theorem 1.44: 


Corollary 1.45 (The Gyroparallelogram Addition Law) Let a,b,c be any three 
elements of a gyrocommutative gyrogroup (G,@), and let d € G be given by the 
gyroparallelogram condition, (1.162), 


d =(bBcjea (1.190) 


Then, the points a,b, d,c € G satisfy the gyroparallelogram addition law 


(Ca@b) H (Ca®c) = (Ca@d) (1.191) 


The term gyroparallelogram addition law in Corollary 1.45 will be justified in 
Sect. 5.4, p. 123, in terms of analogies it shares with the common parallelogram 
addition law of Euclidean geometry. 


Proof The proof of Theorem 1.44 is given by the following chain of equations, 
which are numbered for subsequent derivation. 
(1) 
(x@a) B (x@b) = (x@a)o gyt[xGa, O(x@b)](x@b) 
(2) 
== (xa) gyt[x@a, OxOb](x@b) 


(3) 
—— x@{a® gyr[a, x] gyr[x@a, OxEb] (x@b)} 


(4) 

= xo{a@ gyrla, x] gyrlOx, Oa] gyrla, Ob] gyrlb, x](x@b)} 
(5) 

== x@{a@ gyrla, x] gyr[x, a] gyrla, Ob](b@x)} 
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(6) 
= ro{ae gyrla, Ob] (bOx)} 


7) 
= re{aG(gyrla, Ob]b@ gyrla, Ob]x)} 


(8) 
= ro{ (aO gyrla, Ob]b)O gyr[a, gyrla, Sb]b] gyrla, Ob]x} 


(9) 
= xo{ (a® gyrla, Ob]b)O gyt[b, Sa] gyrla, Ob|x} 


= xo{ (ad gyrla, Ob]b) Ox} 


= r0{(aBb)ex} (1.192) 


Derivation of the numbered equalities in (1.192) follows: 


. Follows from Definition 1.7, p. 13, of the gyrogroup cooperation 
. Follows from Item | by the gyroautomorphic inverse property, Theorean 132, 


p. 34. 


. Follows from Item 2 by the right gyroassociative law. 
. Follows from Item 3 by Identity (1.180) of Theorem 1.42, thus providing an 


elegant example for an application of that theorem. 


. Follows from Item 4 by the gyration even property, and by the gyrocommutative 


law. 


. Follows from item 5 by the gyration inversion law (1.126), p. 29. 

. Follows from Item 6 by expanding the gyration application term by term. 

. Follows from Item 7 by the left gyroassociative law. 

. Follows from item 8 by the second identity in (1.128), p. 29. 

. Follows from Item 9 by the gyration even property and the gyration inversion 


law in Theorem 1.23, p. 29, implying gyr[b, Ga] gyr[a, Ob] = I. 


. Follows from Item 10 by Definition 1.7, p. 13, of the gyrogroup coopera- 


tion 


1.15 Problems 


Problem 1.1 The Automorphic Inverse Property: 
Verify the automorphic inverse property (1.4), p. 4, of Einstein addition. 


Problem 1.2 The Left Cancellation Law: 
Verify the left cancellation law of Einstein addition (1.5), p. 5. You may use a com- 
puter software for symbolic manipulation, like Mathematica or Maple. 
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Problem 1.3 The Gamma Identity: 
Verify the gamma identity (1.7), p. 5. You may use a computer software for symbolic 
manipulation, like Mathematica or Maple. 


Problem 1.4 The Algebra of Einstein Addition: 
Verify the algebraic laws of Einstein addition in (1.25), p. 9. You may use a computer 
software for symbolic manipulation, like Mathematica or Maple. 


Remark Note that in the proof of gyration identities, gyrations must be applied to 
a generic element. Thus, for instance, in order to verify the gyration left loop prop- 
erty gyr[u@v, v] = gyr[u, v] for all u, v € R’ one has to show that gyr[u@v, v]w = 
gyr[u, v]w for all u,v, we RY. 


Problem 1.5 Gyrations in Explicit Form: 
Verify identity (1.27), p. 9. You may use a computer software for symbolic manip- 
ulation, like Mathematica or Maple. 


Problem 1.6 Einstein Coaddition: 
Prove that the gyrogroup coaddition definition (1.35), p. 13, specializes to Einstein 
coaddition (1.37). 


Chapter 2 
Einstein Gyrovector Spaces 


Abstract Einstein addition admits scalar multiplication between any real number 
and any relativistically admissible velocity vector, giving rise to the Einstein gy- 
rovector spaces. As an example, Einstein scalar multiplication enables hyperbolic 
lines to be calculated with respect to Cartesian coordinates just as Euclidean lines 
are calculated with respect to Cartesian coordinates. Along with remarkable analo- 
gies that Einstein scalar multiplication shares with the common scalar multiplication 
in vector spaces there is a striking disanalogy. Einstein scalar multiplication does 
not distribute over Einstein addition. However, a weaker law, called the monodis- 
tributive law, remains valid. It is shown in this chapter that Einstein gyrovector 
spaces form the setting for the Cartesian—Beltrami—Klein ball model of hyperbolic 
geometry just as vector spaces form the setting for the standard Cartesian model of 
Euclidean geometry. 


2.1 Einstein Scalar Multiplication 


The rich structure of Einstein addition is not limited to its gyrocommutative gy- 
rogroup structure. Indeed, Einstein addition admits scalar multiplication, giving 
rise to the Einstein gyrovector space. Remarkably, the resulting Einstein gyrovector 
spaces form the setting for the Cartesian—Beltrami—Klein ball model of hyperbolic 
geometry just as vector spaces form the setting for the standard Cartesian model of 
Euclidean geometry, as we will see in this book. 

Let k@v be the Einstein addition of k copies of v € R", that is k@v = v@v--- @v 
(k terms). Then, 


Gi e(ei) x 
“+ We a — EDS Iv 


k@v = (2.1) 


The definition of scalar multiplication in an Einstein gyrovector space requires 
analytically continuing k off the positive integers, thus obtaining the following def- 
inition: 
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Definition 2.1 (Einstein Scalar Multiplication; Einstein Gyrovector Spaces) An 
Einstein gyrovector space (R’, ©, ®) is an Einstein gyrogroup (R?, ®) with scalar 
multiplication ® given by 


14 Wily — ql 
eye a =stanh( tanh! ST) (2.2) 
d+ Myr +a Ill yr all Ss IIv|| 


where r is any real number, r € R, vc R?, v4 0, and r@0 = 0, and with which we 
use the notation vV@r = r@v. 


Example 2.2 (The Einstein Half) In the special case when r = 1/2, (2.2) reduces 
to 


i Y 
~@v=—Y_y 23 
2 l+y as 
so that 
Wy vg _yay, (2.4) 
It+y Il+Vv 


Einstein gyrovector spaces are studied in [63, Sect. 6.18]. Einstein scalar multi- 
plication does not distribute with Einstein addition, but it possesses other properties 
of vector spaces. For any positive integer k, and for all real numbers r,r,,7, € R 
and v € R’, we have 

k@v = v@--- @v, (k terms) 
(7, +7,)@v=r,@vOr,®v, (Scalar Distributive Law) (2.5) 
(7,7, )@v =r, @(r,@v) (Scalar Associative Law) 


in any Einstein gyrovector space (R’, ®, ®). 
Additionally, Einstein gyrovector spaces possess the scaling property 


|r|@a a 


reall lal i 
forac R’,a40,r €R,r 0, the gyroautomorphism property 
gyr[u, v](r@a) = r® gyr[u, vja (2.7) 
for a,u, v € R’, r € R, and the identity gyroautomorphism 
gyt[r, @v,r,@v] =1 (2.8) 


forr,,r, €R, ve RY. 
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Any Einstein gyrovector space (IR?, @, @) inherits an inner product and a norm 
from its vector space R”. These turn out to be invariant under gyrations, that is, 


gyr[a, bju- gyr[a, b]v = u-v, 
(2.9) 
|| gyrfa, b]v|| = |I vil 


for all a, b, u, ve RY. 
Unlike vector spaces, Einstein gyrovector spaces (RY, ®, ®) do not possess the 
distributive law since, in general, 


r@(u@v) 4 r@u@r@v (2.10) 


for r € R and u, v € R’. However, a weak form of the distributive law does exist, as 
we see from the following theorem: 


Theorem 2.3 (The Monodistributive Law) Let (R?,@, @) be an Einstein gyrovec- 
tor space. Then, 


T@(r, @VOr, OV) = r@(r, Vv) Gr @(r, @v) (2.11) 
for allr,r),r2 € Randv € RY. 
Proof By the scalar distributive and associative laws, (2.5), we have 


r@(r1@VvOr2@v) = r@{(ri +1r2)@v} 
= (r(r1 +12))®v 
=(rr} +rr2)@v 
= (rr) @VvO(rr2)@v 
=T@(r1@v)Gr@(r28v), (2.12) 


as desired. 


Since scalar multiplication in Einstein gyrovector spaces does not distribute with 
Einstein addition, the following theorem is interesting. 


Theorem 2.4 (The Two-Sum Identity) Let u,v be any two points of an Einstein 
gyrovector space (R?, @, @). Then 


2@(u@v) = u@(2@veu). (2.13) 


Proof Employing the right gyroassociative law in (1.25), the identity gyr[v, v] = J, 
Theorem 1.8(4), the left gyroassociative law, and the gyrocommutative law in (1.25) 
we have the following chain of equations that gives (2.13), 
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u®(2@vou) = u((vOv) ou) 
= u@(v@(ve gyrv, vju)) 
= u@(v@(veu)) 
= (uv) gyr[u, v](vu) 
= (uv) O(ugv) 
= 2@(uéy). (2.14) 


As an application of Theorem 2.4, we prove the following theorem: 


Theorem 2.5 Let u, v be any two points of an Einstein gyrovector space (RY, ®, ®). 
Then 


1 1 
ud(Gusv)®> = zou y). (2.15) 


Proof The proof is given by the following chain of equations, which are numbered 
for subsequent derivation: 


dd) 
1 
2@ {worouone; = ue{(Cuev)eu} 


(2) 
{u@(Guey) } ® gyr[u, Cu@vju 


vO gyr[u, Ou@v]ju 
(4) 

== v@ gyr[v, Oulu 
(5) 


ao 

= valu 

(6) 

— uv, (2.16) 


implying (2.15) by the scalar associative law in (2.5). Derivation of the numbered 
equalities in (2.16) follows. 


1. Follows from the Two-Sum Identity in Theorem 2.4 and the scalar associative 
law in (2.5). 

2. Follows from Item 1 by the left gyroassociative law. 

3. Follows from Item 2 by a left cancellation. 

4. Follows from Item 3 by applying successively the left loop property and the right 
loop property. 
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5. Follows from Item 4 by Definition 1.7, p. 13, of the gyrogroup cooperation H. 
6. Follows from Item 5 by the commutativity of Einstein coaddition H according to 
(1.37), p. 13. 


2.2 Linking Einstein Addition to Hyperbolic Geometry 


The Einstein distance function, d(u, v), in an Einstein gyrovector space (R?, ®, ®) 
is given by the equation 


d(u, v) = ||u@v]| (2.17) 


for u, v € R”. We call it a gyrodistance function in order to emphasize the analogies 
it shares with its Euclidean counterpart, the distance function ||u—v|| in R”. Among 
these analogies is the gyrotriangle inequality according to which 


|UDy|| < |lul]SllvIl (2.18) 


for all u, v € R". For this and other analogies that distance and gyrodistance func- 
tions share, see [60, 63]. 

In a two dimensional Einstein gyrovector space (R2, ®, ®), the squared gyrodis- 
tance between a point x € R2 and an infinitesimally nearby point x + dx € R2, 
dx = (dx1, dx2), is defined by the equation [63, Sect. 7.5], [60, Sect. 7.5] 


ds? = |\(x+ dx)ex||" 


= Edx? +2F dx, dx. + Gdx2 +---, (2.19) 


2 


where, if we use the notation r~ = a + oe we have 


2 2 
ae ae 


mia re 


_ 2 1x2 
F=c (ape (2.20) 
2 2 
ae eee adem 
(c2 — r2)? 


The triple (g11, 212, 822) = (E, F, G) along with g2; = g12 is known in differ- 
ential geometry as the metric tensor g;; [31]. It turns out to be the metric tensor of 
the Beltrami—Klein disc model of hyperbolic geometry [37, p. 220]. Hence, ds? in 
(2.19)-(2.20) is the Riemannian line element of the Beltrami—Klein disc model of 
hyperbolic geometry, linked to Einstein velocity addition (1.2), p. 4, and to Einstein 
gyrodistance function (2.17) [61]. 

The link between Einstein gyrovector spaces and the Beltrami—Klein ball model 
of hyperbolic geometry, already noted by Fock [18, p. 39], has thus been established 
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Map 


ma p= A+(-A+B)5 
d(A, B) = ||A—B|| 
A d(A,m, ») = d(B,m, z) 


d(A,P) + d(P,B) = d(A,B) 


A+(-A+B)t 


Fig. 2.1. The Euclidean line. The line A + (—A + B)t, t € R, in a Euclidean plane is shown. The 
points A and B correspond to t = 0 and t = 1, respectively. The point P is a generic point on the 
line through the points A and B lying between these points. The Einstein sum, +, of the distance 
from A to P and from P to B equals the distance from A to B. The point m, , is the midpoint of 
the points A and B, corresponding to t = 1/2 


in (2.17)-(2.20) in two dimensions. The extension of the link to higher dimensions 
is presented in [58, Sect. 9, Chap. 3], [63, Sect. 7.5], [60, Sect. 7.5], and [61]. For a 
brief account of the history of linking Einstein’s velocity addition law with hyper- 
bolic geometry, see [44, p. 943]. 


2.3 The Euclidean Line 


We introduce Cartesian coordinates into R” in the usual way in order to specify 
uniquely each point P of the Euclidean n-space R” by an n-tuple of real numbers, 
called the coordinates, or components, of P. Cartesian coordinates provide a method 
of indicating the position of points and rendering graphs on a two-dimensional Eu- 
clidean plane R? and in a three-dimensional Euclidean space R?. 

As an example, Fig. 2.1 presents a Euclidean plane R* equipped with an unseen 
Cartesian coordinate system >’. The position of points A and B and their midpoint 
mag with respect to »’ are shown. The missing Cartesian coordinates in Fig. 2.1 are 
shown in Fig. 2.3. 

The set of all points 


A+(-A+ B)t, (2.21) 


t €R, forms a Euclidean line. The segment of this line, corresponding to 1 <t < 1, 
and a generic point P on the segment, are shown in Fig. 2.1. Being collinear, the 
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™, B 
my p= A®(CAGB)@ 4 
d(A,B) = ||ACB| 
d(A, m, ») — d(B,m, 3) 


d(A, P)@d(P,B) = d(A,B) 


A®(CA@B)@t 


—oo < ft <oo 


Fig. 2.2. Gyroline, the hyperbolic line. The gyroline A®(GA®B)®r, t € R, in an Einstein gy- 
rovector space (IR’, ©, ®) is a geodesic line in the Beltrami—Klein ball model of hyperbolic geom- 
etry, fully analogous to the straight line A+ (—A+ B)t, t € R, in the Euclidean geometry of R”. 
The points A and B correspond to t = 0 and t = 1, respectively. The point P is a generic point on 
the gyroline through the points A and B lying between these points. The Einstein sum, ©, of the 
gyrodistance from A to P and from P to B equals the gyrodistance from A to B. The point m, , 
is the gyromidpoint of the points A and B, corresponding to t = 1/2. The analogies between lines 
and gyrolines, as illustrated in Figs. 2.1 and 2.2, are obvious 


points A, P and B obey the triangle equality d(A, P) ++d(P, B) =d(A, B), where 
d(A, B) = ||—A + B|| is the Euclidean distance function in R”. 

Figure 2.1 demonstrates the use of the standard Cartesian model of Euclidean ge- 
ometry for graphical presentations. In a fully analogous way, Fig. 2.2 demonstrates 
the use of the Cartesian—Beltrami—Klein model of hyperbolic geometry, as we will 
see in Sects. 2.4 and 2.5. 


2.4 Gyrolines—the Hyperbolic Lines 


In the study of triangles and gyrotriangles, we use extensively the letters a, b,c to 
denote triangle side-lengths and gyrotriangle side-gyrolengths. Hence, it is conve- 
nient in applications to geometry to replace the notation R” for the c-ball of an 
Einstein gyrovector space by the s-ball, R?. Moreover, it is understood in this book 
that n > 2 is any integer greater than 2, unless specified otherwise. 
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Fig. 2.3. The Cartesian 1 
coordinates for the Euclidean 0.8} B 
plane R?2, (x1, x2), 0.61 
ni + x5 < 00, unseen in : 
Fig. 2.1, are shown here. The el mM B i | 
points A and B are given, 0.27 iy p= A+(—-A+B)> | 
with respect to these o} d(A,B) = ||A — Bl 
Cartesian coordinates by 0.2! A d(A,m, 3) =d(B,m, ,) | 
A = (—0.60, —0.15) and ; 
B = (0.18, 0.80) 0.47 d(A, P) +d(P,B) = d(A,B) 

-0.6} A+(—A+B)t 

-0.8/ 0 <t <0 

1) 08-06-04-02 0 02040608 1 

Fig. 2.4 The Cartesian 1 
coordinates for the unit disc 0.8) 
in the Euclidean plane R?, 0.6: 
(x1, X2), x? +x3 < 1, unseen , 
in Fig. 2.2, are shown here. 0.4/ "A,B | 
The points A and B are 0.2} My B= A@(CAPB)@S : 
given, with respect to these Oo} d(A,B) = ||ACB|| 
Cartesian coordinates b = 
A = (—0.60, —0.15) Be oe dA, a) = dBm 3) 

-0.6 A®(CAGB)@t 

-0.8 —0o < ft <oo 


-1 -0.5 0 0.5 1 


Let A, B € R{ be two distinct points of the Einstein gyrovector space (R?, ®, ®), 
and let t € R be a real parameter. Then, in full analogy with the Euclidean line 
(2.21), the graph of the set of all points, Fig. 2.2, 


A®B(CAGB)@t (2.22) 


for t € R, in the Einstein gyrovector space (R/, @, ®) is a chord of the ball RY. 
As such, it is a geodesic line of the Cartesian—Beltrami—Klein ball model of hyper- 
bolic geometry, shown in Fig. 2.2 for n = 2. The geodesic line (2.22) is the unique 
geodesic passing through the points A and B. It passes through the point A when 
t = 0 and, owing to the left cancellation law, (1.38), it passes through the point B 
when ¢ = 1. Furthermore, it passes through the midpoint m,4_,3 of A and B when 
t = 1/2. Accordingly, the gyrosegment that joins the points A and B in Fig. 2.2 is 
obtained from gyroline (2.22) withO <t <1. 

Each point of (2.22) with 0 < t < | is said to lie between A and B. Thus, for in- 
stance, the point P in Fig. 2.2 lies between the points A and B. As such, the points 
A, P and B obey the gyrotriangle equality according to which d(A, P)@d(P, B) = 
d(A, B), in full analogy with Euclidean geometry. The points in Fig. 2.2 are drawn 
with respect to an unseen Cartesian coordinate system. The missing Cartesian coor- 
dinates for the hyperbolic disc in Fig. 2.2 are shown in Fig. 2.4. 
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B' 


a = ZAOB = ZA'OB' 


O<a<a 


an = ! / 


* O@A . = — . 
COS “= Te0eaT[S0e8] — [[e0ed7] " [eoes" 


Fig. 2.5 Gyroangles share remarkable analogies with angles, allowing the use of the elementary 
trigonometric functions cos, sin, etc., in gyrotrigonometry as well. Let A’ and B’ be points different 
from O, lying arbitrarily on the gyrosegments OA and OB, respectively, that emanate from a 
common point O in an Einstein gyrovector space (IR?, ©, ®) as shown here for n = 2. The measure 
of the gyroangle a formed by the two gyrosegments OA and OB or, equivalently, formed by the 
two gyrosegments OA’ and OB’, is given by cosq@, as shown here. In full analogy with angles, the 
measure of gyroangle @ is independent of the choice of A’ and B’ 


2.5 The Cartesian Model of Euclidean and Hyperbolic Geometry 


The introduction of Cartesian coordinates (x1, X2,...,Xn), a + a Se x? <oO, 
(1.14), p. 6, into the Euclidean n-space R”, along with the common vector addition 
in Cartesian coordinates, results in the Cartesian model of Euclidean geometry. The 
latter, in turn, enables Euclidean geometry to be studied analytically. 

In full analogy, the introduction of Cartesian coordinates (x1, x2,...,Xn), ae + 
x free Ps < s, (1.15), p. 6, into the s-ball RY of the Euclidean n-space R”, 
along with the common Einstein addition in Cartesian coordinates, presented in 
Sect. 1.3, p. 6, results in the Cartesian model of hyperbolic geometry. The latter, 
in turn, enables hyperbolic geometry to be studied analytically. Indeed, Figs. 2.3 
and 2.4 of Sect. 2.4 and Figs. 2.5 and 2.6 of Sect. 2.6 indicate the way we study 
analytic hyperbolic geometry, guided by analogies with analytic Euclidean geome- 


try. 


2.6 Gyroangles—the Hyperbolic Angles 


The analogies between lines and gyrolines suggest corresponding analogies between 
angles and gyroangles. Let O, A and B be any three distinct points in an Einstein 
gyrovector space (R’, ©, ®). The resulting gyrosegments OA and OB that emanate 
from the point O form a gyroangle aw = ZAOB with vertex O, as shown in Fig. 2.5 
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SO. 
' Teosay re 3 


-_ -1 OB 
B = cos [soos] Teoetl 


-1 _©6O8A_,_COGC 
Jeoeay Jooec] 


Qa = cos 


Y= cos 


y=a+B 


Fig. 2.6 Let A and C be two distinct points, let O be a point not on gyroline AC, and let B be a 
point between A and C in an Einstein gyrovector space (IR’, ®, ®). Furthermore, let a= ZAOB 
and B = ZBOC be the two adjacent gyroangles that the three gyrosegments OA, OB and OC 
form, and let y be their composite gyroangle, formed by gyrosegments OA and OC. Then, 
y =a+f, demonstrating that, like angles, gyroangles are additive. We call (GO@A)/||GO@A|| a 
unit gyrovector. When applied to an inner product of unit gyrovectors, the common cosine function 
of trigonometry becomes the gyrocosine function of gyrotrigonometry 


for n = 2. Following the analogies between gyrolines and lines, the radian measure 
of gyroangle a is, suggestively, given by the equation 


A B 
osa = ove . ea : (2.23) 
|SO@BAl| ||GOBB|| 


Here, (GO®@A)/||GO@AI|| and (GO@B)/||GO@B|| are unit gyrovectors, and cos 
is the common cosine function of trigonometry, which we apply to the inner prod- 
uct between unit gyrovectors rather than unit vectors. Accordingly, in the context 
of gyrovector spaces rather than vector spaces, we refer the function “cosine” of 
trigonometry to as the function “gyrocosine” of gyrotrigonometry. Similarly, all the 
other elementary trigonometric functions and their interrelationships survive unim- 
paired in their transition from the common trigonometry in Euclidean spaces R” to 
a corresponding gyrotrigonometry in Einstein gyrovector space IR’, as we will see 
in Chap. 6. 

The center 0 = (0,...,0) € R? of the ball R’ = (RY, 6, ®) is conformal (to 
Euclidean geometry) in the sense that the measure of any gyroangle with vertex 0 
is equal to the measure of its Euclidean counterpart. Indeed, if O = 0 then (2.23) 
reduces to 


A B 


= —_.__, (2.24) 
All Bll 


which is indistinguishable from its Euclidean counterpart. 
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2.7 The Euclidean Group of Motions 


The Euclidean group of motions of R” consists of the commutative group of all 
translations of R” and the group of all rotations of R” about its origin. 
For any x € R”, a translation of R” by x € R” is the map Lx : R” — R” given by 


Lyv=x+v (2.25a) 


for all ve R”. 

A rotation R of R” about its origin is an element of the group SO(n) of alln xn 
orthogonal matrices with determinant 1. The rotation of v € R” by R € SO(n) is 
given by Rv. The map R € SO(n) is a linear map of R” that keeps the inner product 
invariant, that is, 


R(u+v)= Rue Ry, 


(2.25b) 
Ru-Rv=u-v 
for all R € R" and u, ve R”. 
The Euclidean group of motions is the semidirect product group 
R” x SO(n) (2.26) 


of the Euclidean commutative group R” = (R”,+) and the rotation group SO(n). 
It is a group of pairs (x, R), x € (R”,+), R € SO(n), acting on elements v € R” 
according to the equation 


(x, R)v=x + Rv. (2.27) 


The group operation of the semidirect product group (2.26) is given by action 
composition. The latter, in turn, is determined by the following chain of equations, 
in which we employ the associative law: 


(x1, R1) (x2, Ro)v = (x1, R1) (x2 + Rov) 
= x; + Ri (x. + Rov) 
=x, + (Ri x2 + Ri Rov) 
= (x; + R1x2)+ Ri Rov 
= (x; + R, x2, R, Ro)v (2.28) 
for all ve R”. 


Hence, by (2.28), the group operation of the semidirect product group (2.26) is 
given by the semidirect product 


(x1, R1)(K2, Ro) = (x) + Ry X2, Ry Ro) (2.29) 


for any (x;, R1), (K2, R2) € R” x SO(n). 
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Definition 2.6 (Covariance) An identity in IR” that remains invariant in form under 
the action of the Euclidean group of motions of R” is said to be covariant. 


We will see in Chap. 4 that Euclidean barycentric coordinate representations of 
points of R” are covariant, by Theorem 4.3, p. 87. 


2.8 The Hyperbolic Group of Motions 


The hyperbolic group of motions of RY consists of the gyrocommutative gyrogroup 
of all left gyrotranslations of R? and the group of all rotations of RY about its center. 

For any x € R”, a left gyrotranslation of R’ by x € R% is the map Ly : R? > R? 
given by 


Lyv =x®v (2.30a) 


for all ve RY’. 
The group of all rotations of the ball IR! about its center is SO(n). Following 
(2.25b), we have 


R(u@v) = Ru@ Rv, 


(2.30b) 
Ru-Rv=u-v 
for all R € SO(n) and u, v € R”. 
The hyperbolic group of motions is the gyrosemidirect product group 
R? x SO(n) (2.31) 


of the Einsteinian gyrocommutative gyrogroup R? = (R1, ©) and the rotation group 
SO(n). It is a group of pairs (x, R), x € (R?,@), R € SO(n), acting on elements 
v ¢ R% according to the equation 


(x, R)v=x@Rv. (2.32) 


The group operation of the gyrosemidirect product group (2.31) is given by ac- 
tion composition. The latter, in turn, is determined by the following chain of equa- 
tions, in which we employ the left gyroassociative law: 


(x1, Ri) (x2, Ro)v = (x1, Ri) 2@R2V) 
= x1 ®Ri (x2@R2v) 
= x1 @(Rix2BR) Rov) 
= (x1 OR1x2)@ gyr[x, Rix2]Ri Rov 
= (x1®R1xo, gyr[x, R1x2]R1R2)v (2.33) 


for all ve RY’. 
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Hence, by (2.33), the group operation of the gyrosemidirect product group (2.31) 
is given by the gyrosemidirect product 


(x1, R1) (x2, Ro) = (x1 ®R1X2, gyr[x, R1x2]R1 Ro) (2.34) 


for any (x1, R1), (x2, R2) € RY x SO(n). Indeed, the gyrosemidirect product is a 
group operation, as demonstrated in Sect. 1.11, p. 23. 


Definition 2.7 (Gyrocovariance) An identity in R? that remains invariant in form 
under the action of the hyperbolic group of motions of RY’ is said to be gyrocovari- 
ant. 


We will see in Chap. 4 that hyperbolic barycentric (that is, gyrobarycentric) co- 


ordinate representations of points of R? are gyrocovariant, by the Gyrobarycentric 
Coordinate Representation Gyrocovariance Theorem 4.6, p. 90. 


2.9 Problems 


Problem 2.1 Einstein Scalar Multiplication: 
Show that k@v := v®@--- @v (k terms) is given by (2.1), p. 45. 


Problem 2.2 Einstein Scalar Multiplication: 
Prove the second equation in (2.2), p. 46. 


Problem 2.3 The Einstein Half: 
Prove the Einstein-half identities (2.3)—(2.4), p. 46. 


Problem 2.4 Einstein Scalar Distributive Law: 
Prove the scalar distributive law in (2.5), p. 46. 


Problem 2.5 Einstein Scalar Associative Law: 
Prove the scalar associative law in (2.5), p. 46. 


Problem 2.6 Scaling Property: 
Prove the scaling property (2.6), p. 46. 


Problem 2.7 A Gyroautomorphism Property: 
Prove the gyroautomorphism property (2.7), p. 46. 


Problem 2.8 Inner Product Invariance Under Gyrations: 
Prove the identities in (2.9), p. 47. 


Problem 2.9 Rotations Respect Einstein Addition: 
Show that the first identity in (2.30b), p. 56, follows from (2.25b), p. 55. 


Chapter 3 
When Einstein Meets Minkowski 


Abstract Einstein’s addition law of three-dimensional relativistically admissible 
velocities is the corner stone of Einstein’s three-vector formalism of the special 
theory of relativity that he founded in 1905. Soon later, in 1908, special relativity 
was reformulated by Minkowski who introduced his elegant four-vector formal- 
ism. In this chapter, we present the harmonious interplay between Einstein’s three- 
dimensional velocity addition and the Minkowskian four-vector formalism of Ein- 
stein’s special theory of relativity, along with its relevant consequences to the study 
of hyperbolic geometry in Part II and hyperbolic triangle centers in Part III of the 
book. 


3.1 Introduction 


Einstein’s addition law of three-dimensional relativistically admissible velocities, 
studied in Chap. 1, appears in [58, 60, 63, 64] as the corner stone of Einstein’s 
three-vector formalism of the special theory of relativity that he founded in 1905 
[12]. In 1908, special relativity was reformulated by Minkowski who introduced 
his elegant four-vector formalism [25, 59, 73]. The elegance and usefulness of the 
Minkowskian formalism posed an annoying problem: the concept of the relativistic 
mass, according to which mass is velocity dependent, seemed too wild, defying 
attempts to place it under the umbrella of the Minkowskian four-vector formalism 
of special relativity [2, 4, 42]. This intriguing puzzle challenges our mind in this 
chapter as well, in our mission to capture analogies that Euclidean and hyperbolic 
triangle centers share. 

The study of Euclidean triangle centers can be approached by considering, in 
classical mechanics, the center of momentum of an isolated system of three non- 
interacting, uniformly moving massive particles with Newtonian masses, and with 
velocities in the Euclidean 3-space R? of Newtonian velocities. A related example 
is found, for instance, in [24, p. 3], in which a classical mechanical interpretation of 
the Euclidean triangle centroid is presented. 

In full analogy, the mission of this book is to approach the study of hyperbolic 
triangle centers by considering, in relativistic mechanics, the center of momentum 
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of an isolated system of three noninteracting, uniformly moving massive particles 
with relativistic masses, and with relativistically admissible velocities in the ball 
R} C R? of Einsteinian velocities. But, in order to harness the relativistic mass for 
our mission, we must tame it by placing it under the umbrella of the Minkowskian 
four-vector formalism of special relativity. 

Accordingly, the mission of this chapter is to show how the relativistic mass is 
tamed when Einstein, with his three-dimensional vector formalism, and Minkowski, 
with his four-dimensional vector formalism, meet. 


3.2 Lorentz Transformation and Minkowski’s Four-Velocity 


Einstein addition underlies the Lorentz transformation group of special relativity. 
A Lorentz transformation is a linear transformation of spacetime coordinates that 
fixes the spacetime origin. A Lorentz boost, L(v), is a Lorentz transformation with- 
out rotation, parametrized by a velocity parameter v = (v1, v2, v3) € R3. 

Being linear, the Lorentz boost has a matrix representation L;,(v), which turns 
out to be [40] 


=3 29 =9 
Vy CT Yy UI Cc TYy V2 CT Yy U3 
2 2: 2, 
Vy V1 1+ ce oa vt ce * v{V2 co? = VIL V3 
Lm (¥) = Vy vy Yy (3.1) 
” tie. ee nw ae Tae Ve _y2 ¢-2_Ve re ae 
Vv vt +12 Yt 
2% 2% 1 a eee 
v c *“—*vjv c Y—v9v om ¥ 
Vy U3 was mas oP wats 


Employing the matrix representation (3.1) of the Lorentz transformation boost, 
the Lorentz boost application to spacetime coordinates takes the form 


t i 
t x] xy t’ 
LW) (y)=Lm@ 1 P= 1 f= (2). (3.2) 
2 9) 
x3 x3 


where v = (v1, V2, 03)’ € R3, x = (x1, x2, x3)! € R’, x’ 


t,t’ € R, where exponent ¢ denotes transposition. 

In our approach to special relativity, analogies with classical results form the 
right tool. Hence, we emphasize that in the Newtonian limit of large vacuum speed 
of light c, c > ov, the Lorentz boost L(v), (3.1)-(3.2), reduces to the Galilei boost 
G(v), V= (v1, v2, v3) € R, 


cvn()= a4 (2) 


= (%},45,45)' € 3, and 
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1 00 0 t 
4 1 0 0 bal 
fu 0 1 Of fx 
v3 O 1 X3 
t 
xX, + yt 
_ fat =( t ) (3.3) 
x2 + vat x+ vt 
x3 + U3t 


where x = (x1, X2,x3)' € R' andre R. 

As we see from (3.2)—(3.3), our spacetime coordinates are (t, x)’ and, as a result, 
the Lorentz boost matrix representation L,,(v) in (3.1) is non-symmetric for c # 1. 
In contrast, some authors present spacetime coordinates as (ct, x)’, resulting in a 
symmetric Lorentz boost matrix representation found, for instance, in [27, (11.98), 
p. 541]. 

Since in our approach to special relativity analogies with classical results form 
the right tool, the representation of spacetime coordinates as (t, x)’ is more advan- 
tageous than its representation as (ct, x)’. Indeed, unlike the latter representation, 
the former representation of spacetime coordinates allows one to recover the Galilei 
boost from the Lorentz boost by taking the Newtonian limit of large speed of light 
c, as shown in the transition from (3.2) to (3.3). 

As a result of adopting (t, x)‘ rather than (ct, x)! as our four-vector that repre- 
sents four-position, our four-velocity is given by (y,, ¥ Vv) rather than (y, c, ¥, V), 
ve R3. Similarly, our four-momentum is given by 


(F)-G)-*6) 0s 


rather than the standard four-momentum, which is given by (po, p)' = (E/c, p)' = 
(my, c,my, Vv)’, as found in most relativity physics books. According to (3.4), the 
relativistically invariant mass (that is, rest mass) m of a particle is the ratio of the 
particle’s four-momentum (po, p)‘ to its four-velocity (¥ , yy Vv)’. 

For the sake of simplicity, and without loss of generality, some authors normalize 
the vacuum speed of light to c = 1 as, for instance, in [17]. We, however, prefer to 
leave c as a free positive parameter, enabling related modern results to be reduced 
to classical ones under the limit of large c, c > ov, as, for instance, in the transition 
from a Lorentz boost into a corresponding Galilei boost in (3.1)—(3.3). 

The Lorentz boost (3.1)—(3.2) can be written vectorially in the form 


t Yu (t + Wx) 
Lau) (‘) — 2 : (3.5) 
Yu 


ut+x+ a Ean (u-x)u 
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Being written in a vector form, the Lorentz boost in (3.5) survives unimpaired 
in higher dimensions. Rewriting (3.5) in higher dimensional spaces, with x = vr, 
u, ve R? CR", we have 


j Vy t + 5u-vt) 
L(u) 6 2 


i _Y_(y. 
Yyut +vt+ ie (u-vt)u 


Yuoy + 
my ; (3.6) 
Me (UBv)t 


Equation (3.6) reveals explicitly the way Einstein velocity addition underlies the 
Lorentz boost. The second equation in (3.6) follows from the first by (1.7), p. 5, and 
(1.2), p. 4. 

The special case of t = y, in (3.6) proves useful, giving rise to the elegant iden- 


tity 
Liu) ( %~ ) cs ( ees (3.7) 
VV Yupy UBV) 


of the Lorentz boost of four-velocities, u,v € R”. Since in physical applications 
n = 3, in the context of n-dimensional special relativity we call v a three-vector and 
(W>Vy v)' a four-vector, etc. 

The four-vector m(y, , y, Vv)’ is the four-momentum of a particle with invariant 
mass (or, rest mass) m and velocity v relative to a given inertial rest frame Lg. Let 
Xou be an inertial frame that moves with velocity Ou = —u relative to the rest 
frame Xo, u, Vv € R’. Then, the particle with velocity v relative to X'g has velocity 
u@v relative to the frame Yoy. In full agreement and, owing to the linearity of the 
Lorentz boost, it follows from (3.7) that the four-momentum of the particle relative 


to the frame Loy is 
Vv; v 
Lium{ °Y J}=mLu v 
= es 1) 


( Yuev 
Yugy(UBv) 


It follows from the linearity of the Lorentz boost and from (3.7) that 


ul es y Ve 
L(w) >) mg = Sime L(w) 


k=1 Vv, Vk Vv, Vk 


En( tm.) 


Ywev, (WOvx) 
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N 
( ai Mk YwOv; 


me MkYwov, (W@vx) 


(3.9) 


The chain of equations (3.9) reveals the interplay of Einstein addition, ©, in 
IR? and vector addition, +, in IR” that appears implicitly in the sigma-notation for 
scalar and vector addition. This harmonious interplay between @ and +, which is 
crucially important in our mission to determine hyperbolic triangle centers, reveals 
itself in (3.9) where Einstein’s three-vector formalism of special relativity meets 
Minkowski’s four-vector formalism of special relativity. 

The (Minkowski) norm of a four-vector is Lorentz transformation invariant. The 
norm of the four-position (t, x)’ is 


\() 


and, accordingly, the norm of the four-velocity (vy , ¥y v)’ is 


Mw \i_ 1\} _ IIviIt 
(Coen) pa a 
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[x||? 
2 


(3.10) 


Cc 


In obtaining the result in (3.8), we exploit the linearity of the Lorentz boost. We will 
now further exploit that linearity, demonstrated in (3.9), to obtain the relativistically 
invariant mass of a system of particles. Being observer’s invariant, we refer the 
Newtonian, rest mass, m, to as the (relativistically) invariant mass, as opposed to 
the common relativistic mass, my, , which is observer’s dependent. 

Let 


S=Stmi, ve, Z0. k= 1,;..;.N) (3.12) 


be an isolated system of N noninteracting material particles the kth particle of which 
has invariant mass m, > O and velocity vy, € R¢ relative to an inertial frame 29, 
k= 1,.60,:N; 

Classically, the Newtonian mass myewron Of the system S equals the sum of the 
Newtonian masses of its constituent particles, that is, 


N 
Mnewton = Sime, (3.13) 
k=1 


and it forms the total mass of the system. Relativistically, however, this need not be 
the case since dark matter may emerge, as we will see in Theorem 3.2 of Sect. 3.4. 
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Accordingly, we wish to determine the relativistically invariant mass mg of the 
system S, and the velocity vo relative to YX of a fictitious inertial frame, called the 
center of momentum frame, relative to which the three-momentum of S vanishes. 

Assuming that the four-momentum is additive, the sum of the four-momenta of 
the N particles of the system S gives the four-momentum (Mov, LA vo)! of S. 


Accordingly, 
N 
Y Y 
Som ( m ) =o ( ia ) (3.14) 
k=l VY, Vk Yvo VO 


(i) The invariant masses m; > 0 and the velocities vz € R?,k =1,..., N, relative 
to X9 of the constituent particles of S are given, while 

(ii) The invariant mass mo of S and the velocity vo of the center of momentum 
frame of S relative to 9 are to be determined uniquely by the Resultant Rela- 
tivistically Invariant Mass Theorem, which is Theorem 3.2 in Sect. 3.4 


where 


If mo > O and vo € R” that satisfy (3.14) exist then, as anticipated, the three- 
momentum of the system S relative to its center of momentum frame vanishes since, 
by (3.8) and (3.14), the four-momentum of S relative to its center of momentum 
frame is given by 


. Yen Yo 
L(vo) ) mx = L(Gvo)mo 


k=1 Vv, Vk Vv YO 


Y 1 
=mo ( OvoPVo =mo ( , (3.15) 
YEvo@vo (Ovo@Vvo) 0 


noting that Yoy,@y, =% =1- 
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Lemma 3.1 below presents an identity that we need for the proof of the Resultant 
Relativistically Invariant Mass Theorem 3.2. 


Lemma 3.1 Let N be any positive integer, and let my € R and vy, ¢ Ri, k = 
1,..., N, be N real numbers and N points of an Einstein gyrogroup R? = (R!, ®). 
Then 


N <i 2 N 2 N 2 h 
(> MkYy, *) = (S37 = {(2 +2 y MARY seg = of 
k=1 k=1 k=1 j k=l 
j<k 


(3.16) 
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Proof The proof is given by the following chain of equations, which are numbered 
for subsequent explanation: 


N 2 
Vk 
bs mkv, ) 


(3) N 


So min, - ym +2 
k=1 


h 


N 
ao Di. 2 
2 ie (Ye — 


4-42 > MjMkYy; Vy, 


jk=1 
J<k 


h 


1)+2 > m jm (Vy, Vi. 


jk=l 
J<k 


jk=1 
j<k 


—2 > Tj LY oy ony 


jik=l 
j<k 


) “Ent 


)-{(e-) 


vs ul 


3 mM jMkYy, Vv 


Voy; Ovy ) 


h 
2 is IM oy, OVE 


2 h 
+2 ~~ Mj (Voss org 
ik=l 
J<k 


= of (3.17) 


The assumption v, € R! implies, by (1.3), p. 4, that all gamma factors in (3.16)- 
(3.17) are real and greater than 1. Derivation of the numbered equalities in (3.17) 
follows: 


AB WN Re 


bers. 


Einstein velocity addition law (1.2), p. 4, admits the following theorem: 


. This equation is obtained by an expansion of the square of a sum of vectors in R”. 
. Follows from Item 1 by (1.9)-(1.10), p. 5. 

. Follows from Item 2 by an obvious expansion. 
. Follows from Item 3 by an expansion of the square of a sum of real numbers. 

. Follows from Item 4 by an expansion of another square of a sum of real num- 


Theorem 3.2 (Resultant Relativistically Invariant Mass Theorem) Let (R?,®) be 


an Einstein gyrogroup, and let my € R and vy € R¢, k =1,2,... 


,N, be N real 
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numbers and N elements of R” satisfying 


N 
Yimery, #0. (3.18) 


k=1 


N 

Vy, Y 
) m( = ) =o ( e (3.19) 
k=1 Vv, Vk Vv YO 


be an (n + 1)-vector equation for the two unknowns mo € R and Vo € R”. 

Then (3.19) possesses a unique solution (mo, Vo), mo # 0, Vo € Ri, satisfying 
the following three identities for all w € RR” (including, in particular, the interesting 
special case of w= 9): 


Furthermore, let 


N 
—1 Mk) (W®vx) 
wey = 2A mete (3.20) 
eH Mk&Ywoev, 
a 
=! wevy 
sl LL =i 
Ywevo mo ( ) 
1 MY wav, (WEVO) 
Yueovy(WOV) = = aL (3.22) 
mo 
where 
N 2 N 
mo = |(Som) +25 mmbomorpewew 2 229 
k=1 j.k=1 
j<k 


Proof Following (3.18), we assume, without loss of generality, that 


N 
Yi mevy, > 0 (3.24) 
k=1 


(otherwise, we replace each mx by —mg,, resulting in the replacement of mg by 
—mo). Let us consider the following four equations, (3.25)—(3.28), which are spe- 
cialized from (3.20)—(3.23) by taking w = 0: 


N 
_ ae Mk Ve Vk 


= (3.25) 
yy Mk Ve 


vo 


N 
_,m 
Vy = Zak MAY (3.26) 


mo 
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N 
ae Mk Vw vo 


Yvo VO mo (3.27) 
where 
N 2 N 
mo = (>) +2) mjm(Yovjev, — 1- (3.28) 
k=1 peel 
j<k 


The proof of this theorem consists of two parts. In the first part of the proof, we 
show that if (3.19) for the unknowns vo € R” and mg € R possesses a solution, then 
the solution must be given uniquely by vo of (3.25) and mo of (3.28), with vo € R? 
and mg > 0, satisfying (3.26)—(3.27). 

In the second part of the proof, we show that vo of (3.25) and mo of (3.28), 
indeed, form a solution of (3.19) for the unknowns vo € R! and mo > 0, and that 
the solution satisfies (3.20)—(3.23). 


Part I In this part of the proof, we assume that there exist mo € R and vo € R” that 
satisfy (3.19). Then, the norms of the two sides of (3.19) are equal while, by (3.11), 
the norm of the right-hand side of (3.19) is mo. Hence, the norm of the left-hand 
side of (3.19) equals mg as well, obtaining the following chain of equations, which 
are numbered for subsequent explanation: 


(1) | Nv y, 
oo Vk 
pe Som ( 

k=1 


Vv k Vk 


2 


2 N 
pe oe 


N 
ea MkYy, Vk 


2 


N 2 N of 
(Soma) - (Yom *] 
k=1 k=1 


2 


(4) N 2 h 
=(rm) +250 Mj oy oy, ~ (3.29) 
k=1 


jk=l 
J<k 


Derivation of the numbered equalities in (3.29) follows: 


1. This equation follows from the result that the norm of the left-hand side of (3.19) 
equals the norm of the right-hand side of (3.19), the latter being mo by (3.11). 
2. Follows from Item | by the common “four-vector” addition of (n + 1)-vectors 
(where n = 3 in physical applications). 
. Follows from Item 2 by (3.10). 
4. Follows from Item 3 by Identity (3.16) of Lemma 3.1. 


1S’) 
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It follows from the upper entry of (3.19), along with Assumption (3.24) that 
mo > 0. (3.30) 


We thus obtained in (3.29) the desired equation, (3.28), for mo. 

Hence, if mp € R and vo € R” that satisfy (3.19) exist, mo is positive and must 
be given by (3.28). Clearly, vo € R! since Yo is real, as we see from (3.19). 

By assumption, Vo satisfies (3.19). Equation (3.19) is equivalent to two equations, 
formed by the upper entry and by the lower entry of (3.19). Dividing the lower entry 
of (3.19) by its upper entry, noting that mo 4 0 by (3.30), we obtain (3.25). 

Similarly, dividing the upper entry of (3.19) by mo > 0 we obtain (3.26), and 
dividing the lower entry of (3.19) by mo > 0 we obtain (3.27). 

Hence, if mo € R and vo € R” that satisfy (3.19) exist, then mo > 0, vo € R?, and 
they must be given by (3.28) and (3.25), and satisfy (3.26)—(3.27). 


Part II In Part I, we have shown that if (3.19) possesses a solution for the unknowns 
Vo € R” and mo € R, then vo € R? is given uniquely by (3.25) and mo > 0 is given 
uniquely by (3.28), satisfying (3.26)—-(3.27). We will now show that, indeed, vo € 
IR”, given by (3.25), and mo > 0, given by (3.28), form a solution of (3.19), and that 
the solution satisfies (3.20)—(3.23). Accordingly, in this second part of the proof we 
assume that vo € R! and mo > 0 are given by (3.25) and (3.28), and we will prove 
that the pair (770, Vo) forms a solution of (3.19). 
It follows from Identity (3.16) of Lemma 3.1, along with mo of (3.28) that 


N 2 N 2 
Vk 
(dm 2) = (Yom — mi. (3.31) 
k=1 k=1 


Hence, by (3.25) and (3.31), we have the following chain of equations, which are 
numbered for subsequent explanation: 


dd) N 2 
vo —_ pet MkYVy, ‘k) 
2 N 
7 (ei MkYVy, )? 


(2) N 2 2 
Aohes (i MkYy, ) ~~ mo 


(ei mer, )? 


2 
Mo 


W . 
pet MkYv, ¥ 


=] 


(3.32) 


Derivation of the numbered equalities in (3.32) follows: 


1. This equation is given by Assumption (3.25). 
2. Follows from Item | by (3.31). 
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It follows from (3.32) that 


N 
1 pa MkYv, 
Vy = = =F se (3.33) 
Vv 
t= 
e 


thus verifying (3.26). 
Following (3.26) and (3.25), we have 


Nm vV 
Vv Vvo= Deka MAM VE (3.34) 
mo 
thus verifying (3.27). 

Finally, (3.33) implies that mo and vo satisfy the upper entry of (3.19) and, sim- 
ilarly, (3.34) implies that mo and vo satisfy the lower entry of (3.19). Hence, the 
pair consisting of mp and vo forms a solution of (3.19). We have thus shown that 
Vo € R! and mo > 0 given by (3.25) and (3.28) form a solution of (3.19), and that 
this solution satisfies (3.26)—(3.28). 

To complete the proof it remains to show that the pair (mo, Vo) satisfies (3.20)— 
(3.23) as well. 

Let us first show that mo given by (3.28) is given by (3.23) as well. Indeed, 
following (1.3), p. 4, (1.33), p. 10, and (1.65), p. 18, we have 


(3.35) 


Y (w@v)O(wov;,) — Vi @DVk? 


implying that the right-hand sides of (3.23) and (3.28) are equal, so that mo is inde- 
pendent of w € RY”, as desired. As such, mo is given by each of (3.23) and (3.28). 
We have thus shown that the unique solution of (3.19) is formed by vo € R? and 
mo > O that are given by (3.25) and (3.28), and that the solution satisfies (3.26)— 
(3.27). It, therefore, remains to show that the solution satisfies (3.20)—(3.22) as well. 
Applying the Lorentz boost L(w), w € Ri, to each side of (3.19), we have 


yy Vv, an 
Low Yom ( ) = 1009 mo ) (3.36) 


k=1 Vvp Vk Yvo Vo 


Following the linearity of the Lorentz boost, illustrated in (3.8) and (3.9), (3.36) 
can be written as 


N 
Y, : VY, 
Som ( WwOvk =mo ( Ww®vo (3.37) 
k=1 Ywev, (WBVk) Ywevy (WV ) 
Equation (3.37) is identical with (3.19) in which v; € Ri! is replaced by wOv; € 
Ri,k=0,1,...,N. 


But, the unique solution of (3.19) is the pair (mo > 0, vo € R’) that satisfies 
(3.25)—(3.28). Hence, the unique solution of (3.37) is the pair (mo > 0, W@vo € R?) 
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that satisfies (3.20)-(3.23). Hence, the unique solution (mo > 0, vo € R") of (3.19) 
satisfies not only (3.25)—(3.28) but, more generally, (3.20)—-(3.23), and the proof is 
complete. 


In physical applications to particle systems, the real numbers mx in Theorem 3.2 
represent particle masses. As such, they are positive so that Assumption (3.24) is 
satisfied. However, anticipating applications of Theorem 3.2 to barycentric coordi- 
nates in hyperbolic geometry, in Chap. 4, we need the validity of Theorem 3.2 for 
real numbers m, that need not be positive as well. 

We have thus established in Theorem 3.2 the following four results concerning 
an isolated system S, (3.12), 


S= S(mx, ve, X0, kK =1,..., N) (3.38) 


of N noninteracting material particles the kth particle of which has invariant mass 
my, > 0 and velocity vy, € RY’ relative to an inertial frame YX, k = 1,..., N: 


1. The relativistically invariant (or, rest) mass mo of the system S is given by 


N 2 N 
i (ym) gi 2 y. M jMk Yev ev, a 1) (3.39) 
k=1 


jo k=l 
J<k 


according to (3.23) with w= 0. 
2. The relativistic mass of the system S is 


MOY yo (3.40) 


relative to the rest frame YX, where vo is the velocity of the center of momentum 
frame of S' relative to Xo, given by 


N 
_ Ak MNkYy, Vk 


= (3.41) 
N 
ai Mk Vvy 


vo 


according to (3.20) with w= 0. 
3. Like energy and momentum, the relativistic mass is additive, that is, in particular 
for the system S relative to the rest frame 9, by (3.21) with w= 0, 


N 


moYyy = ~~ Mk, (3.42) 
k=1 


4. The relativistic mass moy,, of a system meshes extraordinarily well with the 
Minkowskian four-vector formalism of special relativity. In particular, for the 
system S relative to the rest frame 2, we have, by (3.19), 


N 
3 Mk Vy, = MOYyo (3.43) 
<= \inkyy, Vi Moy, VO)” 
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where mo and vo are given uniquely by (3.39) and (3.41). 


Thus, the relativistically invariant mass mo of a particle system S in (3.39) gives 
rise to its associated relativistic mass MOYy, relative to the rest frame X. The latter, 
in turn, brings in (3.43) the concept of the relativistic mass into conformity with 
the Minkowskian four-vector formalism of special relativity. Moreover, we will see 
in Sects. 3.7 and 3.8 that the relativistically invariant mass mo of a particle system 
S provides a natural interpretation of observations in astrophysics and in particle 
physics. 

To appreciate the power and elegance of Theorem 3.2 in relativistic mechanics in 
terms of novel analogies that it shares with familiar results in classical mechanics, 
we present below the classical counterpart, Theorem 3.3, of Theorem 3.2. The latter 
is obtained from the former by approaching the Newtonian limit when c tends to 
infinity. The resulting Theorem 3.3 is immediate, and its importance in classical 
mechanics is well-known. 


Theorem 3.3 (Resultant Newtonian Invariant Mass Theorem) Left (R”, +) be a Eu- 
clidean n-space, and let mg, € R and vz € R", k= 1,2,..., N, be N real numbers 
and N elements of R" satisfying 


N 
Sm £0. (3.44) 
k=1 


rm (adem la) 
Yo mg =mo (3.45) 
= VE Vo 


be an (n + 1)-vector equation for the two unknowns mg € R and Vo € R". 
Then (3.45) possesses a unique solution (mo, Vo), mo # 0, satisfying the follow- 
ing equations for all w € IR” (including, in particular, the interesting special case of 


w=0): 


Furthermore, let 


= ye my (w+ Vi) 


w+vo a a (3.46) 
and 
N 
mo = Y me. (3.47) 
k=1 


Proof While the proof of Theorem 3.3 is trivial, our point is to present a proof that 
emphasizes how Theorem 3.3 is derived from Theorem 3.2. Indeed, in the limit as 
c > ©, the results of Theorem 3.2 tend to corresponding results of Theorem 3.3, 
noting that in this limit gamma factors tend to 1. Accordingly, Theorem 3.3 is a 
special case of Theorem 3.2 corresponding to c = oo. 
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In physical applications to particle systems, the real numbers m, in Theorem 3.3 
represent particle masses and, hence, they are positive. However, anticipating ap- 
plications of Theorem 3.3 to barycentric coordinates in Euclidean geometry, in 
Chap. 4, we need the validity of Theorem 3.3 for real numbers m, that need not 
be positive as well. 

Identity (3.46) of Theorem 3.3 is immediate. Yet, it is geometrically important. 
The geometric importance of the validity of (3.46) for all w € R” lies on its impli- 
cation that the velocity vo of the center of momentum frame of a particle system 
relative to a given inertial rest frame in classical mechanics is independent of the 
choice of the origin of the classical velocity space R” with its underlying standard 
model of Euclidean geometry. 

Unlike Identity (3.46) of Theorem 3.3, which is immediate, its counterpart in 
Theorem 3.2, Identity (3.20), is not immediate. Yet, in full analogy with Theo- 
rem 3.3, the validity of Identity (3.20) in Theorem 3.2 for all w € R? is geometrically 
important. This geometric importance of Identity (3.20) lies on its implication that 
the velocity vo of the center of momentum frame of a particle system relative to a 
given inertial rest frame in relativistic mechanics is independent of the choice of the 
origin of the relativistic velocity space R? with its underlying Cartesian—Beltrami— 
Klein ball model of hyperbolic geometry. 


3.5 Mass and Velocity of Particle Systems 


In this section, we emphasize the analogies that the classical mass and velocity of a 
particle system share with their relativistic counterparts. Let 


Snewton = Snewton (mx, VEE R", 2X0, k= 1, heey N), GB 48) 
Seinstein = Seinstein (mx, VEE Ri, do,kK=1,..., N) 


be a Newtonian particle system and its corresponding Einsteinian particle system. 
Each of these is an isolated system of N noninteracting material particles the kth 
particle of which has invariant mass m;, > O and velocity v;z relative to a rest 
frame Xo. These velocities are Newtonian, vg € R”, for the Newtonian system 
Snewton and Einsteinian, vz € IR”, for the Einsteinian system Seinstein. 

The mass mg in Identity (3.45) of Theorem 3.3 is the Newtonian mass of the 
Newtonian particle system Syewron. It is given by, (3.47), 


N 
mo = Ym. (3.49) 
k=1 


The velocity vo € R” in Identity (3.45) is the Newtonian velocity of the center 
of momentum frame of the system Syewton relative to Lg. It is given by (3.46) with 
w-0, 


_ 4 NkVk 


vw=—aN 
Vai Mk 


(3.50) 
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satisfying (3.46), ie., 


4 my (w+ Vx) 


N 
ei Mk 


w+vo= (3.51) 
for all we R”. 

In full analogy, the mass mo in Identity (3.19), p. 66, of Theorem 3.2 is the 
Einsteinian rest mass of the Einsteinian particle system Seinsrein. It is given by (3.28) 
as 


N 2 N 
mo = (om) +2 > m jMk(Yov ev —1) (3.52) 
k=1 


jpk=l 
j<k 


satisfying (3.23), ie., 


N 2 ‘ 
mo = (d3) +2 oe mM jMk (Yewwav ewer, — 1) (3.53) 


k=1 jo k=l 
J<k 


for all we R?. 
The velocity vo € R” in Identity (3.19) is the Einsteinian velocity of the center 
of momentum frame of the system Seinstein relative to Lg. It is given by (3.25) as 


N 
_ pane MkYy, Vk 


= (3.54) 
4 Mk Ve 


vo 


satisfying (3.20), ie., 


a Mk Ywoeve (w@vx) 


N 
ei Mk Vwevx 


WOvo = (3.55) 


for all we R?. 

Accordingly, the relativistic mass of the system Seinstein 1S MOYyo- 

In the Newtonian limit of large c, c > oo, gamma factors tend to 1. Hence, in 
that limit the relativistically invariant rest mass mo in (3.52)—(3.53) tends to its New- 
tonian counterpart mo in (3.49), and the relativistic center of momentum velocity 
Vo € R? in (3.54)-(3.55) tends to its corresponding classical center of momentum 
velocity Vo € R” in (3.50)-(3.51). 


3.6 The Relativistic Mass is Additive 


Suppose that the system S, (3.38), is made up of M subsystems each itself a system 
of particles. Let mo, p be the relativistically invariant mass and vo,» the center of mo- 
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mentum frame velocity of the pth subsystem, p = 1,..., M, so that the relativistic 
mass of the pth subsystem is mo, py, fe 


Then, the relativistic mass MOYvyo of the system S, given by (3.39)-(3.41), is 
additive, that is, it possesses the relativistic mass additivity property 


M 
MOYy) = > ™0,p%vo,p° (3.56) 
pel 


For simplicity, we prove the relativistic mass additivity property (3.56) for the 
case of M = 2 subsystems, the proof for any M > 2 being similar. 

Let us, therefore, view the system S of N particles, (3.38)-(3.41), with N > 3, 
as a system of the two subsystems S; and S$, 


SS) = Si(mg, Ve, 40, K = 1,...,.N1), 
So = So(me, ve, Y0,K=Nit+1,...,N) 


(3.57) 


for any fixed Nj, 1< Ni < WN. 

Then, the relativistically invariant masses mo,; and mo,2 of the subsystems Sj 
and S2 and their center of momentum frame velocities, vo,; and vo,2 relative to Xo, 
respectively, are 


N 2 Ni 
mo,1 = (dsm) +2 > Mm jMk(Yov ev, —D, 


k=1 jk=1 
\ j<k 
(3.58) 
N 2 N 
m0,2= ( a m) +2 > mjMk(Yev,ev, — 1): 
k=N,+1 jk=Ni4+1 
j<k 
and 
Ni 
pa Caray MkYv, Vk 
Vo,1 = M 
iat MkYv, 
(3.59) 
N 
eM 41 MkYy, Vk 
V0,2 = W ‘ 
et MkYVy, 
possessing the relativistic mass additivity property 
MO1V yo, + 120,2V v9.9 = M0V vq - (3.60) 


The proof of the additivity property (3.60) follows from (3.42) immediately. Indeed, 
by applying the identity in (3.42) to each of the particle systems S$), S2 and S, we 
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have the chain of equations 


MN N 
MO1V yo, + 0,2%v9.9 = Yo mery, oF ys MkYy, 
k=1 k=N,+1 
N 
=Domr, 
k=1 
=M0Yvo- (3.61) 


The relativistically invariant mass mo of a system of particles S, (3.38)-(3.41), 
leads to its associated relativistic mass MOYy,> (3.42). We thus see that, in special 
relativity, while relativistically invariant mass mo is not additive [36], relativistic 
mass, M0/y, is additive. 


3.7 The Relativistically Invariant Mass of a System in 
Astrophysics 


The resultant relativistically invariant mass mo, (3.39), 


N 2 N 
mo = (> ms) +2 x M jMk (Yev @v, —1) (3.62) 
k=1 


jik=1 
j<k 


of a particle system S = S(mx, Vg, Xo, N) comprises two distinct kinds of relativis- 
tically invariant mass that represent the Newtonian contribution and the relativistic 
contribution. These two distinct kinds of mass are: 


1. The Newtonian mass Myewton, 


N 
Mnewton += > Mk (3.63) 
k=l 


which is the sum of the invariant, rest masses of the particles that constitute the 
system S, as in (3.13). 
2. The dark mass mgark, 


N 
mdark = |2 )_ myme(Yeyjox, — 1)- (3.64) 
jk=1 
J<k 
The dark mass of a particle system S, given by (3.64), depends on the velocity 
dispersion of S, that is, on the spread of internal velocities vj, = Ovj®vx, 1 < j < 
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k < N, of the constituent particles of S relative to each other. In other words, the 
dark mass in (3.64) measures the extent to which the system S deviates away from 
rigidity. Gravitationally, dark mass behaves just like ordinary mass, as postulated in 
cosmology [6, p. 37]. However, it is undetectable by all means other than gravity 
since it is fictitious, or virtual, in the sense that it is generated solely by relative 
motion between constituent objects of the system. 

We thus see from (3.64) that the dark mass of a system may be viewed as a 
measure of mass that results solely from the velocity dispersion of the system. In 
astrophysics, the velocity dispersion of stars or galaxies in a cluster is estimated by 
measuring the radial velocities of selected constituents. Once the velocity distribu- 
tion is known, the cluster’s mass is calculated by using the virial theorem [5]. 

If one attributes the dark mass mgqa;x of a galaxy to the mass of a central dark 
object, a black hole, a correlation should result between the mass of a black hole 
and the velocity dispersion of its host galaxy. Indeed, Ferrarese and Merritt reported 
in 2000 that “The masses of supermassive black holes correlate almost perfectly 
with the velocity dispersion of their host bulges” [16]; and Gebhardt et al. remarked 
that the resulting relation is of interest “because it implies that central black hole 
mass is constrained and closely related to properties of the host galaxy’s bulge” 
[19]. A recent improved version of the black hole mass (M)-velocity dispersion 
(co) relation (called the M-o relation) and black hole mass—luminosity (L) relation 
(called the M—L relation) was reported by Giiltekin et al. [23]. 

Dark matter was introduced into cosmology as an ad hoc postulate, hypothesized 
to provide observed missing gravitational force [7]. In contrast, dark mass emerges 
here as a consequence of the covariance of Einstein’s special theory of relativity, and 
it stems from relative motion between constituent objects of a system. All relative 
velocities between the constituent particles of a rigid system vanish, so that if the 
system S is rigid, then Ov; Ovx = 0, j,k =1,..., N. This, in turn, implies by (3.64) 
that the dark mass of a rigid system vanishes. 

The mass Myewton and the dark mass mgarx of a system S are relativistically in- 
variant, and are composed according to the Pythagorean formula 


mo = 4 Meewton + Mars (3.65) 


giving rise to the invariant resultant rest mass mo of the system S in (3.62)—-(3.64). 


3.8 The Relativistically Invariant Mass of a System in Particle 
Physics 


Following the four-momentum in (3.4), p. 61, and the four-vector norm (3.10)- 


(3.11) we have 
E? _ |pll? 
| |) | =/—4- a =m, (3.66) 
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where, by (3.4), 


PO = my, ’ 
E=my,c’, (3.67) 
p=myVv. 


Assuming that both energy, EF, and three-momentum, p, are additive is equivalent 
to assuming that the four-momentum is additive. The latter assumption, in turn, led 
us to identity (3.14), p. 64, that we now write as 


NN AH S y ¥ 
(*)=2(")=rom( “ )=mo( = ) (3.68) 
p k=1 \Pk k=l Vv, Vk Vv YO 


Here, in (3.68), 


2 
Ex = My, C5 


(3.69) 
Pk = MkYy, Vk 
are the energy and momentum of the kth particle of the system S,k = 1,..., N, and 
accordingly, 
N 
B=)" be 
k=1 
(3.70) 
N 
p= a Px 
k=1 


are the energy and momentum of the system S. 

Furthermore, as in (3.14), vo is the velocity of the center of momentum frame of 
S relative to the rest frame 29, and mo is the resultant invariant mass of S. 

Noting (3.11), p. 63, the norms of the two extreme sides of (3.68) give the equa- 
tion 


E? — |[p\l? 
ry) 


mo = (71) 


Cc Cc 


where EF and p are given by (3.70). Identity (3.71) demonstrates, by the relativistic 
four-vector formalism, that the resultant mass mo of a particle system S in (3.39) is 
relativistically invariant, being the norm of a four-vector. 

Identity (3.71), written equivalently as 


E? =mic* + |[p|l?c? (3.72) 


is known in particle physics as the energy-momentum relation. For a particle in 
its inertial rest frame, where p = 0, Relation (3.72) reduces to Einstein’s famous 
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formula 
E=mvc’. (3.73) 


The energy-momentum relation (3.71)—(3.72) is used in particle physics to cal- 
culate the relativistically invariant mass mg of a system of particles in terms of the 
total energy E and momentum p of the system. 

As an illustrative example, let us consider two particles with rest (or, Newtonian) 
masses my, and mz, and velocities v, and v2 relative to an inertial rest frame Xo, 
respectively. If these particles were to collide and stick, the rest mass mo and the 
velocity vo relative to 9 of the resulting composite particle would satisfy the four- 
momentum conservation law (3.14), p. 64, that is, 


y y y 
mo ( " )=m( e ) +m ( me ) (3.74) 
Yvo VO Vy, V1 Vy, V2 


Hence, by (3.39) and (3.65), 


mo = yf (my +2)? + 2mim2(Yoy,av, — 1 


= J Mrewton + Marks (3.75) 


where 


Mpewton =, +™2, (3.76) 
Mdark = 2M|M2(Yoy,@y, — 1) > 9, 


and, by (3.41), 


m vitm Vv 
yo (3.77) 
MiYy, +My, 


Hence, the relativistic mass of the composite particle is moy,,, where mo is given 
by (3.75), and vo is given by (3.77). 

It is clear from (3.75)—(3.76) that the Newtonian mass, Myewron, is conserved dur- 
ing the collision. It is only the total invariant mass, mo, which is increased following 
the collision owing to the emergence of the dark mass mark. 

Examples of particles that collide and stick, as described in (3.74)—-(3.77), are ob- 
served in experimental searches for new particles in high-energy particle colliders. 

We thus see that owing to the introduction of the relativistically invariant mass 
mo in (3.62), along with its Newtonian and dark mass components in (3.63)—(3.65), 
the concept of the relativistic mass fits well under the umbrella of the four-vector for- 
malism of special relativity. Moreover, we see that the resulting dark mass emerges 
naturally not only in the interpretation of observations in astrophysics, demonstrated 
qualitatively in Sect. 3.7, but also in the interpretation of observations in parti- 
cle physics, demonstrated qualitatively in this section. Naturally, we will find in 
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Sect. 4.2 of Chap. 4 that the relativistically invariant mass mo in (3.62) is what we 
need for the introduction of barycentric coordinates into hyperbolic geometry. The 
latter, in turn, is what we need for the determination of hyperbolic triangle centers. 


3.9 Remarkable Analogies 


In this section, we emphasize the analogies in Theorems 3.2, p. 65, and 3.3, p. 71, 
that the classical mass and center of momentum velocity of a particle system in 
(3.78a)—(3.78d) below share with their relativistic counterparts in (3.79a)—(3.79d) 
below. 

Seeking a way to place the relativistic mass moy,, of a particle system S under 
the umbrella of the Minkowskian four-vector formalism of special relativity, we 
have uncovered the novel, relativistically invariant, or rest, mass mo of a particle 
system, presented in (3.79d) below. Furthermore, following the discovery of mo in 
(3.62), we have uncovered remarkable analogies that Newtonian and Einsteinian 
mechanics share. 

To see the analogies clearly, let us consider the following well known classical 
results, (3.78a)—(3.78d) below, which are involved in the determination of the New- 
tonian resultant mass mo and the classical center of momentum velocity of a Newto- 
nian system of particles, and to which we will subsequently present our Einsteinian 
analogs that have been discovered in Theorem 3.2. Let 


S=S(m, Ve, X09, K=1,...,N), ve € R” (3.78a) 


be an isolated Newtonian system of N noninteracting material particles the kth par- 
ticle of which has mass mx and Newtonian uniform velocity v, relative to an inertial 
frame X'9, k = 1,..., N. Furthermore, let mo be the resultant mass of S, considered 
as the mass of a virtual particle located at the center of momentum of S, and let 
vo be the Newtonian velocity relative to X79 of the Newtonian center of momentum 
frame of S. Then we have the following well-known identities: 


1 
1=—) mg (3.78b) 


and 


(3.78c) 


N 
1 
wt+vo= — Doma (w + Ve); 
0 
k=1 
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where the binary operation + is the common vector addition in R”, and where 
N 
mo = >) mg (3.78d) 
k=1 


for v, we € R?, me > 0,k =0,1,..., N. 
In full analogy with (3.78a), let 


S= S(mg, Ve, Xo,K=1,...,N), veER (3.79a) 


be an isolated Einsteinian system of N noninteracting material particles the kth 
particle of which has invariant mass m x and Einsteinian uniform velocity v; relative 
to an inertial frame Xo, k = 1,..., N. Furthermore, let mg be the resultant mass 
of S, considered as the mass of a virtual particle located at the center of mass of 
S (calculated in (3.29)), and let vo be the Einsteinian velocity relative to X9 of 
the Einsteinian center of momentum of the Einsteinian system S. Then, as shown 
in Theorem 3.2, the relativistic analogs of the Newtonian expressions in (3.78b)— 
(3.78d) are, respectively, the following Einsteinian expressions in (3.79b)—(3.79d), 


N 
1 
yi ) MkYy,5 
vo mo a Vk 


(3.79b) 
1 N 
Yu@vo — Wa » MkVu@v,? 
Oo =I 
and 
1 N 
Yvq YO = is Yo mery, Vk» 
k=1 
(3.79c) 


1 N 
Ywoevo (W@vo) = rm > MkYwev, (w@vx), 
k=1 


where the binary operation @ is the Einstein velocity addition in R”, given by (1.2), 
p. 4, and where 


N 2 N 
mo = (> ms) +2 > mM jMk(Yov evy —1) (3.79d) 
k=1 


jk=l 
j<k 


for W, Vv; € R3, m, >0,k =0,1,...,.N. Here mg is the relativistic invariant mass 
of the Einsteinian system S, supposed concentrated at the relativistic center of mass 
of S, and vo is the Einsteinian velocity relative to 29 of the Einsteinian center of 
momentum frame of the Einsteinian system S. 
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To conform with the Minkowskian four-vector formalism of special relativity, 
both mo and vo are determined in Theorem 3.2 as the unique solution of the 
Minkowskian four-vector equation (3.19). 

We finally wrote (3.62) as (3.65), ie., 


mo=y BE ai =e Ms (3.80) 


viewing the relativistically invariant, or rest, mass mo of the system S as a 
Pythagorean composition of the Newtonian rest mass, Myewron and the dark mass, 
Mdark Of S. The mass mdq;x 1s dark in the sense that it is the mass of virtual matter 
that does not collide and does not emit radiation. Following observations in cosmol- 
ogy, one may postulate that our dark mass reveals its presence only gravitationally. 
We have shown qualitatively that (3.80) explains observations in both astrophysics 
and particle physics. 

We should remark that the presence of our dark mass is predicted by theoretic 
special relativistic techniques. Hence, it need not account for the whole mass of dark 
matter observed by astrophysicists in the cosmos because there could be contribu- 
tions from general relativistic considerations and, perhaps, other unknown sources. 


3.10 Problems 


Problem 3.1 Matrix Representation of the Lorentz Boost: 
Show that the Lorentz boost L(u), given vectorially by (3.5), p. 61, is a linear map 
that possesses the matrix representation (3.1), p. 60. 


Chapter 4 
Euclidean and Hyperbolic Barycentric 
Coordinates 


Abstract In Chap. 3, we have seen two important theorems in mechanics. These 
are Theorem 3.3, p. 69, about the mass and the center of momentum velocity of 
a particle system in classical mechanics, and Theorem 3.2, p. 64, about the mass 
and the center of momentum velocity of a particle system in relativistic mechanics. 
Theorem 3.3 naturally suggests the introduction of the concept of barycentric coor- 
dinates into Euclidean geometry. Guided by analogies, we will see in this chapter 
how Theorem 3.2 naturally suggests the introduction of the concept of barycentric 
coordinates into hyperbolic geometry, where they are called gyrobarycentric coor- 
dinates. 


4.1 Euclidean Barycentric Coordinates 


The notion of barycentric coordinates dates back to Mobius. The use of barycentric 
coordinates in Euclidean geometry is described in [74], and the historical contri- 
bution of Mébius’ barycentric coordinates to vector analysis is described in [10, 
pp. 48-50]. 

In this section, we set the stage for the introduction in Sect. 4.2 of barycentric 
coordinates into hyperbolic geometry by illustrating the way Theorem 3.3, p. 71, 
suggests the introduction of barycentric coordinates into Euclidean geometry. 

For any positive integer NV, let my € R be N given real numbers such that 


N 


Sim £0, (4.1) 


k=1 


and let A; € R” be WN given points in the Euclidean n-space R", k= 1,...,N. 
Theorem 3.3, p. 71, states the trivial, but geometrically significant, result that the 


equation 
x 1 1 
>> mk =mo (4.2) 
kal Ak P 
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for the unknowns mo € R and P € R” possesses the unique solution given by 


N 
mo = >> mg (4.3) 
k=1 
and 
N 
A 
P= Zeta MAR = (4.4) 
ea Mk 


satisfying for all X € R” 


yoy me(X + Ax) 


X+P= y 
k=1 Mk 


(4.5) 


We view (4.4) as the representation of a point P € R” in terms of its barycentric 
coordinates mz, k = 1,..., N, with respect to the set of points S = {Aj,..., Ay}. 
Identity (4.5), then, insures that the barycentric coordinate representation (4.4) of P 
with respect to the set S is covariant (or, invariant in form) in the following sense. 
The point P and the points of the set S of its barycentric coordinate representation 
vary together under translations. Indeed, a translation X + Ax of Ag by X, k = 
1,..., N, in (4.5) results in the translation X + P of P by X. 

In order to insure that barycentric coordinate representations with respect to a set 
S are unique, we require S to be pointwise independent. 


Definition 4.1 (Euclidean Pointwise Independence) A set S$ of N points S = 
{A1,..., Aw} in R”, n > 2, is pointwise independent if the N — 1 vectors —A, + Ax, 
k=2,...,.N, are linearly independent. 


We are now in the position to present the formal definition of Euclidean barycen- 
tric coordinates, as motivated by mass and center of momentum velocity of Newto- 


nian particle systems in (3.49)—-(3.50), p. 72. 


Definition 4.2 (Barycentric Coordinates) Let 


S={Aj,..., Ayn} (4.6) 
be a pointwise independent set of N points in R”. The real numbers mj ,...,mwy, 
satisfying 

N 
Sim, £0 (4.7) 
k=1 


are barycentric coordinates of a point P € R” with respect to the set S if 


_ ey me Ak 


je (4.8) 
4 Mk 
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Barycentric coordinates are homogeneous in the sense that the barycentric co- 
ordinates (m,,..., mw) of the point P in (4.8) are equivalent to the barycentric 
coordinates (Am ,...,Amy) for any real nonzero number 4 € R, A 4 0. Since in 
barycentric coordinates only ratios of coordinates are relevant, the barycentric coor- 
dinates (m,,..., my) are also written as (m, :---: my). 

Barycentric coordinates that are normalized by the condition 


Sime =1 (4.9) 


are called special barycentric coordinates. 
Equation (4.8) is said to be the (unique) barycentric coordinate representation of 
P with respect to the set S. 


Theorem 4.3 (Covariance of Barycentric Coordinate Representations) Let 


N 
—) mA 
P= Zein MAK = (4.10) 
Dexa Mk 
be the barycentric coordinate representation of a point P € IR” in a Euclidean n- 
space IR" with respect to a pointwise independent set S={A,,..., An} C R". The 
barycentric coordinate representation (4.10) is covariant, that is, 
She me (X + Ap) 
De meas (4.11) 
deg=i Mk 
for all X € R", and 
N 
_; MRA 
RP= Deke MiRAg (4.12) 
deen Mk 


forall RE SO(n). 


Proof The proof is immediate, noting that rotations R € SO(n) of R” about its ori- 
gin are linear maps of R”. 


Following the vision of Felix Klein in his Erlangen Program [41], it is owing to 
the covariance with respect to translations and rotations that barycentric coordinate 
representations possess geometric significance. Indeed, translations and rotations in 
Euclidean geometry form the group of motions of the geometry, and according to 
Felix Klein’s Erlangen Program, a geometric property is a property that remains 
invariant in form under the motions of the geometry. 
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4.2 Hyperbolic Barycentric, Gyrobarycentric, Coordinates 

Guided by analogies with Sect. 4.1, in this section we introduce barycentric coordi- 
nates into hyperbolic geometry [65]. For any positive integer V, let my € R be N 


given real numbers, and let Ay; € R? be N given points in an Einstein gyrovector 
space (R’, @, ®),k=1,..., N, satisfying, (3.24), p. 66, 


N 
SY imeyy, > 0. (4.13) 
k=1 


Theorem 3.2, p. 65, presents the result that the equation 


N 

y y 
y m( is ) =o ( e (4.14) 
k=1 Ya, Ak yp P 


for the unknowns mo € R and P € RY’ possesses the unique solution given by 


N 2 N 
= (dom) +2 2 MjMkYoa.oa, — ) (4.15) 
k=1 jk=l 
j<k 


mo > 0, satisfying 


N 2 N 
mo = (dom) + 2 > MjMk Vo (x@ao(X@Ag) = 1) (4.16) 


jk=1 
J<k 


for all X € IR’, and 


N 

=| MkY 4, Ak 
P= Zits MY Ay Ae (4.17) 

kai MY A, 


satisfying 
eel MY xq a, (X BAW) 


X@P= x 
rai Mk VX@AR 


(4.18) 


for all X € RY. 
Furthermore, Theorem 3.2, p. 65, also states that P and mo satisfy the two iden- 
tities 
N 
_ kal Mk A, 
= a 


Yp (4.19) 
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and 


me 4 Ak 
yp P= = t (4.20) 


and, more generally, 


ve MY x@A 
Yep = — (4.21) 


and 


i MKVX@A, (X@Ax) 


mo 


Vrmp(X®P)= (4.22) 
for all X € RY. 

We view (4.17) as the representation of a point P € RY in terms of its hyperbolic 
barycentric coordinates mx, k = 1,...,.N, with respect to the set of points S = 
{Ai,..., Aw}. Naturally in gyrolanguage, hyperbolic barycentric coordinates are 
called gyrobarycentric coordinates. Identity (4.18) insures that the gyrobarycentric 
coordinate representation (4.17) of P with respect to the set S is gyrocovariant 
in the sense of Definition 2.7, p. 57, as shown in Theorem 4.6 below. The point 
P and the points of the set S of its gyrobarycentric coordinate representation vary 
together under left gyrotranslations. Indeed, a left gyrotranslation X®Ax of Ax by 
X,k=1,...,N in (4.18) results in the left gyrotranslation X@P of P by X. 

In order to insure that gyrobarycentric coordinate representations with respect to 
a set S are unique, we require S to be hyperbolically pointwise independent. 


Definition 4.4 (Hyperbolic Pointwise Independence) A set S of N points S = 
{Ai,..., Aw} in R?, n > 2, is pointwise independent if the N — 1 gyrovectors in 
R?, CA1@Ax, k =2,..., N, considered as vectors in R”, are linearly independent. 


We are now in the position to present the formal definition of gyrobarycentric 
coordinates, that is, hyperbolic barycentric coordinates, as motivated by mass and 
center of momentum velocity of Einsteinian particle systems. 

Definition 4.5 (Gyrobarycentric Coordinates) Let 


S={Aj,...,Ay} (4.23) 


be a pointwise independent set of N points in R?. The real numbers m1 ,..., my, 
satisfying 


N 
Yo meva, >0 (4.24) 
k=1 
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are gyrobarycentric coordinates of a point P € RY with respect to the set S if 


N 
p- Deka MYA AR 


a (4.25) 
deka MY A, 
Gyrobarycentric coordinates are homogeneous in the sense that the gyrobarycen- 
tric coordinates (m,...,my) of the point P in (4.25) are equivalent to the gyro- 
barycentric coordinates (Am ,,..., Amy) for any real nonzero number A € R, A 40. 
Since in gyrobarycentric coordinates only ratios of coordinates are relevant, the gy- 
robarycentric coordinates (7m ,..., my) are also written as (m,:---:my). 
Gyrobarycentric coordinates that are normalized by the condition 


Sime =1 (4.26) 


are called special gyrobarycentric coordinates. 

Equation (4.25) is said to be the gyrobarycentric coordinate representation of P 
with respect to the set S. 

Finally, the constant of the gyrobarycentric coordinate representation of P in 
(4.25) is mo > 0, given by 


N 2 N 
mo = (ym) +2)>° mjM(Yon oa, — 1): (4.27) 
k=1 


jk=1 
j<k 


Theorem 4.6 (Gyrocovariance of Gyrobarycentric Coordinate Representations) Let 


N 
P= a) mMkY 4, Ak 


(4.28a) 
N 
Ve=1 MYA, 


be a gyrobarycentric coordinate representation of a point P € R¢ in an Ein- 
stein gyrovector space (Ri,@®,®) with respect to a pointwise independent set 
S={A},...,An} CRI. 

Then 


N 
= et mk V Ag 
mo 


Vp (4.28b) 


and 


N 
=1 Mk 4, Ak 
eP= Deka Mk 4, Ak (4.28c) 
mo 
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where mg > 0, given by 


N 2 N 
mo = (dom) +2 > MjM(Voa @At —1) (4.28d) 
k=1 


jk=1 


is the constant of the gyrobarycentric coordinate representation (4.28a). 
Furthermore, the gyrobarycentric coordinate representation (4.28a) and its as- 
sociated identities in (4.28b)—-(4.28d) are gyrocovariant, that is, 


ie MY xe A, X BAW) 


X@P= W ; (4.29a) 
ie MkVy@A, 
ae MKV x @ Ay 
VYx@P = ss (4.29b) 
Di meyy A, (X®Ax) 
Vyop(X®P) = oat , (4.29c) 
mo 
N 2 N 
a (Sm) +2 » MjMkVorx@aacxoa,) 1) (429d) 
k=1 J k=1 
j<k 
for all X € RY, and 
N 
=1 MkY pa, RA 
p= =! see ey (4.30a) 
k=l MY RAy 
ime, 
a (4.30b) 
mo 
of MkY pa, (RAK) 
Ypp(RP) = ‘ (4.30c) 


mo 


N 2 N 
mo = (dm) +2 > 1 jIMk(Yo(Ra;y@(RAg) —1) (4.30d) 
k=1 jk=l 
j<k 


forall RE SO(n). 


Proof Let P € R® be given by (4.28a). Then, by (3.32)-(3.33), p. 68, P satisfies 
(4.28b). Following (4.28a)-(4.28b), P satisfies (4.28c) as well. 
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It follows from (4.28b)-(4.28d) that the pair (mo, P) is a solution of the four- 


vector equation 
N 
Vay 4 
yom ( “)=mo( . ) (4.31) 
i= a Yp P 


Hence, by Theorem 3.2, p. 65, the pair (mo, P) is the unique solution of the four- 
vector equation (4.31), satisfying (4.29a)—(4.29d) for all X € R?. Finally, noting that 
rotations R € SO(n) are linear maps of R” that keep the norm invariant, (4.30a)— 
(4.30d) follow from (4.28a)—(4.28d). The proof is thus complete. 


As a way to emphasize its power and elegance, two immediate corollaries of 
Theorem 4.6, the first of which is a special case of the second, are presented. In 
these corollaries, it is sometimes convenient to use the notation y, = y(v) for the 
gamma factor. 


Corollary 4.7 Let S = {Aj,...,An} C Ri be a pointwise independent set of N 
points in IR’, and let 


N 
et MkY 4, Ak " 


N 
ea=1 Mk A, 


(4.32) 


be a gyrobarycentric coordinate representation of a point in an Einstein gyrovector 
space (R%, ®, @) with respect to the set S. Then 


N N 
(ae mara Liga MY 4, 


(4.33) 
yi MY A, mo 
and 
Coe ee = Deer Mk 4, Ak (4,34) 
N N _ i . 
yt MV A, ar MkV A, mo 


where mg is the constant of the gyrobarycentric coordinate representation (4.32), 
given by (4.28d). 


More generally, Theorem 4.6 admits the following corollary: 


Corollary 4.8 Let S = {Aj,...,An} C Ri be a pointwise independent set of N 
points in IR’, and let 


4 MkY 4, Ak 


N 
Hi Mk Y Ay 


R" (4.35) 
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be a gyrobarycentric coordinate representation of a point in an Einstein gyrovector 
space (IR, ®, ®) with respect to the set S. Then, for all X € RY, 


N N 
7 (xe do=1 Mk “ast Leni MY x@A, 


(4.36) 
4 MY A, AG 
and 
N N 
=1 kV 4, Ak =1 kV 4, Ak 
(xe! ‘Ag ) (x05) ‘Ak ) 
ea Mk V Ag ai Mk V Ax 
N 
1) Mey (X@Ax) 
_ Leta MY x@Ay (4.37) 
mo 


where mg is the constant of the gyrobarycentric coordinate representation (4.35), 
given by (4.29d) or, equivalently, by (4.28d). 


Clearly, Corollary 4.7 is a special case of Corollary 4.8 corresponding to X = 0. 
Corollary 4.8 demonstrates that the identities in Corollary 4.7 are gyrocovariant with 
respect to left gyrotranslations. Similarly, they are also gyrocovariant with respect to 
rotations. Corollary 4.8 will prove crucially important for the mission of this book 
to generate momentum toward the hunt for gyrotriangle gyrocenters in Einstein gy- 
rovector spaces, that is, in the Cartesian—Beltrami—Klein ball model of hyperbolic 
geometry. 

Following the vision of Felix Klein in his Erlangen Program [41], it is owing to 
the gyrocovariance, that is, covariance with respect to left gyrotranslations and rota- 
tions, that gyrobarycentric coordinate representations are geometrically significant. 
Indeed, left gyrotranslations and rotations in hyperbolic geometry form the group of 
motions of the geometry, and according to Felix Klein’s Erlangen Program, a geo- 
metric property is a property that remains invariant in form under the motions of the 
geometry. 

Two additional corollaries of Theorem 4.6 that prove useful follow. 


Corollary 4.9 Let S = {Aj,..., Any} CR be a pointwise independent set of N 
points in RY, and let 


N 
pe Hi mMkY 4, Ak 
N 

a= MY A, 


be a gyrobarycentric coordinate representation of a point P € IR" with respect to 
the set S. Furthermore, let mo be the representation constant, given by 


N 2 N 
mo = (> m) +2 > MjMk Vea oar — 1). (4.39) 
k=1 


jk=1 
j<k 


(4.38) 


Then, the point P lies in the ball R’, P € RX}, if and only if ms > 0. 
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Proof Following (4.38), and (3.32)—(3.33), p. 69, with c= 5s, Vo = P, and vg = Ag, 
we have 

1 _ ie mz Ag 
(ne my 


(4.40) 


Hence, the point P lies in the ball R’, P € IR’, if and only if Yp is real, that is, if 
and only if ms > 0. 


Corollary 4.10 Let S = {Aj,..., Aw} C RQ be a pointwise independent set of N 
points in IR‘, and let 


N 
P= ee meV 4, Ak 
N 
De=i MY A, 


be a gyrobarycentric coordinate representation of a point P € IR” with respect to the 
set S, with positive gyrobarycentric coordinates my > 0, k =1,...,N. Then, P € 
IR}. Moreover, P lies on the convex span of S if and only ifm, >0,k=1,...,N. 


(4.41) 


Proof The gyrobarycentric coordinate representation (4.41) possesses the constant 
mo in (4.39). This representation constant is positive since my > 0, k =1,...,N, 
and since the gamma factors in (4.39) are greater than 1. Hence, by Corollary 4.9, 
PeR?. 

The gyrobarycentric combination (4.41) is positive if all the coefficients mz, k = 
1,..., N, are positive. The set of all positive gyrobarycentric combinations of the 
points of the set S is the convex span of S. By convexity considerations, it is a subset 
of IR’. Hence, P lies on the convex span of S if and only if m, >0,k=1,...,N. 
Owing to the homogeneity of gyrobarycentric coordinates, it is agreed that if all the 
gyrobarycentric coordinates of a point have equal signs, then the signs are selected 
to be positive. 


4.3 Uniqueness of Gyrobarycentric Coordinate Representations 


Theorem 4.11 (Uniqueness of Gyrobarycentric Coordinate Representations) A gy- 
robarycentric coordinate representation of a point in an Einstein gyrovector space 
(RY, ®, ®) with respect to a pointwise independent set S = {A,..., An} is unique. 


Proof Let 
N N 
ae ek=i MY a, Ak _ deem MY 4, Ak 
- N ~ N 
et MkV A, A meV a, 


be two gyrobarycentric coordinate representations of a point P with respect to a 
pointwise independent set S = {A;,..., Ay} C RQ in an Einstein gyrovector space 
(RY, ®, @). 


eR" (4.42) 
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Then, by the Gyrobarycentric Coordinate Representation Gyrocovariance Theo- 
rem 4.6, p. 90, with X = OA; in (4.29a), along with the convenient notation 


ajk = CAJ@BAg, 
(4.43) 
Vij = Yeaj@ag? 
we have 
N N 
dort MkY QA @Ag (OAj@Ax) dik=1 MKY jx Ajk 
OAjOP = N = + 
Vai MVEA j@Ag ni Mk Vik 
N 
Dik MEY jp Ajk 
a: (4.44) 


N ! 
ai MY jk 


for any A;, 1 < j < N. Note that when k = j in (4.44), ajxy = OA;@Ax = O and 
4 a oe 

The set S = {Aj,..., Ay} C R? C R” is pointwise independent. Hence, by Def- 
inition 4.4, p. 89, the set of gyrovectors aj, =OA;®Az, K=1,...,N, kK Fj, con- 
sidered as vectors in R”, forms a set of N — 1 linearly independent vectors for 
each j. Owing to this linear independence, 


my =cmg (4.45) 


for all k = 1,..., N, where c is an unspecified nonzero constant. Since gyrobarycen- 
tric coordinates are homogeneous, a nonzero common factor of the gyrobarycentric 
coordinates of a representation is irrelevant. Hence, the two gyrobarycentric coordi- 
nate representations of P in (4.42) are identically the same, so that the gyrobarycen- 
tric coordinate representation (4.42) of P is unique. 


4.4 Triangle Centroid 


The triangle centroid is located at the intersection of the triangle medians. In this 
section, we demonstrate the use of barycentric coordinates by determining the tri- 
angle centroid in R”. 

Let A, A2A3 be a triangle with vertices A;, Az and A3 in a Euclidean n-space 
R”, and let G be the triangle centroid, as shown in Fig. 4.1 for n = 2. Then, G is 
given by its barycentric coordinate representation (4.8), p. 86, with respect to the set 
{A1, A2, A3}, 

mA, +m2A2+m3A3 


G= ; (4.46) 
m,;+m2+m3 


where the barycentric coordinates m,,m2 and m3 of G in (4.46) are to be deter- 
mined in (4.52) below. 
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M3 Ag 


A3 
G= 5(Aj +42 +43) 


oy 


cw 


My2 = 5(Ai +A) 


M13 = (A, +A3) 


M3 = 3 (Az +A3) 
Aj 


Fig. 4.1 The triangle medians and centroid in a Euclidean plane R?. The centroid G is the point of 
concurrency of the triangle medians. The midpoints M)2, M13, and M3 of the three sides, A, Az, 
A, A3 and A2A3, of triangle Aj A2A3 in a Euclidean n-space R” are shown here for n = 2, along 
with its medians A, M73, AzM 13, A3M)2, and its centroid G 


The midpoint Mj2 of side Aj A2, Fig. 4.1, is given by 


Pome 
ig a (4.47) 


so that an equation of the line L123 through the points M2 and A3 is given by 
A, + A2 
L193(t1) = A3 + (-4s + an (4.48) 


with the parameter f, € R. 

The line Z123(t;) contains one of the three medians of triangle A; A2A3. Equa- 
tions of the lines L123, £23; and L312 that contain, respectively, the three triangle 
medians are therefore obtained from (4.48) by index cyclic permutations, 


t} ty 
Lj23(t1) = 7 Ait gaat t)A3, 


to t2 
L731 (t2) = 5 A2+—A34+ (1—1%)A1, (4.49) 


N 


3 BB 
£312(03) = 5 A3 + Ai + (1 —1#3)A2 


N 


for t}, 2,13 ER. 
The triangle centroid G is the point of concurrency of the three lines in (4.49). It 
is found by solving the equation L123(t)) = L231 (t2) = L312(t3) for the unknowns 
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ty, fo, 3 € R, obtaining t; = tp = fg = 2/3. Hence, G is given by the equation 


_ Ai+A2+A3 


G : 4.50 
3 (4.50) 


as we see by substituting ft) = f2 = & = 2/3 into (4.49). 
Comparing (4.50) with (4.46) we find that the special barycentric coordinates 
(m1, m2, m3) of G with respect to the set {A;, Az, A3} are given by 


1 
ala (4.51) 
Accordingly, convenient barycentric coordinates (m1 :m2:m3) of G are 
(m,:m2:m3)=(1:1:1), (4.52) 


as it is well-known in the literature; see, for instance, [29, 30]. 


4.5 Gyromidpoint 


In this section, we demonstrate the use of gyrobarycentric coordinates by determin- 
ing the gyromidpoint of gyrosegments in Einstein gyrovector spaces. 

Let A; Az be a gyrosegment in an Einstein gyrovector space (R’, ®, ®), n> 1, 
formed by two distinct points A;, Az € R’. The gyromidpoint M12 of gyrosegment 
A, Ap), Fig. 4.2, is the point of the gyrosegment that is equigyrodistant from A; and 
Az, that is, 


|OA1®M12| = |OA2OMi2 |. (4.53) 


In order to determine the gyromidpoint M2 of gyrosegment A; Az, let Mj2 be 
given by its gyrobarycentric coordinate representation (4.25) with respect to the set 
S={A1, Az}, 


miy, Artmay,,A2 
ie aS (4.54) 
M1Ya, + M2Y 4, 


where the gyrobarycentric coordinates m , and mz are to be determined in (4.62) 
below. 

The constant mo of the gyrobarycentric coordinate representation (4.54) of Mj2 
turns out to be 


mo = (mi +m)? + 2mimr(y49 — VD, (4.55) 


according to (4.27). 


98 4 Euclidean and Hyperbolic Barycentric Coordinates 


Aj 


aj2 = CA1GA2, 412 = |lar2|| = ||CA1@Ad|| 


CA OM. = 4@ay, ||CA1@M19|| = ||CA2OM12|| = $@ay2 


Ai +%q,A2 
M2 = meer ee 

Ya, + Yay 
M2 = s@(Ay 


Mj =A,0(CA 
(4 @a2) = 


Y 
5 Baya 


Fig. 4.2. The Einstein Gyromidpoint. The Einstein gyromidpoint M12 of a gyrosegment A, A2 in 
an Einstein gyrovector space (IR’, @, ®) is shown for n = 2, along with several useful identities 
that the gyromidpoint possesses 


Following the gyrocovariance of gyrobarycentric coordinate representations, 
Theorem 4.6, we have from (4.29a) with X = GA, and X = CAz, respectively, 


MYoA@A, (CA1@A}) at M2Vg4,@A,(CAIPA2) -_ M2Y 17412 


CA1OM)12 = , 
M1Yeay@a, + ™2V%eAy@Ap mi +M2Y19 
ee ee MY ar@a, (CGA2PA1) + M2 G4, A, (CA2PA2) _ mya 
MYoar@a, + M2VQAr@Ap M1Yy, +2 
(4.56) 


where, as shown in Fig. 4.2, we use the convenient notation 


aj2 = CA @A2, a2 = |lai2|l, V2 = Yay» 
(4.57) 


az1 = CA2@8 A, a2 = |laaill, V2) = Yar - 


We note that a2 = 421, ¥;. = Y,, and y~ = 0, while, in general, a2; 4 aj2 since, 
by the gyrocommutative law, a2] = gyr[OA2, Aj Jai2. 
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Taking magnitudes of the extreme sides of each of the two equations in (4.56), 
we have 


m2 
|SA1@M || = ———— 412, 
mi, + M2Y19 
(4.58) 
my 
|S A28M 19|| = ———— yp 412 
MY} +m2 
so that, by (4.58) and (4.53), we have 
ial a (4.59) 


M1Yj2 +m. My +M2Y;5 


implying m; = =m. 
For m, = m2 =: m, the constant mo of the gyrobarycentric coordinate represen- 
tation (4.54) of Mj2 is given by 


ms, = (m, + my)” + 2mym7(y49 — 1) = 2m (yyy + 1) > 0 (4.60) 
so that, being positive, mo is acceptable. 
In contrast, form, = —m7 =: m, the constant mo of the gyrobarycentric coordi- 
nate representation (4.54) of Mj» is given by 


mo = (my + m2)” + 2mym7(yY19 — 1) = —2m*(Yyy — 1) <0 (4.61) 
so that, being negative, mo is rejected. Indeed, if mo < 0, then mo is purely imagi- 
nary so that, by (4.14), p. 88, also yp is purely imaginary, implying that while M12 
lies in R”, it does not lie in the ball, M2 ¢ R’. Hence, the solution m; = —mz of 
(4.59) is rejected, allowing the unique solution m, = mp. 

The unique solution for the gyrobarycentric coordinates of the midpoint Mj2 
(modulo a multiplicative normalization constant) is, therefore, (m1 : m2) = (m:m) 
or, equivalently, 


(mj :m2)= (1:1). (4.62) 


Substituting the gyrobarycentric coordinates (4.62) into (4.54), we finally express 
the gyromidpoint Mj in terms of its vertices A; and A2 by the equation 


¥4,A1 a Y,A2 
Yar + YA 


Mypn= (4.63) 


Following (4.60) and (4.62)—(4.63), the constant mo of the gyrobarycentric coor- 
dinate representation of the gyromidpoint Mjp in (4.63) is 


mo = /2,/ Yio tl. (4.64) 
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Hence, by the Gyrobarycentric Coordinate Representation Gyrocovariance The- 
orem 4.6, p. 90, the gyromidpoint M12 possesses the following three identities: 


_ Vx@a,(X®A1) + Vx@ay(XBA2) 


X®M12 (4.65a) 
Yx@a, + Yx@az 
Yx@a, + Yx@A 
Yx@My = (4.65b) 
V2/¥4. +1 
YX@A (X@A1) + YX@A (X@®Az2) 
Vx@M,)(X®M12) = as ae) (4.65c) 
/2.) Yiot1 
for all X € RY. 
Following (4.65a) with X = © Aj, by Einstein half (2.3), p. 46, we have 
Y (GA1@Az2) 1 
OAI@M 2 = A182 = ay2= 5 Sa12 (4.66) 
1+ Yoar@ar ase 
so that by the scaling property (2.6), p. 46, 
1 1 1 
|SA1®@M12|| = 7 2ai2 || = 7 Sllaiall = 7 @a12. (4.67) 


Similarly, following (4.65b)-(4.65c) with X = GA, we have 


I+ Yoaea, 1+ %y 7 vitvo 


YOA@M12 — ao = (4.68) 
V2/1+y¥,, V2/1+%5 v2 


and 
y, (GA! @A2) V1 A12 
YoA,@My (CAI@M 12) = 241242 =—2—. (4.9) 
V2, 1+ 49 V2 /1+ 19 
Hence, by (4.67) and (4.68), 
Vv I+V. 
ne ee (4.70) 


1 a 
(5240) eee ste (4.71) 
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ges Ya, Al +2 Y4,A2 


mY, =F myYy, 


™ Y>4,op|CA1GP || = m2 Yo, op ||GA2 BP | 


Fig. 4.3. The Hyperbolic Lever Law Relation in an Einstein gyrovector space (R’, ®, ®). The 
position of a generic point P on a gyrosegment Aj, Az is determined by its gyrobarycentric co- 
ordinates my > 0, k = 1,2, with respect to the set S = {A}, Az} C RY. These gyrobarycentric 
coordinates, in turn, satisfy the hyperbolic lever law relation (4.78) 


Two equivalent expressions for the gyromidpoint M12 in (4.63) are given by 


1 
M2 = ZO Ad), 
(4.72) 


1 
M2 = A1G(GA1GA2)@ 5 


as we see from (1.37), p. 13, and (2.15), p. 48. 

The identities in (4.72) for the gyromidpoint M2 in (4.63) demonstrate once 
again that in order to capture analogies with classical results, both Einstein addition, 
®, and Einstein coaddition, H, are required. 


4.6 The Hyperbolic Lever Law Relation 


Let A; and A2 be any two distinct points of an Einstein gyrovector space (R?.®, ®), 
and let P be any point between them, Fig. 4.3. Then, the point P possesses a gyro- 
barycentric coordinate representation, 


pe miy, Al +moy,, A2 


(4.73) 
MAY, + M2Y,, 


with respect to the set S = {A1, Az}, with gyrobarycentric coordinates m; > 0 and 
mz > 0 that depend on the position of P between A, and Ap. 
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By the Gyrobarycentric Coordinate Representation Gyrocovariance Theorem 4.6, 
p. 90, with X = GA, and X = © Az, it follows from (4.73), respectively, 
MYoa AeA, (GA, @A]) + M2VEA\@Ar (GA1@Az2) 


Yes op (OA1®P) = rms 


m2) ‘A, @A, (OA1BA2) 


mo 


(4.74) 


3 


YeAr@A, (GA2®A1) + M2Y eG A,@A2(OA2BA2) 


mo 


YoA,@p(OA2@P) = 


3 


) CAA (CA2@A)) 


’ 


mo 
where mo > 0 is given by 


my = mj + m3 + 2myM2Yg4,@Ap- (4.75) 


Taking the norms of the extreme sides of each of the two equations in (4.74), we 
have 


M2VeAi@Ao 
Yos@PllOA1®@P|l = ng HOA Aall. 
(4.76) 
MIYVeAi@Ag 
YoA,@ pllOA2® P| = ny HOA Aall. 
noting that while, in general, GA2@A, 4 OA) @Az, we have the equalities 
|OA2@A1 || = |OA1@Aall, 
(4.77) 
YoAr@A, — YOA\@A2* 
It follows from (4.76) that 
M1Yea,@PllOAI@P|l = m27¥o4,@pllOA2® P| (4.78) 
or, equivalently, we have the hyperbolic lever law relation 
Y |SA2@ PII 
eee (4.79) 


m2 Yoa @PllOAi@P || 


In the Euclidean limit, s — oo, gyrolengths tend to corresponding lengths and 
gamma factors tend to 1. Hence, in that limit, (4.78) tends to a corresponding result 
in Euclidean geometry, 


m||—Ay + P|| =ma||—A2 + Pll. (4.80) 
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Equation (4.80) is the classical lever law relation. Let us view the two distances 
||—Ai + P|| and ||—A2 + P|] in (4.80) as the lengths of the two arms of a lever 
supported at the point P in R?, and the gyrobarycentric coordinates m, and m2 
as masses that apply proportional forces on the lever arms in the same direction 
perpendicular to the arms. Then, the relation (4.80) is the Archimedes law of the 
lever, saying that the masses balance at distances inversely proportional to their 
magnitudes. By analogy, we call (4.78) the hyperbolic lever law relation. 

We are now in the position to prove the following theorem about the hyperbolic 
lever law relation. 


Theorem 4.12 (Hyperbolic Lever Law Relation) Let P be a point between two 
distinct points A, and Az of an Einstein gyrovector space (RY, ®, ®). Then, the 
point P possesses the gyrobarycentric coordinate representation 


my, Ai1+moy, A2 
pP=— = (4.81) 
MY, +m2y,. 


if and only if it obeys the hyperbolic lever law relation 


my _ Year pllOA2® P| 
m2 Yoa,@pllOA1@P || 


(4.82) 


Proof The proof that (4.81) implies the hyperbolic lever law relation (4.82) is es- 
tablished in (4.73)-(4.79). 

Conversely, let P be a point between A; and A> that satisfies the hyperbolic lever 
law relation (4.82). We will show that P is given by (4.81). 

Being a point between A, and A2, P possesses the gyrobarycentric coordinate 
representation 


a miy, Al +myy,,A2 


(4.83) 
my, +m, 


with respect to the set S = {A 1, Az}. Hence, by the first part of the proof, and since 
P satisfies (4.82), 


ms _ Yoa,@pllOA2® P| _ mM 
mM, Yoa,@pllOAi@P|| m2 


(4.84) 


Hence, being homogeneous, the gyrobarycentric coordinates (m1 : mz) and 
(m‘, :m‘) are equal, 


(m, : m2) = (m', :m)) (4.85) 


so that the point P in (4.83) satisfies (4.81) as desired. 
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Fig. 4.4 The gyrotriangle gyromedians and gyrocentroid in an Einstein gyrovector plane 
(R2, ®, ®). The gyrocentroid G is the point of concurrency of the gyrotriangle gyromedians. The 
gyromidpoints Mj2, M13, and M23 of the three sides, Ay A2, Aj A3 and A2A3, of gyrotriangle 
A, A2A3 in an Einstein gyrovector space (IR?,@,®) are shown here for n = 2, along with its 
gyromedians A; M23, A2M 13, A3M{2, and its gyrocentroid G 


4.7 Gyrotriangle Gyrocentroid 


The hyperbolic triangle centroid is called, in gyrolanguage, the gyrotriangle gyro- 
centroid. 

In this section, we demonstrate the use of gyrobarycentric coordinates by deter- 
mining the gyrotriangle gyrocentroid in Einstein gyrovector spaces. 


Definition 4.13 (Gyromedians, Gyrotriangle Gyrocentroids) A gyromedian of a gy- 
rotriangle in an Einstein gyrovector space is the gyrosegment joining a vertex of the 
gyrotriangle with the gyromidpoint of the opposing side, Fig. 4.4. The gyrocentroid, 
G, of a gyrotriangle is the point of concurrency of the gyrotriangle gyromedians, 
Fig. 4.4. 


Let A; A2A3 be a gyrotriangle in an Einstein gyrovector space (R’, ®, ®), and 
let the gyromidpoints of its sides be M12, M\3 and M23, as shown in Fig. 4.4. Hence, 
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by (4.63), M12 and, in a similar way, M)3 and M)3, are given by the equations 


Y,, Alt V4, A2 
Miy2= : 
nea ee 
vy, Aity, A3 
M3 = —1__2—, (4.86) 
mee ee 
4,42 + V4, 43 
M23 = 
Vag Vag 


The three gyromedians of gyrotriangle A; A2A3 in Fig. 4.4 are the gyrosegments 
A, M3, A2Mj3, and A3M}j2. Since gyrosegments in Einstein gyrovector spaces co- 
incide with Euclidean segments, one can employ methods of linear algebra to deter- 
mine the point of concurrency, that is the gyrocentroid, of the three gyromedians of 
gyrotriangle A; A2A3 in Fig. 4.4. 

The details of the use of methods of linear algebra for the determination of the 
gyrobarycentric coordinates of the gyrotriangle gyrocentroid in Einstein gyrovector 
spaces are presented below. 

In order to determine the gyrobarycentric coordinates of the gyrotriangle gyro- 
centroid in Einstein gyrovector spaces, we begin with some gyroalgebraic manipu- 
lations that reduce the task we face to a problem in linear algebra. 

Let the gyrocentroid G of gyrotriangle A; A2A3 in an Einstein gyrovector space 
(R’, @, ®), Fig. 4.4, be given by its gyrobarycentric coordinate representation, 
(4.25), p. 90, with respect to the set S = {A1, Az, A3} of the gyrotriangle vertices, 


Be my, Al +moy, A2+msy, A3 


(4.87) 
miy, t+moy, +m3y,, 


where the gyrobarycentric coordinates (m1, m2,m3) of G in (4.87) are to be deter- 
mined in (4.110) below. 

Left gyrotranslating gyrotriangle A; A2A3 by OA, the gyrotriangle becomes gy- 
rotriangle O(GA;@A2)(CA1@HA3), where O = GA) QA; is the arbitrarily selected 
origin of the Einstein gyrovector space IR’, so that 


O=0=(0,...,0) (4.88) 


with respect to the Cartesian coordinates of RY’. 

Following the left gyrotranslation by 6A}, the gyrotriangle side-gyromidpoints 
M2, M13 and M23 become, respectively, GA1\@M12, GA1OMj3 and GCA @M)3. 
These are calculated in (4.89) below by employing the gyrocovariance of gyro- 
barycentric coordinate representations, Theorem 4.6, p. 90. 
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Accordingly, we obtain from (4.29a), p. 91, with X = GA, the following left 
gyrotranslation by GA, of the gyromidpoints Mj2, M13 and M93 in (4.86): 


Vg AVP PD Vega SOMOA2) pion 


OA1OM12=CA1B = i : 
Ya, + Ya, ae Yoay@Ay Y12 +1 


y, Aity, 43 Y, (OA1@A3) a 
OA1@M3 =OA10—! ae PS a 


Ya, + Vag Dat: Yoay@A3 ¥3 4+ 1 
ie A2+ Y,,43 (4.89) 
9OA10Mz3 = CA1®B 3 
Nay oF Ya, 
Venus (QA1@A2) + eee (CA1@A3) 
Yoay@ay — Yoa@Ay 
fe vies ee 
V2 + V3 
As in (4.57), in (4.89) we use the convenient notation 
aij = CAI @A;, aij = lai; ll, Vij = Vai (4.90) 


fori, j = 1, 2, 3, noting that aj; = aji, Vij = Vji- 

Note that, by Definition 4.5, p. 89, the set of points S = {A1, A2, A3} is pointwise 
independent in an Einstein gyrovector space (RY, 6, ®). Hence, the two gyrovectors 
aj2 = OA|@A? and aj3 = OA) MA in R’ C R" in (4.89), considered as vectors in 
IR”, are linearly independent in R”. 

Similarly to the gyroalgebra in (4.89), under a left gyrotranslation by GA, the 
gyrocentroid G in (4.87) becomes 


(QA1@A3) 


ie + ™2V 54,@A9 ~ M3VoaoAy 


M2Y 54, 94, QA1BA2) + m3y 


CA1{@A3 


SA1GG = 


M2Y17 412 + IN3Y) 3413 
M1 +M2Y1y +M3Y13 


(4.91) 


The gyromedian of the left gyrotranslated gyrotriangle O(6A1®A2)(GA1@A3) 
that joins the vertex 


CA1GA;=O=0 (4.92) 
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with the gyromidpoint of its opposing side, as calculated in (4.89), 


aj2 + 71,3413 
8A1OM33 = sed ami a (4.93) 


Y2 +13 
is contained in the Euclidean line 


_ ¥42 412 + 13.413 


Li =0 + (—O + {0A10M33})ti 
Yio T ¥i13 


ty (4.94) 


where ¢; € R is the line parameter. This line passes through the point O = 0 € R? c 
R” when ¢ = 0, and it passes through the point 


ajt+ a 
CA{@Mz3 = ae tags € Ri CR" (4.95) 


Yy2 + 43 


when f; = 1. 
Similarly to (4.92)—(4.94), the gyromedian of the left gyrotranslated gyrotriangle 
O(©A1@A2)(CA1@A3) that joins the vertex 


OA {@PA2 = aq? (4.96) 
with the gyromidpoint of its opposing side, as calculated in (4.89), 


Y13413 


8A1OMi3 = 
Y13 +1 


(4.97) 
is contained in the Euclidean line 


Y13.413 
Ly = ayo + (—ai2 + {9A1®M)13})t2 = arn + ( —ar2 + —=— Jn (4.98) 
¥3+1 
where f2 € R is the line parameter. This line passes through the point aj2 € RY Cc R” 
when fz = 0, and it passes through the point 6A1@Mj3 = y,3813/(7,3 + 1) € RY C 
R” when f2 = 1. 
Similarly to (4.92)-(4.94), and similarly to (4.96)-(4.98), the gyromedian of the 
left gyrotranslated gyrotriangle O(6A1@A2)(GA1@A3) that joins the vertex 


CA1{PA3 = a43 (4.99) 


with the gyromidpoint of its opposing side, as calculated in (4.89), 


Yj 2412 
SA\OMY = —* — (4.100) 
Yiotl 
is contained in the Euclidean line 
Y12412 
L3 = a3 + (—ay3 + {9A1®M)12})t3 = ay3 + | —a13 + ae] tz (4.101) 
Y12 
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where 13 € R is the line parameter. This line passes through the point aj3 € R? C R" 
when f3 = 0, and it passes through the point 0A; ®Mj2 = y,.a12/(7j;2 + D) E REC 
R” when f3 = 1. 

Hence, if the gyrocentroid G exists, its left gyrotranslated gyrocentroid, 
—OCA10G, given by (4.91), is contained in each of the three Euclidean lines L;, 
k = 1, 2,3, in (4.94), (4.98) and (4.101). Formalizing, if G exists then the point P 
in (4.91), ie., 


M2Y17 412 + M3Y13a13 


P=0A1®G= , 
M+ M29 +M3Y13 


(4.102) 


lies on each of the lines Lx, k = 1, 2, 3. Imposing the normalization condition m, + 
mz + m3 = | of special gyrobarycentric coordinates, (4.102) can be simplified by 
means of the resulting equation m; = 1 — m2 — m3, obtaining 


M2Y17 412 + M3Y13413 
1 +m2(V;9 —I)+ m3(7;3 —1) 


PHcohieG= (4.103) 


Since the point P lies on each of the three lines Lz, k = 1, 2, 3, there exist values 
ty, of the line parameters %, k = 1, 2,3, respectively, such that 


V2 412 + 13.413 
to= 


P 0, 
Y2 +3 
a 
P—aj ( ay + io reo =0, (4.104) 
M341 


The kth equation in (4.104), k = 1, 2, 3, is equivalent to the condition that point P 
lies on line Lx. 

The system of equations (4.104) was obtained by methods of gyroalgebra, and 
will be solved below by a common method of linear algebra. 

Substituting P from (4.103) into (4.104), and rewriting each equation in (4.104) 
as a linear combination of a;2 and a;3 equals zero, one obtains the following linear 
homogeneous system of three gyrovector equations 


c11aj2 + c12a13 = 0, 
c21a12 + c22a13 = 0, (4.105) 


c31a12 + ¢32a13 = 0, 


where each coefficient c;j, i = 1,2,3, 7 = 1,2, is a function of y,,, V13> Y23> and 
the five unknowns m2, m3, and ty,9, k = 1, 2, 3. 
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Since the set S = {A;, Az, A3} is pointwise independent, the two gyrovectors 
aj2 = OA) @A? and aj3 = CA) @A3 in R’, considered as vectors in R”, are lin- 
early independent. Hence, each coefficient c;; in (4.105) equals zero. Accordingly, 
the three gyrovector equations in (4.105) are equivalent to the following six scalar 
equations, 


Cl] = C2 = C2] = C22 = C3] = C32 = O (4.106) 


for the five unknowns m2, m3 and t,o, k = 1, 2,3. 
Explicitly, the six scalar equations in (4.106) are equivalent to the following six 
equations: 


[1 + mY. — D +m3(43 - 1)]t1,0 — MAY. +713) =9, 
[1 + mV —1) +m3(713 _ 1)]t1,0 co m3(V19 ae Y13) =0, 


[1 + m2(V19 —1) + m3(713 a 1)]t2,0 _ m3(V13 +1)=0, iss 


[1 +m. - D+ m3(V13 1)]t2,0 m3(13 1)+m2—1=0, 


[1+ m2(yy9 — 1) +m3(Yy3 — 1) ],0 — m2(yj) + I) =0, 


[1 + m2(V19 —1) + m3(13 1)]#3,0 MV 1)+m3—1=0. 


The unique solution of (4.107) is given by 


nee ae: +113 
1,0 — ’ 
Vig tV%3 +1 


¥3+1 


————__., (4.108) 
Vig t¥3 +1 


o= 


Yt! 
3.9 = ————_., 
Yy2+%3 +1 


and 


1 
m2 =m3= 3 (4.109) 
so that by the normalization condition m, + m2 + m3 = 1, also m; = 1/3. 
Hence, the special gyrobarycentric coordinates of the gyrocentroid of a gyrotri- 
angle A; A2A3 with respect to the pointwise independent set {A;, Az, A3} in an Ein- 
stein gyrovector space (R’, ©, ®), Fig. 4.4, are given by (m ,m2,m3) = Gj, 7 3)» 
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Fig. 4.5 The triangle 
medians M and centroid G in 
a Euclidean plane R?. 
Analogies with their 
counterpart in an Einstein 
gyrovector plane, Fig. 4.6, are 
obvious 


A\ A2+A 
M3 = a 3 


G= Ay ae 


so that convenient gyrobarycentric coordinates of the gyrotriangle gyrocentroid 
are 


(my, :m2:m3)= (1,1, 1). (4.110) 


Finally, following (4.110) and (4.87), the gyrocentroid of a gyrotriangle A; A2A3 
in an Einstein gyrovector space (IR’, ©, ®@) is given by the equation, Fig. 4.4, 


V4, Alt ¥,, 42 + V4, 43 
Vg Bag Vg 


G= (4.111) 


The similarity between the gyrotriangle gyrocentroid G of gyrotriangle A; A2A3 
in (4.111) and the gyromidpoint M12 of gyrosegment Aj A2 in (4.86) is remarkable. 
The extension to higher dimensions is now obvious. Indeed, the gyrocentroid G; of 
a gyrotetrahedron A;A2A3Ayq4 in Einstein gyrovector spaces R’, n > 3, is given by 
[63, (6.338)] 


7 V4, ALT V4, 42 + V4, 43 + V4, Aa 
Vig OV el Vig TY i 


(4.112) 


t 


4.8 Analogies Between Centroids and Gyrocentroids 


Analogies like those shown between Figs. 4.5 and 4.6 form the right tool in the 
study of hyperbolic triangle centers. Guided by the analogies, we extend the old and 
familiar study of triangle centers into the new study of gyrotriangle gyrocenters. 
The analogies shown between Figs. 4.5 and 4.6 are enhanced by the result that 
gyrotriangle gyrocenters are gyrocovariant just as triangle centers are covariant. 


4.8 Analogies Between Centroids and Gyrocentroids 111 


Fig. 4.6 The gyrotriangle 
gyromedians M and 
gyrocentroid G in an Einstein 
gyrovector plane (IR?, ®, @). 
A reduction to the Euclidean 
plane is obtained when 
gamma factors are | 


2 
ii ae! aan 
%, +t, 1%, 


In particular, triangle centroids are covariant. They are covariant under the action 
of translations, 


yas Sans sO ‘acids 


for all Aj, Az, A3, X € R”, and under the action of rotations, 


_ RA, + RA2 + RA3 
7 3 


RG (4.114) 


for all R € SO(n). 
In full analogy, gyrotriangle gyrocentroids are gyrocovariant. They are covariant 
under the action of left gyrotranslations, 


_ Yx@a (X@Ai) + VX@Ay (X@A2) + YY@A3 (X@A3) 


X®G (4.115) 
Yx@a, + Yx@A, + Vx@As 
for all Ay, A2, A3, X € RY, and under the action of rotations, 
Vpa, RAI + Vp4,RA2 + Vp4,RA3 
RG= se “= (4.116) 


VRA, oF YRA, + VRA3 


for all R € SO(n). The harmonious interplay between Einstein addition, ®, in R? 
and vector addition, +, in R” as shown, for instance, in (4.115) is crucially important 
for our special relativistic approach to the study of hyperbolic triangle centers. 
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4.9 Gyrodistance in Gyrobarycentric Coordinates 


Let P and P’ be two pints in an Einstein gyrovector space (R”?, @, ®) with gyro- 
barycentric coordinate representations 


N 
_ ae MY A, Ak 


P= 
N 
ea MY 4, 
(4.117) 
N 

pe ai MEY A, Ak 
~TSN 7 

Vi=i YA, 

with respect to the set of points S = {Aj,..., An}. 


By the gyrocovariance in (4.29b), p. 91, of yp , with X = OP’, and following 
(4.117), we obtain the two gamma factors in (4.118a), (4.118b), (4.119a), (4.119b) 
below: 


N N 
y ae) Mj VoPi@A; Vie! MiVoaji@P! (4.1184) 
ald mo mo 


where, following (4.15), p. 88, mo > 0 is given by 


N 2 N 
m= (dom) +250 mjmk Yoaj@a, — )) (4.118b) 
k=1 jel 
j<k 


and 


N / 
pa MVEA; @Ag 


Yoa jor! = Hs, ; (4.119a) 
where, as in (4.118b), mg > 0 is given by 
N 2 N 
2 
(m)" = (> mi) +2 7 mjmVYoajoa, — D- (4.119b) 
k=1 jk=l 
j<k 


Note that while, in general, OP’/@A; # CA;@P’, their norms are equal, 
|OP’®A |; || = ||OA;®P’||, implying the equality of their gamma factors, thus jus- 
tifying the second equation in (4.118a). 

Substituting (4.119a) into the extreme right-hand side of (4.118a), we obtain the 
gamma factor of © P’@ P in terms of the parameters of the gyrobarycentric coordi- 
nate representations (4.117), according to the following theorem: 
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Theorem 4.14 (Gyrodistance in Gyrobarycentric Coordinates) Let P and P’ be two 
pints in an Einstein gyrovector space (R’, ®, ®) with gyrobarycentric coordinate 
representations (4.117), (4.118a), (4.118b) with respect to the set of points S = 
{A1,..., An}. 

Then, the squared gyrodistance between the points P and P’ is given by the 
equation 


2 ; | 
Jop’@p|? =s2“2her 
OP/@P 


(4.120) 


where 


1 N WN 


-_ : if 
YoP'@P = mom! EMM Yea oy 
0 j=lk=1 


1 N N 
/ a 
=a | > MjMVoA OA, + 1? MjMVQA @Ax 
Om"0 U j,k=1 k=l 
j<k j>k 


N 
¥- 
= > mmonen| 


jk=1 
jak 


“ N 
1 
~ mom! | » (mjmy + mimi) Yaa ,@x + YS mimi . (4.121) 
OU k=I i=l 

i 


j<k 


Proof The gamma factor Y,,p,g p is obtained by substituting (4.119a) into the ex- 
treme right-hand side of (4.118a). The resulting gyrodistance ||O P’@ P| in (4.120) 
between the points P and P’ is obtained from the gamma factor Yopi@p in (4.121) 
by means of Identity (1.9), p. 5. 
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Let 


re mey, Al +miey, A2+misy, As Ri ae 
k —_ - E | - 
MAY, +MY, +MY, . 


k = 1, 2, be two points represented by their gyrobarycentric coordinates with respect 
to the set S = {A1, Az, A3} of the vertices of a reference gyrotriangle A; A2A3 in an 
Einstein gyrovector space (R’, ©, ®), and let 
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: my, Ai +mo2y, Ar+msy, A3 


R" (4.123) 
miy, +moy, +m3y,, 


be a generic point spanned by S in R?. 

Gyrolines in an Einstein gyrovector space R? are Euclidean straight segments in 
the Euclidean space IR”. Hence, the point P lies on the gyroline P; P2 that passes 
through the points P; and P2 only if there exists t € R such that 


P=P,+(—P,+ Py)t eR. (4.124) 
Substituting (4.122)-(4.123) into (4.124), we obtain an equation of the form 
cy A, +c2A2 + ¢3A3=0. (4.125) 


By the definition of gyrobarycentric coordinates, Definition 4.5, p. 89, the points 
Aj, A2 and A3 of RY’ are pointwise linearly independent in R”, so that (4.125) is 
equivalent to the three equations c) = c2 = c3 = 0. These three equations, in turn, 
determine the gyrobarycentric coordinates of P in (4.123) as functions of parame- 
ters of the reference gyrotriangle A; A2A3 and the gyroline parameter, t, up to an 
unspecified nonzero common factor that we can arbitrarily select, obtaining 


my = mimoy, + {my1m22 + (—mm22 + mimo )t}y,, 
+ {mj1m23 + (—m11m23 +mi3zmai)t}y,,. 


m2 =miomooy, + {m2m23 + (—my2m73 + my3m22)t FY, 
(4.126) 
+ {mi2ma1 + (—mygm21 + mim)t hy, ; 


m3 = m13M23Y, + {mj 3m21 + (—my3m2 + miimos)t}y, 


+ {m13m22 + (—m43m22 + mi2m23)t}y, . 


Note that each equation in (4.126) can be obtained from the others by an index 
permutation. 

The line parameter f € R in (4.126), which results from (4.124), is restricted to 
permissible values, that is, values for which P € IR? C R". Thus, in particular, any 
0 <t < 1 is permissible, giving rise to a point on the gyrosegment P; P2. 

The constant mo of the gyrobarycentric coordinate representation (4.123) of P is 
given by 


ms = my + ms + m3 + 2(mym2y,. +mM37;3 +mM2M3Y3) (4.127) 


and, hence, it is a function of the parameter t € R. By Theorem 4.9, p. 93, the point 
P €R’ lies in R¢ if and only if mo > 0, that is, if and only if mo is real and nonzero. 
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4.11 Problems 


Problem 4.1 A System of Equations: 
Show that the six scalar equations in (4.106), p. 109, are equivalent to the six equa- 
tions (4.107), p. 109. 


Problem 4.2 Gyrolines in Gyrobarycentric Coordinates: 
Derive the gyrobarycentric coordinates m1, m2, m3 in (4.126), p. 114, by the way 
outlined in Sect. 4.10. 


Chapter 5 
Gyrovectors 


Abstract In this chapter vectors are introduced into hyperbolic geometry, where 
they are called gyrovectors. Gyrovectors are equivalence classes that add according 
to the gyroparallelogram law in full analogy with vectors, which are equivalence 
classes that add according to the parallelogram law. A gyroparallelogram, in turn, is 
a gyroquadrangle the two gyrodiagonals of which intersect at their gyromidpoints in 
full analogy with a parallelogram, which is a quadrangle the two diagonals of which 
intersect at their midpoints. 


5.1 Points and Vectors in Euclidean Geometry 


The relationship between points and vectors in the Euclidean geometry of R” in- 
volves equivalence relations and equivalence classes. Their definitions are, there- 
fore, presented below. 


Definition 5.1 (Equivalence Relations and Classes) A relation on a nonempty set S 
is a subset R of S x S, RCS x S, written as a ~ b if (a,b) € R. A relation ~ ona 
set S is 


1. Reflexive ifa ~a forallae S. 
2. Symmetric if a ~ b implies b ~ a for alla, be S. 
3. Transitive ifa~bandb~c imply a~c foralla,b,ceS. 


A relation is an equivalence relation if it is reflexive, symmetric and transitive. 

An equivalence relation ~ on a set S gives rise to equivalence classes. The equiv- 
alence class of a € S is the subset {x €¢ S: x ~ a} of S of all the elements x € S that 
are related to a by the relation ~. 


Two equivalence classes in a set S with an equivalence relation ~ are either equal 
or disjoint, and the union of all the equivalence classes in S equals S. Accordingly, 
we say that the equivalence classes of a set S with an equivalence relation form a 
partition of S. 
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v:=—-A+B=-A'+B' 


[Ivl| = || -A +B] 


Fig. 5.1. The vectors —A + B and —A’ + B’ have equal values, that is, -A + B =—A’ + B’, 
in a Euclidean space R”. As such, these two vectors are equivalent and, hence, indistinguishable 
in their vector space and its underlying Euclidean geometry. Two equivalent nonzero vectors in 
Euclidean geometry are parallel, and possess equal lengths, as shown here for n = 2. It turns out 
that two equivalent vectors — A + B and — A’ + B’ are parallel and have equal lengths, forming the 
parallelogram AA’ B’B 


Points of IR”, denoted by capital italic letters A, B, etc., give rise to vectors 
in R”, denoted by bold roman lowercase letters u, v, etc. Any two ordered points 
A, B € R” give rise to a unique rooted vector v € R”, rooted at the point A. It has a 
tail at the point A and a head at the point B, Fig. 5.1, and it has the value —A + B, 


vod (5.1) 


The length ||v|| of the rooted vector v= —A + B is the distance between its tail, A, 
and its head, B, that is, 


lvl =||-—A+ Bl. (5.2) 


Two rooted vectors —A + B and —C + D are equivalent if they have the same 
value, -A+ B=—C+4D, that is, 


-A+B~-C+D ifandonlyif -—A+B=-C+D. (5.3) 
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Vv := CAB = OA'OB' 


IIv|| = ||OA@BI| 


Fig. 5.2 The rooted gyrovectors GA®B and @A’@B’ in an Einstein gyrovector space (R”, @, ®) 
have equal values, GA®B = CA’@B’. Hence, they are equivalent so that they represent the same 
gyrovector. Accordingly, as gyrovectors, GA®B and GA’@B' are indistinguishable in their gy- 
rovector space and its underlying hyperbolic geometry. As an important disanalogy with Euclidean 
geometry, the gyroquadrangle AA’ B’B is not a hyperbolic parallelogram; see Fig. 5.3. For the gen- 
eration of equivalent rooted gyrovectors in a given gyrovector space, see [63] or [64, Chap. 3] 


The relation ~ in (5.3) between rooted vectors is reflexive, symmetric and transi- 
tive. Hence, it is an equivalence relation that gives rise to equivalence classes of 
rooted vectors. To liberate rooted vectors from their roots, we define a vector to be 
an equivalence class of rooted vectors. The vector —A + B is thus a representative 
of all rooted vectors with value —A + B. Thus, for instance, the two distinct rooted 
vectors —A + B and —A’ + B’ in Fig. 5.1 possess the same value so that, as vec- 
tors, they are indistinguishable. As it is well-known, vectors add according to the 
parallelogram addition law [64] so that vectors in Euclidean geometry are, in fact, 
equivalence classes of ordered pairs of points that add according to the parallelo- 
gram law. 

A point P € R” is identified with the vector -O + P, O being the arbitrarily 
selected origin of the space IR”. Hence, the algebra of vectors can be applied to 
points as well. 

In full analogy with Fig. 5.1, Fig. 5.2 presents two equivalent rooted gyrovectors, 
studied in Sect. 5.2. 
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5.2 Points and Gyrovectors in Hyperbolic Geometry 


Points of an Einstein gyrovector space (R¥, @, ®), denoted by capital italic letters 
A, B, etc., give rise to gyrovectors in R, denoted by bold roman lowercase letters 
u, v, etc. Any two ordered points A, B € R? give rise to a unique rooted gyrovector 
v ¢ R{, rooted at the point A. It has a fail at the point A and a head at the point B, 
and it has the value GA@B, 


v=OAOB. (5.4) 


The gyrolength ||v|| of the rooted gyrovector v= GCA@B is the gyrodistance be- 
tween its tail, A, and its head, B, that is, 


lvl] = |OA®BI. (5.5) 


Two rooted gyrovectors GA®B and GA’@B’, Fig. 5.2, are equivalent if they 
have the same value, CSA@B = CA’/OB’, that is, 


CAGB~ CA'OB’ ifandonlyif CABB=OCA‘OB’. (5.6) 


The relation ~ in (5.6) between rooted gyrovectors in Einstein gyrovector spaces is 
reflexive, symmetric and transitive. As such, it is an equivalence relation that gives 
rise to equivalence classes of rooted gyrovectors. To liberate rooted gyrovectors 
from their roots, we define a gyrovector to be an equivalence class of rooted gy- 
rovectors. The gyrovector OAQ@B is thus a representative of all rooted gyrovectors 
with value SA@B. Thus, for instance, the two distinct rooted gyrovectors CA®B 
and GA’@B’ in Fig. 5.2 possess the same value so that, as gyrovectors in an Einstein 
gyrovector space, they are indistinguishable. 

Vectors add according to the parallelogram addition law. Accordingly, vectors 
in Euclidean geometry are equivalence classes of ordered pairs of points that add 
according to the parallelogram law. In full analogy, we wish to establish gyrovectors 
in Einstein gyrovector spaces as equivalence classes of ordered pairs of points that 
add according to the “gyroparallelogram” law. 

Hence, in order to introduce vectors into hyperbolic geometry we have to de- 
fine the hyperbolic parallelogram that we, naturally, call a gyroparallelogram. At 
first glance, the term hyperbolic parallelogram sounds as a contradiction in terms, 
since parallelism is denied in hyperbolic geometry. However, in full analogy with 
parallelograms, gyroparallelograms are defined in Sect. 5.3. 


5.3 Einstein Gyroparallelogram 


Definition 5.2 (Gyroparallelograms) Let A, B and C be any three points in a gy- 
rovector space (Ri, @, ®). Then, the four points A, B, C, D in R? are the vertices 
of the gyroparallelogram ABDC, ordered either clockwise or counterclockwise, 
Fig. 5.3, if D satisfies the gyroparallelogram condition 


D=(BHC)OA. (5.7) 
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D = gyt[C, OB] gyr[B, OA] (CAB) 


OBE@D = gyt|B, OC] gyr[C, CA](CAGC) 


The Gyroparallelogram 
Condition: D=(BHC)OA 


"YC C+D 
YoTYp 


(CAGC) = CASD 


Fig. 5.3. The Einstein gyroparallelogram and its addition law in an Einstein gyrovector space 
(R?, ©, ®). This figure is identical to Fig. 5.4 with one exception. Here points are denoted by 
capital italic letters, A, B, C, D, paving the way to Fig. 5.4 where gyrodifferences of points are 
recognized as gyrovectors, denoted by bold roman lowercase letters u, v, w 


The gyroparallelogram is degenerate if the three points A, B and C are gyro- 
collinear. 

If the gyroparallelogram AB DC is non-degenerate, then the two vertices in each 
of the pairs (A, D) and (B,C) are said to be opposite to one another. The gy- 
rosegments of adjacent vertices, AB, BD, DC and CA, are the sides of the gy- 
roparallelogram. The gyrosegments AD and BC that link opposite vertices of the 
non-degenerate gyroparallelogram ABDC are the gyrodiagonals of the gyroparal- 
lelogram. 

The gyrocenter magpc of the gyroparallelogram ABDC, Fig. 5.3, is the gy- 
romidpoint of each of its two gyrodiagonals, so that m4gpc = M,p = Mzc (see 
Theorem 5.3 below). 


In what seemingly sounds like a contradiction in terms, we have extended in Def- 
inition 5.2 the Euclidean parallelogram into hyperbolic geometry where the parallel 
postulate is denied. The resulting gyroparallelogram shares remarkable analogies 
with its Euclidean counterpart, giving rise to the gyroparallelogram law of gyrovec- 
tor addition, which is commutative and fully analogous to the common parallel- 
ogram law of vector addition in Euclidean geometry. A gyroparallelogram in an 
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Einstein gyrovector plane, that is, in the Cartesian—Beltrami—Klein disc model of 
hyperbolic geometry, is presented in Figs. 5.3—5.4. 


Theorem 5.3 (Gyroparallelogram Symmetries) Every vertex of the gyroparallelo- 
gram ABDC, Fig. 5.3, satisfies the gyroparallelogram condition (5.7), that is, 


A=(BHO)SD, 
B=(ABD)CC, 
(5.8) 
C=(AHD)OB, 
D=(BHC)OA. 


Furthermore, the two gyrodiagonals of a non-degenerate gyroparallelogram are 
concurrent, the concurrency point being the gyromidpoint of each of the two gy- 
rodiagonals. 


Proof The last equation in (5.8) follows from the gyroparallelogram condition (5.7) 
in Definition 5.2 of the gyroparallelogram. By the right cancellation law (1.79), 
p. 21, this equation is equivalent to the equation 


ABD=BHC. (5.9) 


By (1.37), p. 13, the coaddition H in Einstein gyrovector spaces is commutative. 
Hence, by the right cancellation law (1.78), p. 21, the equation in (5.9) is equivalent 
to each of the equations in (5.8), thus verifying (5.8). 

Equation (5.9) implies the gyroparallelogram gyromidpoint condition 


1 1 
z2A B= Oe C). (5.10) 


By (4.72), p. 101, the left- and the right-hand side of (5.10) are, respectively, the 
gyromidpoint of the gyrodiagonal AD and the gyrodiagonal BC. Hence, (5.10) 
implies that the gyromidpoints of the two gyrodiagonals of the gyroparallelogram 
coincide. 


A gyroquadrangle is a not self-intersecting gyropolygon with four sides and four 
vertices in an Einstein gyrovector space. It is non-degenerate if any three of its 
vertices are non-gyrocollinear. The following theorem characterizes non-degenerate 
gyroquadrangles which are non-degenerate gyroparallelograms. 


Theorem 5.4 A non-degenerate gyroquadrangle ABDC in an Einstein gyrovector 
space is a non-degenerate gyroparallelogram if and only if its gyrodiagonals AD 
and BC intersect at their gyromidpoints. 


Proof The gyrodiagonals AD and BC of a non-degenerate gyroquadrangle ABDC, 
Fig. 5.3, in an Einstein gyrovector space intersect at their gyromidpoints if and only 
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Fig. 5.4 The Einstein gyroparallelogram law of gyrovector addition. Let A, B,C € RY be any 
three points of an Einstein gyrovector space (R’,@, ®), giving rise to the two gyrovectors 
u= CAOB and v= CACC. Furthermore, let D be a point of the gyrovector space such that 
ABDC is a gyroparallelogram, that is, D = (B H C)OA by Definition 5.2 of the gyroparallelo- 
gram. Then, Einstein coaddition of gyrovectors u and v, ui v = w, expresses the gyroparallel- 
ogram law, where w = CA@D. Einstein coaddition, H, thus gives rise to the gyroparallelogram 
addition law of Einsteinian velocities, which is commutative and fully analogous to the parallel- 
ogram addition law of Newtonian velocities. Einsteinian velocities are, thus, gyrovectors that add 
according to the gyroparallelogram law just as Newtonian velocities are vectors that add accord- 
ing to the parallelogram law. Like vectors, a gyrovector GA@B in an Einstein gyrovector space 
(R?, ©, ®), n = 2, 3, is described graphically as a straight arrow from the tail A to the head B 


if (5.10) is satisfied. The latter, in turn, is satisfied if and only if the gyroparallelo- 
gram condition (5.7) is satisfied, as explained in the proof of Theorem 5.3. Finally, 
by Definition 5.2, the gyroparallelogram condition is satisfied if and only if the gy- 
roquadrangle ABDC is a gyroparallelogram. 


5.4 The Gyroparallelogram Law 


The gyroparallelogram law of gyrovector addition gives a commutative binary oper- 
ation between gyrovectors in Einstein gyrovector spaces, Fig. 5.4. As demonstrated 
in Theorem 5.5 below, it is fully analogous to the common parallelogram law of 
vector addition in Euclidean geometry. 
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Theorem 5.5 (The Gyroparallelogram (Addition) Law) Let ABDC be a gyropar- 
allelogram in an Einstein gyrovector space (RY, ®, ®), Fig. 5.4. Then 


(CAGB) BH (CAGC) = CASGD. (5.11) 


Proof By Corollary 1.45, p. 41, and by the gyroparallelogram condition (5.7) we 
have 


(GA@B) H (CAGC) = CAG{(B BC)OA} = CASD. (5.12) 


In the next theorem, we will uncover the relationship between opposite sides of 
the gyroparallelogram. 


Theorem 5.6 Opposite sides of a gyroparallelogram ABDC in an Einstein gy- 
rovector space (R‘, ®, ®), Figs. 5.3-5.4, are equal modulo gyrations, 


OeC@D = gyr[C, OB] gyr[B, CA](CA@B) = gyr[C, OB](BOA), 
OB@D = gyr[B, OC] gyr[C, GA](CABC) = gyr[B, OC](COA) 


(5.13) 


and, equivalently, 


OC@D = 6 gyr[C, OB|(GB@A), 
OC@A =O gyr[C, OB|(GB@D). 


(5.14) 


In particular, two opposite sides of a gyroparallelogram are congruent, having 
equal gyrolengths, 


|| SABB|| = |oCeDI, 


(5.15) 
| SABC] = |OBSDI. 
Proof By Theorem 1.13, p. 18, we have 
OAGD = (CAGC)S gyt[GA, C(GCGD), (5.16) 


and by Theorem 5.5, p. 124, noting the definition of the gyrogroup cooperation, we 
have 


OA@D = (CAGC) H (CA@B) = (CAGC)O gytlOAGC, AOB](CA@B). 

(5.17) 
Comparing the right-hand side of (5.16) with the extreme right-hand side of (5.17), 
and employing a left cancellation, we have 


gytr[CA®C, AOB](CAGB) = gyr[OA, C](OC@D). (5.18) 
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Identity (5.18) can be written in terms of Identity (1.180), p. 39, as 
gytlA, OC] gyr[C, OB] gyr[B, SA](GAGB) = gyt[GA, Cl(GCBD) (5.19) 


which is reducible to the first identity in (5.13) by eliminating gyr[A, OC] on both 
sides of (5.19). Similarly, interchanging B and C, one can verify the second identity 
in (5.13). 

The equivalence between (5.13) and (5.14) follows from the gyroautomorphic 
inverse property and a gyration inversion. 

Finally, (5.15) follows from (5.13) since gyrations preserve the gyrolength. 


The Newtonian counterpart of the gyroparallelogram addition law (5.11) gives 
the parallelogram addition law 


(-A+ B)+(-A+C)=-A+D_ (Euclidean Geometry) (5.20) 


with A, B, D, C being the vertices of a Euclidean parallelogram, where —A + B, 
—A+C, and —A + D are three Euclidean vectors that emanate from the point 
A, and where the point D satisfies the parallelogram condition analogous to the 
gyroparallelogram condition (5.7), 


D=B+C-—A_ (Euclidean Geometry) (5.21) 


in R”. 
The parallelogram condition (5.21) is equivalent to the parallelogram midpoint 
condition 


1 1 
gH ere) (5.22) 


according to which the diagonals AD and BC of the parallelogram ABDC in R” 
intersect each other at their midpoints. This equivalence is in full analogy with the 
equivalence between the gyroparallelogram condition (5.7) and its associated gy- 
roparallelogram gyromidpoint condition (5.10). 

In classical mechanics, Newtonian velocity vectors and the parallelogram addi- 
tion law of vectors are determined by the same binary operation, +, as we see from 
(5.20). In contrast, in relativistic mechanics, Einsteinian velocity gyrovectors and 
the gyroparallelogram addition law of gyrovectors are determined by two different 
binary operations, @ and , that interplay harmoniously, as we see from (5.11). In- 
deed, following (5.11), as shown graphically in Fig. 5.4, gyrovectors are determined 
by Einstein addition, 6, which is noncommutative, while gyrovector addition is 
given by Einstein coaddition, H, (1.37), p. 13, which is commutative. The introduc- 
tion of Einstein coaddition H into special relativity thus extends significantly the 
unfinished symphony of Einstein addition @. 

Experimental evidence that supports the physical significance of Einstein gy- 
roparallelogram addition law (5.11) is provided by the relativistic interpretation of 
the cosmological stellar aberration phenomenon, as indicated in the Epilogue of this 
book, Chap. 10, and as explained in detail in [63, Chap. 13]. 


Chapter 6 
Gyrotrigonometry 


Abstract Trigonometry is the study of relations between the triangle three sides 
and three angles. In full analogy, gyrotrigonometry is the study of relations between 
the gyrotriangle three sides and three gyroangles. In this chapter, gyrotrigonom- 
etry is studied in Einstein gyrovector spaces or, equivalently, in the Cartesian— 
Beltrami—Klein ball model of hyperbolic geometry. Remarkably, the elementary 
gyrotrigonometric functions coincide with the common elementary trigonometric 
functions. They, however, stem from a system of two distinct Pythagorean identities 
that each right-gyroangled gyrotriangle possesses. In the transition from hyperbolic 
to Euclidean geometry, these two distinct Pythagorean identities degenerate into the 
single Pythagorean identity that each right-angled triangle possesses in Euclidean 
geometry. 


6.1 Gyroangles 


The standard notation that we use with a gyrotriangle A; A2A3 in R? is presented 
in Fig. 6.1 for n = 2. In this notation, an Einstein gyrotriangle A; A2A3 has (i) three 
vertices, Aj, Az and A3; (ii) three gyroangles, a1, a@2 and a3; and (iii) three sides, 
which form the three gyrovectors a2, a23 and a3); with respective (iv) three side- 
gyrolengths a12, 423 and a3, as defined in (6.1) below and shown in Fig. 6.1. 

The standard notation that we use with a gyrotriangle A; A2A3, presented in 
Fig. 6.1, involves the following equations: 


aj2 = OA @A2, ay2 = |layoll, Yo, = V12 = Vay = Yayo» 
aj3 = OA10A3, ay3 = |lar3\l, ¥31 =V13 = Yay3 = Yay3> (6.1) 
a23 = OA20A3, a73 = ||a23\I, ¥32 = V3. = Var3 = Yan3- 


Let G@A|@A?2 and GA|@A3 be two rooted gyrovectors with a common tail Aj, 
see Fig. 6.1. They include a gyroangle aj = 7A2A,A3 = 7A3A,Az2, the radian 
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Fig. 6.1 The gyrotriangle A;A2A3 in an Einstein gyrovector space (R’,®,@) is shown for 
n = 2, along with its associated standard index notation. The gyrotriangle vertices, Aj, Az and A3, 
are any non-gyrocollinear points of R?. Its sides are presented graphically as gyrosegments that 
join the vertices. They form gyrovectors, aj;, side-gyrolengths, aj; = |lajj||, 1 <i, 7 <3,14 j, 
and gyroangles, a;,, k = 1,2,3. The gyrotriangle gyroangle sum is less than z, the difference, 
5=m — (a} +a2 + a3), being the gyrotriangular defect. The gyrocosine function of the gyrotri- 
angle gyroangles is presented. Remarkably, it assumes a form that is fully analogous to the cosine 
function of Euclidean trigonometry. The point P is a generic point on the interior of the gyrotri- 


angle, with positive gyrobarycentric coordinates (mj, : m, : m3) with respect to the gyrotriangle 
vertices, (4.17), p. 88 


measure of which is given by the equation 


CA|PA2 + OCAIGAZ 


cos ay = . (6.2) 
|GA1@Aal| |OA1@A3ll 


shown in Fig. 6.1. Accordingly, 


-1 SAIGA2 OAIGDAS (6.3) 
|A1@Aa|| ||OA1@A3l| 


a} =cos 


where cos and cos~! = arccos are the standard cosine and arccosine functions of 


trigonometry. In the context of gyroangles, as in (6.2)—(6.3), we refer these functions 
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of trigonometry to as the functions gyrocosine and gyroarccosine of gyrotrigonom- 
etry. 

Gyrotriangle gyroangle sum in hyperbolic geometry is less than 2. The differ- 
ence, 6, 


6=7 — (aj +a2 +43) (6.4) 


being the triangular defect. 
Theorem 6.1 (Gyroangle Gyroinvariance) Gyroangles are gyroinvariant. 


Proof Following Definition 2.7, p. 57, we have to show that for any gyroangle a 
in an Einstein gyrovector space (R?, ®, ®), cos@ remains invariant under both left 
gyrotranslations and rotations of RY’. 

The gyroangle a; is invariant under the action of left gyrotranslations. Indeed, 
by (1.65), p. 18, and (2.9), p. 47, we have 


O(X@ANO(XOA2) _O(XOA)O(XOA3) 
O(XGANO(XGAD)| |O(KOA)O(XGAS)I 


cosa = 


gytlX, Ai](GA1PA2) _gytlX, Ai] (GA1@A3) 
gyt LX, Ai](GA1@Az2)||_ ll gyrLX, A1](GA1@A3)|| 


OAIPA2 OA1GA3 
SA PA2|| |GA1BA3|| 


= cosa, (6.5) 


for all Ay, Az, A3, X ERY. 
Similarly, the gyroangle a is invariant under the action of rotations of R’ about 
its origin. Indeed, by (2.30b), p. 56, we have 


ORA|®RA2 ORAI@ORAZ 
ORA®RAg|| ||ORAi GRAS |I 


cosa 


R(GAIGA2) ~—R(GA1GA3) 
R(GA1GAz2)|| || R(GA1GA3)|| 


OA! @MA2 CA @A3 
OA1@AQ|| |OA1GA3]| 


= cosa} (6.6) 


for all A,, Az, A3 € R” and R € SO(n), since rotations R € SO(n) preserve the 
inner product and the norm in RY’. 
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il 


Fig. 6.2. The Origin of any Einstein Gyrovector Space is Conformal. A gyroangle a is formed 
by two intersecting gyrorays in an Einstein gyrovector space (R?, 6, ®). The Einstein gyrovec- 
tor space is equipped with Cartesian coordinates that it inherits from its Euclidean space R”, 
with origin O=0= (0,..., 0), as shown in Figs. 2.3-2.4, p. 52. Gyroangles are invariant un- 
der left gyrotranslations, see (6.5). Shown are two successive left gyrotranslations of the gy- 
roangle a = ZBAC into a = ZB'A’C’, and the latter into a = ZB” A"”C” = ZB" OC", so that 
cosa = (B"/||B"||)-(C”/||C"||) is identical with its Euclidean counterpart. Hence, the origin of 
an Einstein gyrovector space is “conformal” in the sense that the measure of any (Einsteinian) 
gyroangle 7B” OC” in R% with vertex at the origin O of R% coincides with the measure of its 
corresponding (Euclidean) angle 7B” OC” in R” with vertex at the origin O of R” 


Being invariant under the motions of RY, which are left gyrotranslations and rota- 
tions about the origin, gyroangles are geometric objects of the hyperbolic geometry 
of Einstein gyrovector spaces. 


6.2 The Gyroangle—Angle Relationship 


By Theorem 6.1, gyroangles in Einstein gyrovector spaces are invariant under left 
gyrotranslations. Hence, any gyroangle can be left gyrotranslated without distortion 
into a special position where its vertex coincides with the origin, O, of the Einstein 
gyrovector space. Interestingly, once located in a special position, the gyroangle 
coincides with its Euclidean counterpart, as illustrated in Fig. 6.2. 

Following Fig. 6.2, let aw = ZBAC be an arbitrary gyroangle in an Einstein gy- 
rovector space (R/, 6, ®), with vertex A different from the origin O of RY, and 
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let X € RY’ be any point. A left gyrotranslation of A, B,C by X results in the left 
gyrotranslated gyroangle a’ = ZB’ A‘C' where 


A' = X@OA, B' = XB, Cc’ = X@C (6.7) 


and where, by Theorem 6.1, a’ =a. 

It should be noted that it is the hyperbolic measures of gyroangles a’ and a that 
are equal. Their Euclidean measures, in general, are not equal as one can see in 
Fig. 6.2. 

Let us now left gyrotranslate the points A’, B’, C’ € R? by ©B’, so that gyroangle 
a’ becomes a” = ZB” AC” where 


A” =©B'O@A’, B’ =©CB'@B' =O0=0, C"=CB'eC’ (6.8) 


and where, by Theorem 6.1, a” =a’. 
Accordingly, by Theorem 6.1, cosa is given by each of the inner products be- 
tween unit gyrovectors in (6.9), 


SCAGB CABC OA'@B' CA'BC’ BY Cc" 


; = : = . . (6.9 
|SABB|| ||GABC|  ||GA’@B"|| ||OA’SC"| |B" WC on 


cosa = 


Remarkably, the inner product between unit gyrovectors in IR? on the extreme 
right-hand side of (6.9) can be viewed as an inner product between unit vectors in 
R”. Hence, 


(i) On the one hand, any gyroangle a in an Einstein gyrovector space can be left 
gyrotranslated without distorting its measure into a special position where its 
vertex coincides with the origin, O, of the space; and 

(ii) On the other hand, the measure of a gyroangle w in IR? with vertex O equals its 
measure when viewed as a Euclidean angle in R” 


The special positions of a gyroangle are positions where the gyroangle vertex 
coincides with the origin O of its gyrovector space. The measure of a gyroangle in 
a special position in IR? equals its measure when viewed as a corresponding angle 
in the Euclidean geometry of R”. Hence, the origin of an Einstein gyrovector space 
IR? is said to be conformal. 

The result that every gyroangle can be moved without distortion into special 
positions where it can be viewed, without distorting its measure, as a Euclidean an- 
gle is crucially important in the gyrotrigonometry of Einstein gyrovector spaces. It 
implies that every trigonometric identity of trigonometric functions remains valid 
in gyrotrigonometry, giving rise to a corresponding gyrotrigonometric identity of 
gyrotrigonometric functions. Accordingly, we refer these identities to as trigono- 
metric/gyrotrigonometric identities. Thus, for instance, the familiar trigonometric 
identities 


2 


cos’ @ + sin a=1, 


(6.10) 
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a € R, remain valid in gyrotrigonometry as well. To see this, one may left gyro- 
translate the gyroangle a into a special position, where it can be viewed as an angle 
satisfying (6.10). This angle a can be left gyrotranslated back to its original position, 
where it can no longer be viewed as an angle. But, since gyroangles are invariant 
under left gyrotranslations, gyroangle @ still obeys (6.10). 

As aremarkable consequence of this intimate relationship between trigonometric 
and gyrotrigonometric functions, we will find in this book the following result: 

Gyrobarycentric coordinates of gyrotriangle gyrocenters that are determined in 
terms of gyrotriangle gyroangles survive unimpaired, in form, in the transition from 
hyperbolic to Euclidean geometry. The converse is, however, not true for the follow- 
ing reason: 

Barycentric coordinates of triangle centers that are determined in terms of tri- 
angle angles need not survive a transition from Euclidean to hyperbolic geometry 
since, typically, trigonometric expressions for triangle centers embody the assump- 
tion that triangle angle sum is z. Clearly, a triangle trigonometric expression that 
embodies this assumption need not survive in hyperbolic geometry. 


6.3 The Law of Gyrocosines 


Let SA@B and GAGC be two gyrovectors that form two sides of gyrotriangle 
ABC and include the gyrotriangle gyroangle a in an Einstein gyrovector space 
(R’, @, ®), as shown in Fig. 6.3 for n = 2. 

By the Gyrotranslation Theorem 1.14, p. 18, 


O(CAGDB)G(CAGC) = gyr[OA, B]I(OBEC). (6.11) 
Since gyrations preserve the norm, (1.33), p. 10, 
||S(CA®B)@(CAGC)]| = | gyrlOA, B|(OBEC)| =||OBEC||. 6.12) 


In the notation of Fig. 6.3 for gyrotriangle ABC, (6.12) is written as 


|| Sc@bl| = |lall, (6.13) 
implying 
Yocob = Ya = Ya- (6.14) 
By (1.8), p. 5, we have 
b-c 
Yocob = rore( _ =). (6.15) 


The gyrocosine of gyroangle a = ZBAC of gyrotriangle ABC in Fig. 6.3 is 
given by 
SCAGB SCABC cb 
a= = = < 
|GA®B|| ||GASC|| cb 


(6.16) 
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Fig. 6.3. Gyrotriangle ABC, along with its standard notation, in an Einstein gyrovector space. 
The notation that we use with a gyrotriangle ABC, its gyrovector sides, and its gyroangles in an 
Einstein gyrovector space (R”, @, @) is shown here for the Einstein gyrovector plane (R?, ®, ®) 


so that 


b- b 
a = ~ cosa = bscs cosa, (6.17) 
Ss Ss 


where b, = b/s, etc. 
Following (6.14)-(6.17), we have 


Ya = Yb¥c(1 — bscs cosa), (6.18) 


where a, b, c are the side-gyrolengths of gyrotriangle ABC in an Einstein gyrovec- 
tor space (R’, @, ®), as shown in Fig. 6.3 for n = 2. 

Identity (6.18) is the law of gyrocosines in the gyrotrigonometry of Einstein gy- 
rovector spaces. As in trigonometry, it is useful for calculating one side, a, of a 
gyrotriangle ABC, Fig. 6.3, when the gyroangle @ opposite to side a and the other 
two sides (that is, their gyrolengths), b and c, are known. 

Remarkably, in the Euclidean limit of large s, s — oo, gamma factors tend to 1 
and the law of gyrocosines (6.18) reduces to the trivial identity 1 = 1. Hence, (6.18) 
has no immediate Euclidean counterpart, thus presenting a disanalogy between hy- 
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perbolic and Euclidean geometry. As a result, each of Theorems 6.2 and 6.5 below 
has no Euclidean counterpart as well. 


6.4 The SSS to AAA Conversion Law 


Let ABC be a gyrotriangle in an Einstein gyrovector space (RY, ®, ®) with its 
standard notation in Fig. 6.3. According to (6.18), the gyrotriangle ABC possesses 
the following three identities, each of which represents its law of gyrocosines, 


Va = Yo¥cU — bscs cosa), 
Yb = Ya¥c(1 — dscs cos B), (6.19) 
Ve = YaYb(1 — asbs cosy). 


Like Euclidean triangles, the gyroangles of a gyrotriangle are uniquely deter- 
mined by its sides. Solving the system (6.19) of three identities for the three un- 
knowns cosa, cos 6 and cos y, and employing (1.9), p. 5, we obtain the following 
theorem: 


Theorem 6.2 (The Law of Gyrocosines; The SSS to AAA Conversion Law) Let 
ABC be a gyrotriangle in an Einstein gyrovector space (R’, ®, ®). Then, in the 
gyrotriangle notation in Fig. 6.3, 


—Ya + Yb¥c —Va + YbVe 
cosa = — ‘ 
VoVcDsCs ly? —]1 /y2 —4 
—Yb + Ya¥e —Vb + VaVe 
cos B = = ’ 6.20 
YaVcsCs Ve = l/y? -—1 ( ) 
—¥Ve + YaVb —Ve + VaYb 
cosy = = 


YaYodsbs 5/21 


The identities in (6.20) form the SSS (Side-Side-Side) to AAA (gyroAngle— 
gyroAngle-gyroAngle) conversion law in Einstein gyrovector spaces. This law is 
useful for calculating the gyroangles of a gyrotriangle in an Einstein gyrovector 
space when its sides (that is, its side-gyrolengths) are known. 

In full analogy with the trigonometry of triangles, the gyrosine of a gyrotriangle 
gyroangle a is nonnegative, given by the equation 


sina = ¥1—cos?a>0. (6.21) 
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Hence, it follows from Theorem 6.2 that the gyrosines of the gyrotriangle gyroan- 
gles in that Theorem are given by 


1+ 2vareve - v2 - ve - 72 


sina = F 
ym lV yal 
[1+ 2yavye — v2 — v3 - v2 eae 
sin B = 3 5 ; (6.22) 
V¥a —~lvyve-1 
fl +2vawye— v2 - vp - 2 
siny = : 


Vy2-lvye-1 


Any gyrotriangle gyroangle a satisfies 0 < a < z, so that sina > 0 for any gy- 
rotriangle gyroangle. Following (6.22), we have the inequality 


1+ 2ya¥bVe — Ve — Vp — V2 > 0 (6.23) 


for any gyrotriangle in an Einstein gyrovector space, in the notation of Theorem 6.2 
and Fig. 6.3. 
Identities (6.22) immediately give rise to the identities 


sina  sinB __— siny 
via-l fyi vw) 


that form the law of gyrosines that we will study in Theorem 6.9, p. 140. 


(6.24) 


6.5 Inequalities for Gyrotriangles 


Elegant inequalities for gyrotriangles in Einstein gyrovector spaces result immedi- 
ately from (6.22), as we see in the following theorem: 


Theorem 6.3 Let ABC be a gyrotriangle in an Einstein gyrovector space with the 
notation in Fig. 6.3, p. 133, for its side-gyrolengths a, b,c. Then 


ve typ ty? —1 <2yarre <2 t vey. (6:25) 


Proof The left inequality in (6.25) follows immediately from (6.23). 
The inequality sin* a < 1 implies, by means of (6.22), the inequality 


1+ 2yaVeVe — ¥e — yp — v2 
(ve —DO2Z-D 


<1 (6.26) 
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which, in turn, implies 


2vaVbVe < Vo + ve ve. (6.27) 


An interesting chain of inequalities that results from (6.25), for instance, is 


O<¥2-1<2yyeye— v2 — ve < vi t+ vive -— 2-2 = 22-1) 6.28) 
and, hence, 


2 -y-¥ 
2 os Ya — Yb < yp. (6.29) 
yr -l1 
Cc 


Equality is attained in Inequality (6.27) when, and only when, a = 7/2. In this 
case, gyrotriangle ABC is a right gyroangled gyrotriangle, satisfying the Einstein— 
Pythagoras identity yg = ypyc, (6.57), p. 144, that will be studied in Sect. 6.10. 

Gyrotriangle gyroangles vary over the open interval (0,7). Accordingly, we 
present the following definition about gyrotriangles and their gyroangles. 


1 


Definition 6.4 (Acute, Right, Obtuse Gyroangles and Gyrotriangles) 


1. An acute gyroangle 6 is a gyroangle measuring between 0 and 7/2 radians, 0 < 
6<7/2. 

2. A right gyroangle @ is a gyroangle measuring 2/2 radians, 6 = 1/2. 

3. An obtuse gyroangle 6 is a gyroangle measuring between 2/2 and z radians, 
w/2<0<T. 

4. A gyrotriangle in which all three gyroangles are acute, 0 < a, B, y < 1/2, is 

acute. 
. A gyrotriangle in which one gyroangle is a right gyroangle, 9 = 1/2, is right. 
6. A gyrotriangle which has an obtuse gyroangle, 17/2 < 6 <7, is obtuse. 


Nn 


It follows from (6.20), and from the result that the trigonometric cosine function, 
cosa, and the gyrotrigonometric gyrocosine function, ambiguously also denoted 
cos a, have the same behavior, that we have important equalities and inequalities for 
gyrotriangles in Einstein gyrovector spaces. These are: 


Y%y Ve > Ya _ if and only ifa < = (Acute); 
Vy Ye=VYa _ if and only if w = 5 (Right); (6.30) 
Yp Ye < Ya if and only if a > + (Obtuse) 


and, similarly, 


Ya Ve > VY» _ if and only if 6 < > (Acute); 
Ya Ye=Yp» _ if and only if B = % (Right); (6.31) 
Ya Ye < Vp ‘if and only if 6 > 5 (Obtuse) 
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and 
Ya “py > Ye 
Ya Vp = Ye 
Ya “py < Ye 
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if and only if y < 5 (Acute); 
if and only if y = 5 (Right); 
if and only if y > + (Obtuse) 


(6.32) 


where a, b, c are the sides of any given gyrotriangle in an Einstein gyrovector space 
and a, B, y are their respective opposing gyroangles, as shown in Fig. 6.3, p. 133. 
The equalities in (6.30)-(6.32) correspond to right gyroangles, giving rise to the 
Einstein—Pythagoras identity (6.57), p. 144, that will be studied in Sect. 6.10. 


6.6 The AAA to SSS Conversion Law 


Unlike Euclidean triangles, the side-gyrolengths of a gyrotriangle are uniquely de- 
termined by its gyroangles, as the following theorem demonstrates. 


Theorem 6.5 (The AAA to SSS Conversion Law I) Let ABC be a gyrotriangle in an 
Einstein gyrovector space (R¢, ®, ®). Then, in the gyrotriangle notation in Fig. 6.3, 


cosa + cos B cosy 
a 


sin B siny 


cos B + cosa cosy 
Yb = 


; : (6.33) 
sina siny 


cosy +cosacos B 
c= 


sina sin B : 
where, following (6.21), the gyrosine of the gyrotriangle gyroangle a, sina, is given 
by the nonnegative value of 1 — cos? a, etc. 


Proof Let ABC be a gyrotriangle in an Einstein gyrovector space (R?, ®, ®) with 
its standard notation in Fig. 6.3. It follows straightforwardly from the SSS to AAA 
conversion law (6.20) that 


= (cosa + cos B cos y)” = ye 
(1—cos? B)(1—cos?y) °°’ 


(6.34) 


(= reospeosy 


sin B siny 


implying the first identity in (6.33). The remaining two identities in (6.33) are ob- 
tained from (6.20) in a similar way by vertex cyclic permutations. 


The identities in (6.33) form the AAA to SSS conversion law. This law is useful for 
calculating the sides (that is, the side-gyrolengths) of a gyrotriangle in an Einstein 
gyrovector space when its gyroangles are known. Thus, for instance, y, is obtained 
from the first identity in (6.33), and a is obtained from y, by Identity (1.9), p. 5. 
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Solving the third identity in (6.33) for cos y, we have 


cosy = —cosacos B + yc sina sin B 
= —cos(a + B) + (y% — 1) sina sin B, (6.35) 
implying 
cos y = cos(z —a — B) + (7% — 1) sina sin Bp. (6.36) 


In the Euclidean limit of large s, s > 00, y, tends to 1, so that the gyrotrigono- 
metric identity (6.36) in hyperbolic geometry reduces to the trigonometric identity 


cosy =cos(m —a— 6) (Euclidean Geometry) (6.37) 
in Euclidean geometry. The latter, in turn, is equivalent to the familiar result, 
a+f6+y=az (Euclidean Geometry) (6.38) 


of Euclidean geometry, according to which the triangle angle sum is z. 
As an immediate application of the SSS to AAA conversion law (6.20)—(6.22) and 
the AAA to SSS conversion law (6.33) we present the following two theorems: 


Theorem 6.6 (The Isosceles Gyrotriangle Theorem) A gyrotriangle is isosceles 
(that is, it has two sides congruent) if and only if the two gyroangles opposing its 
two congruent sides are congruent. 


Proof Using the gyrotriangle notation in Fig. 6.3, p. 133, if gyrotriangle ABC has 
two sides, say a and b, congruent, a = b, then yg = yp so that, by (6.20)-(6.22), 
cosa = cos # and sina = sin 6B implying a = B. 

Conversely, if gyrotriangle ABC has two gyroangles, say a and £6, congruent, 
then by (6.33), vq = yp, implying a = b. 


Theorem 6.7 (The Equilateral Gyrotriangle Theorem) A gyrotriangle is equilateral 
(that is, it has all three sides congruent) if and only if the gyrotriangle is equigyroan- 
gular (that is, it has all three gyroangles congruent). 


Proof Using the gyrotriangle notation in Fig. 6.3, p. 133, if gyrotriangle ABC has 
all three sides congruent, a = b =c, then yg = yp = ye SO that, by (6.20)-(6.22), 
cosa =cos 6 = cosy and sina = sinf = siny, implyinga=f=y. 

Conversely, if gyrotriangle ABC has all three gyroangles congruent, then a = 
B=y implying, by (6.33), Ya = Yb = Yc. The latter implies a = b = c by means of 
(1.9), p. 5. 


Trigonometry deals with relationships between sides (that is, side-lengths) and 
angles of triangles in Euclidean vector spaces R”, and with the trigonometric func- 
tions, sina, cosa, etc., that describe these relationships. 
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In full analogy, Gyrotrigonometry deals with relationships between sides (that 
is, side-gyrolengths) and gyroangles of gyrotriangles in Einstein gyrovector spaces, 
and with the gyrotrigonometric functions, also denoted sina, cosa, etc., that de- 
scribe these relationships. 

A most important point of gyrotrigonometry is that its gyrotrigonometric func- 
tions sina, cosa, etc., possess the same properties that their Euclidean counterparts 
possess. Hence, it is justified to use in gyrotrigonometry the same notation com- 
monly used in trigonometry. As a result, one can use computer algebra for sym- 
bolic manipulation, like Mathematica and Maple, to manipulate gyrotrigonometric 
expressions in gyrotrigonometry. Surely, a computer software like Mathematica or 
Maple is designed to deal with trigonometry, but it can be used to deal with gy- 
rotrigonometry as well owing to the above mentioned important point. 

Interesting gyrotriangle identities that follow from (6.33) by gyrotrigonometric 
identities, and which can easily be obtained by the use of Mathematica or Maple in 
trigonometry, are in the notation of Theorem 6.5, 


F(a, B,y) 

sin’ B sin* y 

F(a, B.y) 
yp —1=4——., 

sin’ a sin* y 

(6.39) 

y2 4 FO bY) 
sin? a sin? B’ 


4h @ B,y)(U +cosacos B cosy) 
2 ’ 


VaYbVe —1= 


sin? @ sin’ B sin? y 


where F(a, 6, y) is a symmetric functions of a, 6 and y, given by 


Chery a= by a+B-y a—-pty 
F(a, B, y) :=cos cos cos cos ——————— 
p 2 2 2, 

1 
= q(2.cosacos B cos y + cos” a + cos” B + cos” y — 1) 


_ 10 +2yaYeye — v2 — vp — v2)? 
4° (¥2-DOR- DZ -D 


(6.40) 
By (1.9), p. 5, (6.39) and (6.33), 
Ya 
og. NFOBY) (6.41) 


cosa +cosBcosy’ 


thus obtaining the AAA to SSS conversion law in the following theorem: 
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Theorem 6.8 (The AAA to SSS Conversion Law II) Let ABC be a gyrotriangle 
in an Einstein gyrovector space (Ri, ®, ®). Then, in the gyrotriangle notation in 
Fig. 6.3, 


VF (a, By) 


cosa +cosBcosy’ 


VEC LP (6.42) 


cosB + cosacosy’ 


VF (a, By) 


cosy +cosacos B 


s= 


s= 


Useful identities that follow from (6.33) and (6.42) are: 
VF (a, By) 


sin B siny 


ceaC aes (6.43) 


sina siny 


VF (a, By) 


sina sinB © 


Vas = 2 


Yods =2 


Vels =2 


6.7 The Law of Gyrosines 


Theorem 6.9 (The Law of Gyrosines) Let ABC be a gyrotriangle in an Einstein 
gyrovector space (R", @, ®). Then, in the gyrotriangle notation in Fig. 6.3, p. 133, 


sina sinB siny 1 /1l+2y,%% - y2- ve —y2 (6.44) 
yaa vob ee SV (V2 ~ DOR -DY2-1) , 
Proof It follows from (6.20)-(6.21) and Identity (1.9), p. 5, that 
(4) - 1 1—cos*a _ 11427, %y V%; —y2-yp-y¥2 
Yq 4 me Yat ow “Gea ha yea: ~~ 
(4) - 1 1—cos’B _ 11424, % V% -y?- pve (6.45) 
yb) SS yP-1 8® (yP-NOZ-DOZ-D 
2 2 


(#4) - 1 1—cos*y _ 11+2y, Vy V% —yj-ve-¥% 
Ve se ye-1 st (2-1) -—NO2-D 


The result (6.44) of the theorem follows immediately from (6.45). 
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One should note that the extreme right-hand side of each equation in (6.45) is 
symmetric in a, b,c. 

The law of gyrosines (6.44), excluding the extreme right-hand side in (6.44), 
is fully analogous to the law of sines, to which it reduces in the Euclidean limit, 
5S — oo, of large s, when gamma factors tend to 1, side-gyrolengths tend to side- 
lengths, and gyroangles tend to angles. 


6.8 The ASA to SAS Conversion Law 


Theorem 6.10 (The ASA to SAS Conversion Law) Let ABC be a gyrotriangle in an 
Einstein gyrovector space (R¢, ®, ®). Then, in the gyrotriangle notation in Fig. 6.3, 
p. 133, 


VeCs SiIN@ 


as = ; : 
cosa sin B + y, sina cos B’ 


= VeCs sin B (6.46) 
* cos B sina + yz sin B cosa’ 


cosy = cos(m —a — B)+ (y% — 1) sina sin£B. 


Proof Noting (1.9), p. 5, it follows from the third identity in (6.33) and from (6.20) 
that 


VeCs SING 4 
cosa sin B + y- sina cos B 


7 ( VeCs sina sin B ) 


cosa sin? B + yz sina sin B cos B 


_ (v2 — 1)(1 — cos” a) (1 — cos? B) 
~ (cosa(1 — cos? B) + (cos y + cosa cos B) cos B)? 


_ (v2 = 1). = cos” a) (1 — cos? B) 
7 (cosa + cos B cos y)* 


= a. (6.47) 
thus obtaining the first identity in (6.46). The second identity in (6.46), for b,, is 
obtained from the first identity, for a;, by interchanging @ and £. Finally, the third 


identity in (6.46) has been verified in (6.36). 


Employing Identity (1.9), p. 5, for ok the first two identities in (6.46) imply 


(y2 — 1) sina sin B 


(6.48) 


bs = : 
me (cosa sin B + y- sina cos B)(cos B sina + y- sin B cos a) 
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thus obtaining an identity that proves useful in calculating the gyrotriangle defect 
in (6.49). 

The system of identities (6.46) of Theorem 6.10 gives the ASA (gyroAngle—Side— 
gyroAngle) to SAS (Side—gyroAngle—Side) conversion law. It is useful for calculat- 
ing two sides and their included gyroangle of a gyrotriangle in an Einstein gyrovec- 
tor space when the remaining two gyroangles and the side included between them 
are known. 


6.9 Gyrotriangle Defect 


Some algebraic manipulations are too difficult to be performed by hand, but can eas- 
ily be accomplished by computer algebra, that is, a computer software for symbolic 
manipulation, like Mathematica or Maple. It follows by straightforward substitution 
from (6.33) and (6.48), using computer algebra, that 


VaVpasbs siny pe ee 
(1+ ya). + Yo) — YaYbasbs COs y 2 
z—-(a+Bt+y) 
= tan 
2 
t e (6.49) 
= tan — ‘ 
2’ 
where 
b=nxn-(at+Bt+y) (6.50) 


is the gyrotriangular defect of the gyrotriangle ABC, presented in Fig. 6.3, p. 133. 
Identity (6.49) is useful for calculating the defect of a gyrotriangle in an Einstein 
gyrovector space when two side-gyrolengths and their included gyroangle of the 
gyrotriangle are known. 
Let us now substitute cos y from (6.20) and ae and be from Identities like (1.9), 
p. 5, into tan? (6/2) of (6.49), obtaining the identity 


an? > — Va ¥p a5 0; (1 — cos” y) 
2 ((L+ ya) + ¥) — YaYpasbs cos y)* 


_ 14+ 2varve — ¥g -— Vp — Ve 
(1+ Ya + Yo + Ye)? 


(6.51) 


which leads to the following theorem: 


Theorem 6.11 (The Gyrotriangular Defect I) Let ABC be a gyrotriangle in an 
Einstein gyrovector space (IR, ®,®) with the standard gyrotriangle notation in 
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Fig. 6.3, p. 133. Then the gyrotriangular defect 5 of ABC is given by the equation 


5 [1+2%%re- v2 -vF - 2 
7 1+ Yat Yb + Ye 


tan (6.52) 


In the Newtonian—Euclidean limit of large s, s — oo, gamma factors tend to 1 
so that (6.52) tends to tan(5/2) = 0 and, hence, 6 tends to 0. Hence, the triangular 
defects of Euclidean triangles vanish, as expected. 


Theorem 6.12 (The Gyrotriangular Defect II) Let ABC be a gyrotriangle in an 
Einstein gyrovector space (Ri, ®, ®), with the standard gyrotriangle notation in 
Fig. 6.3, p. 133. Then the gyrotriangular defect 5 of gyrotriangle ABC is given by 
the equation 


3 . 

ea sa (6.53) 
2 1—pcosy 

where y,6, p > 0, and 


poe 
Yat1lytl 


(6.54) 


Proof Employing (1.9), p. 5, the first equation in (6.51) can be written as (6.53) 
where y, 6, p > 0, and where p is given by (6.54). 


The gyrotriangular defect formula (6.52) of Theorem 6.11 is useful for calculat- 
ing the defect of a gyrotriangle in an Einstein gyrovector space when the three sides 
of the gyrotriangle are known. 

The gyrotriangular defect formula (6.53) of Theorem 6.12 is useful for calculat- 
ing the defect of a gyrotriangle in an Einstein gyrovector space when two sides and 
their included gyroangle of the gyrotriangle are known. 


6.10 Right Gyrotriangles 


Theorem 6.13 (The Einstein—Pythagoras Theorem) Let ABC be a gyrotriangle in 
an Einstein gyrovector space (Ri, ®, ®). It is right gyroangled with legs a and b 
and hypotenuse ¢, Fig. 6.4, if and only if 


Valb = Ver (6.55) 
Proof Let ABC be aright gyrotriangle in an Einstein gyrovector space (RY, ®, ®) 


with the right gyroangle y = 7/2, as shown in Fig. 6.4 for n = 2. It follows from 
(6.33) with y = 2/2 that the sides a, b and c of gyrotriangle ABC in Fig. 6.4 are 
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Fig. 6.4 Gyrotrigonometry in an Einstein gyrovector plane (R2, ®, ®) 


related to the acute gyroangles a and £ of the gyrotriangle by the equations 


_ cosa 
Ya = sin B’ 
cos B 
Yy==: (6.56) 
sina 
__ cosa cos B 
Yo = Sina sin B ° 
The identities in (6.56) imply the Einstein—Pythagoras Identity 
Ya Yb = ¥e (6.57) 


for a right gyrotriangle ABC with hypotenuse c and legs a and b in an Einstein 
gyrovector space, Fig. 6.4. The converse statement is obvious owing to the one-to- 
one correspondence between gyrotriangle gyroangles and side-gyrolengths. 


It follows from (6.57) that y2 e = yo =(1- co ae implying that the gyrolength 
of the hypotenuse is given by the equation 


Jv2vz-1 
a (6.58) 


YaYb 


Cs = 


In terms of rapidities, (6.57) takes the familiar standard form, 


cosh dg cosh dp = cosh ¢e (6.59) 
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of the hyperbolic Pythagorean theorem [22, p. 334], where cosh, := y,, etc. 

In the special case of a right gyrotriangle in an Einstein gyrovector space, as in 
Fig. 6.4 where y = 27/2, it follows from Einstein—Pythagoras Identity (6.57) that the 
gyrotriangle defect identity (6.51) specializes to the right gyroangled gyrotriangle 
defect identity 


26  Ya-1wy-l1 
2 Yatlyptl 


tan (6.60) 
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Right angled triangles in Euclidean geometry along with the Pythagorean Iden- 
tity that each right triangle obeys are useful for the presentation of the elemen- 
tary trigonometric functions. In full analogy, right gyroangled gyrotriangles in the 
hyperbolic geometry of Einstein gyrovector spaces along with the two Einsteinian— 
Pythagorean Identities that each right gyrotriangle obeys are useful for the presen- 
tation of the elementary gyrotrigonometric functions, as shown below. 

Let a, b and c be the respective gyrolengths of the two legs a, b and the hy- 
potenuse c of a right gyrotriangle ABC in an Einstein gyrovector space (RY, @, ), 
Fig. 6.4. By (1.9), p. 5, and (6.56) we have 


2 2 2 
—1 
(<) = Ya 2a = cos’ B, 
c (Y — 1)/y2 
; (6.61) 
b 2 — 1)/y? 
( — BW coda, 
c We, 
where y, , ¥, and y, are related by (6.57). 
Similarly, by (1.9), p. 5, and (6.56) we also have 
2 
(%) Sal ee 
Yee v2 —1 
‘ ; (6.62) 
b -1 
(% ) = a = sin’ p. 
ae Ve ~ 1 
Identities (6.61) and (6.62) imply 
2 2 
b 
2) (2) 
c Vee 
(6.63) 
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so that, as shown in Fig. 6.4, 


b 
cosa = -—, 
6 
(6.64) 
cos B = a 
Cc 
and 
% Yaa 
sina = —, 
a (6.65) 
Yob 
sin B = . 
Vee 


Interestingly, we see from (6.64)—(6.65) that the gyrocosine function of an acute 
gyroangle of a right gyrotriangle in an Einstein gyrovector space has the same form 
as its Euclidean counterpart, the cosine function. In contrast, it is only modulo 
gamma factors that the gyrosine function has the same form as its Euclidean coun- 
terpart. 

Identities (6.63) give rise to the following two distinct Einsteinian—Pythagorean 
identities: 


(6.66) 


2 
(terrae 
Ye 


for a right gyrotriangle with hypotenuse c and legs a and b in an Einstein gyrovec- 
tor space. The two distinct Einsteinian—Pythagorean identities in (6.66) that each 
Einsteinian right gyrotriangle obeys converge in the Newtonian—Euclidean limit of 
large s, s —> 00, to the single Pythagorean identity 


a’>+b*=c? (Euclidean Geometry) (6.67) 
that each Euclidean right-angled triangle obeys. 

Some explorers believe that “in the hyperbolic model the Pythagorean theorem 
is not valid” [69, p. 363], so that “the Pythagorean theorem is strictly Euclidean.” 
It is therefore interesting to realize that while Euclidean geometry possesses a sin- 
gle Pythagorean identity, (6.67), hyperbolic geometry possesses two Pythagorean 
identities, (6.66), that capture the missing analogy. 

As an application of the gyrotrigonometry formed by (6.64)—-(6.65) in Einstein 
gyrovector spaces, we verify the following theorem: 


Theorem 6.14 (The Base—Gyroaltitude Gyrotriangle Theorem) Let ABC be a gy- 
rotriangle with sides a,b,c in an Einstein gyrovector space (R’, ®, ®), Fig. 6.3, 
p. 133, and let ha, hp, he be the three gyroaltitudes of ABC drawn, respectively, 
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a= |lal| 


b= ||bl| 


c= |lel| 


h= [hl 


_ 1h _ tha 


sina = —, sin 
%b Yat Yeo 


cy; = CAGP 
sina _ sinB 
Ya Yb C2 = OBOP 

lle|] = lle1 1 llea| 


Fig. 6.5 The Law of Gyrosines. Drawing gyrotriangle gyroaltitudes in Einstein Gyrovector Spaces 
(R’, ©, ®), and employing a basic gyrotrigonometric formula, shown in Fig. 6.4, we obtain the 
Law of Gyrosines, (6.44), in full analogy with the derivation of its Euclidean counterpart, the 
Law of Sines. The orthogonal projection of a on ¢’ = OB@A is cp and, similarly, the orthogonal 
projection of b’ = GAG@C on ¢ is ¢;. Clearly, ||b’|| = ||b||, and |le’|| = |le||. It follows from the 
gyrotriangle equality that ||e|| = ||e1||@||¢2|| 


from vertices A, B,C perpendicular to their opposite sides a,b,c or their exten- 
sion (For instance, h = h¢ in Fig. 6.5). Then 


Vg Vhgla = VpP Vn, hb = VeCVn_Ne- (6.68) 


Proof By (6.65) with the notation of Fig. 6.5, we have yn,ha = y, csinB. Hence, 
by (1.9), p. 5, (6.20), p. 134, and Identity (6.51), p. 142, for tan(é/2), we have the 
following chain of equations that culminates in a most unexpected, elegant result 


2,2..2 72 ye ay ae 
Yad Vn, Na = Vad Ver sin’ B 


=s4(y? — 1) (v2 -i1jl- cos” B) 


2 
— Aly? —1Vy2 —4 (: (YaVe — Yb) ) 
Ss (Yj \(vé ) (y2 = (v2 =f) 


=s4(1-+2yvaypye— Ya — ve — Ye) 


_ 4 Dean? & 
= (1+ Yat p+ ¥c)* tan 5 (6.69) 
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thus verifying the first identity in (6.70) below: 
Yad Yngha = 8° (1+ Ya+ Yb + Ye) tan(5/2), 
YobYn, hy = 5°(1 + Ya + Yo + Ye) tan(5/2), (6.70) 
vec Yn he = 8° (1+ Ya + Yb + Ye) tan(3/2). 
The remaining two identities in (6.70) follow from the first by interchanging a and 
b, and by interchanging a and c, respectively, noting that tan(d/2) is symmetric in 
a,b,c by Theorem 6.11, p. 142. 


Finally, the gyrotriangle base—gyroaltitude identity (6.68) of the theorem follows 
from the three identities in (6.70). 


Guided by analogies with the triangle area, the identities in (6.70) suggest the 
following definition of the gyrotriangle gyroarea: 


Definition 6.15 (The Gyrotriangle Gyroarea) Let ABC be a gyrotriangle in an 
Einstein gyrovector space (R?, , ®). The gyroarea |ABC| of gyrotriangle ABC is 
given by the equation 


6 
|ABC| = 2s° tan 5 (6.71) 
where 6 is the defect of gyrotriangle ABC. 


Definition 6.15, along with the identities in (6.70), gives rise to the following 
gyrotriangle gyroarea theorem: 


Theorem 6.16 (The Gyrotriangle Gyroarea) Let ABC be a gyrotriangle in an Ein- 
stein gyrovector space (Vs, ®, ®). Then, in the notation of Fig. 6.5, the gyroarea 
|ABC| of gyrotriangle ABC is given by each of the equations 


|ABC| YadVhg ha 


l+y¥atvpo+Ve 


2 
— —————————-ypbyp hp 
L+yat yt re 


2 
aa ey Fi 6.72 
ifn oe me 


where h, =h is the gyroaltitude of gyrotriangle ABC drawn from side ¢, as shown 
in Fig. 6.5, and where hg and hyp are the gyroaltitudes of gyrotriangle ABC drawn 
from sides a and b, respectively. 


In the Euclidean limit of large c, c > oo, gamma factors tend to 1, and, ac- 
cordingly, the gyrotriangle gyroarea (6.72) tends to its Euclidean counterpart, the 
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triangle area, given by the following equations: 


|ABC|= sah — bho -_ sche (Euclidean Geometry) (6.73) 

Along with analogies that the gyrotriangle gyroarea (6.72) shares with its Eu- 
clidean counterpart (6.73), there is a remarkable disanalogy. While two triangles 
with equal bases and equal altitudes have equal areas, two gyrotriangles with equal 
bases and equal gyroaltitudes need not have equal gyroareas. It is this disanalogy 
between triangle area and gyrotriangle gyroarea that led some explorers to believe 
that [39, p. 349] “it is impossible to define an area function (in hyperbolic geom- 
etry) which has even a minimal resemblance to the Euclidean area function.” The 
title “Why Euclidean area measure fails in the noneuclidean plane” [48] of a paper 
is, thus, unjustified. 


6.12 Problems 


Problem 6.1 Solving a System of Three Equations: 

Solve the system (6.19), p. 134, of three identities for the three unknowns cosa, 
cos B and cosy, and employ (1.9), p. 5, to derive the SSS to AAA Conversion Law 
(6.20). 


Problem 6.2 Translating cosines into sines: 
Derive the three equations in (6.22), p. 135, from the three equations in (6.20). 


Problem 6.3 The AAA to SSS Conversion Law I: 
Derive (6.34), p. 137, from the SSS to AAA conversion law (6.20), p. 134. 


Problem 6.4 Derivation of Identities by Using Mathematica: 

Derive (6.39), p. 139, p. 139, from (6.33), p. 137 by employing gyrotrigonomet- 
ric/trigonometric identities. The use of the computer system Mathematica is recom- 
mended. 


Problem 6.5 The ASA to SAS Conversion Law: 
Show that (6.47), p. 141, follows from the third identity in (6.33), p. 137, and from 
(6.20), p. 134, noting (1.9), p. 5. 


Problem 6.6 Substitutions: 
Substitute cos y from (6.20), p. 134, and a and b? from Identities like (1.9), p. 5, 
into tan? (6/2) of (6.49), p. 142, to obtain (6.51), p. 142. 


Problem 6.7 The Gyrotriangular Defect II: 
Show that the first equation in (6.51), p. 142, can be written as (6.53), p. 143. 
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Problem 6.8 The Gyrotriangular Defect II: 
Show that Identity (6.60), p. 145, follows from (6.53), p. 143, with y = 7/2. 


Problem 6.9 The Base-Gyroaltitude Gyrotriangle Theorem: 
Derive (6.69), p. 147, by (1.9), p. 5, (6.20), p. 134, and Identity (6.51), p. 142, for 
tan(6/2). 


Chapter 7 
Gyrotriangle Gyrocenters 


Abstract Interest in triangle centers has long history, the classical ones being the 
triangle centroid, orthocenter, incenter and circumcenter. A list of more than 3000 
triangle centers is found in Kimberling (Clark Kimberling’s Encyclopedia of Tri- 
angle Centers—ETC, 2010). Hyperbolic triangles and their centers are of interest 
as well (Bottema in Can. J. Math. 10:502—506, 1958; Vermeer in Topol. Appl. 
152(3):226-242, 2005; Demirel and Soyturk in Novi Sad J. Math. 38(2):33-39, 
2008; Sonmez in Algebras Groups Geom. 26(1):75—79, 2009). The special rela- 
tivistic approach of this book enables hyperbolic triangle centers to be determined 
along with relationships between them. 

The hyperbolic triangle circumcenter, incenter and orthocenter are called, in gy- 
rolanguage, the gyrotriangle circumgyrocenter, ingyrocenter and orthogyrocenter, 
respectively. These gyrocenters are determined in this chapter in terms of their gyro- 
barycentric coordinate representations with respect to the vertices of their reference 
gyrotriangles. 


7.1 Gyrotriangle Circumgyrocenter 


Definition 7.1 The circumgyrocenter, O, of a gyrotriangle is the point in the gyro- 
triangle gyroplane equigyrodistant from the three gyrotriangle vertices. 


Let O be the circumgyrocenter of gyrotriangle A; A2A3 in an Einstein gyrovector 
space (R?, ®, ®), Fig. 7.1, and let (m1 : mz: m3) be its gyrobarycentric coordinates 
with respect to the set S = {A1, Ao, A3}, (4.25), p. 90, so that 


a my, Al Ae ic mils ale ai 
my, MY, FT MBY y, 


The gyrobarycentric coordinates m1, mz and m3 are to be determined in (7.8) below, 
in terms of gamma factors of the gyrotriangle sides and, alternatively in (7.16), in 
terms of the gyrotriangle gyroangles. 
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412 = |lara|| = ||OA1 @AQ|| 


413 = |la3i|| = ||OA3 BA) || 


433 = ||a93 PA3 || 


Ag CA PA3 
AQ|| ||SA1 8A3|| 


5A 
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COs O = ~ 
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A3@A1_ __CA3@Ao 
A3@A\ || ||CA3@A9]| 


cos 03 = Ik 


Fig. 7.1 The circumgyrocenter O of gyrotriangle A;A2A3 in an Einstein gyrovector space 
(R?, ©, ®), n = 2, is shown along with its standard notation. Here ||O.A;@O|| = ||O A280] = 
||SA3@O||, where O is the gyrotriangle circumgyrocenter, given by its gyrobarycentric coordinate 
representation (7.18), with respect to the set S = {A1, Az, A3} 


Following the gyrocovariance of gyrobarycentric coordinate representations, 
Theorem 4.6, we have from Identity (4.29b), p. 91, with X = GA, using the stan- 
dard gyrotriangle index notation, shown in Fig. 7.1, in Fig. 6.1, p. 128, and in (6.1), 
p. 127, 


MY oso) + M2V 54,05 7 ™3V oA,@A3 


Yoa,@0 mo 


M+ M21. +M3Y13 (7.2) 


mo 


where by (4.15), p. 88, the circumgyrocenter constant mo > 0 with respect to the set 
of the gyrotriangle vertices is given by the equation 


mo = mi + ms + m3 + 2(mim2y1. +mm3y\3 + M2M3/>3). (7.3) 
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Hence, similarly, by the gyrocovariance of gyrobarycentric coordinate represen- 
tations, Identity (4.29b), p. 91, of Theorem 4.6 with X = GA}, with X = GA2, and 


with X = OA3, we have, respectively, 


MI +M2Y1y +M3Y13 


Yoa\@o = mo 
= MY 7 +M2 + M3Yo3 7 4) 
Yoa.@0 ~ mo ? : 
_ MY 13 + M273 +3 
Yoa3@0 ~ : 


mo 


The condition that the circumgyrocenter O is equigyrodistant from its gyrotrian- 
gle vertices A;, Az, and A3 implies 


(7.5) 


Yoaeo — Yeaye0 — Yeaz@0° 


Equations (7.4) and (7.5), along with the normalization condition m, + m2 + 
m3 = 1, yield the following system of three equations for the three unknowns 
m,,mz2, and m3, 


mi +m2+m3=1, 
mM +M2Y19 +M3Y13 = M1713 + M2Y73 + M3, (7.6) 
MY 2 + M2 + M3Y73 = M1713 + M2Yn3 +3 


which can be written as the matrix equation, 


i 1 1 mM, 1 
1-43 Vi2—Y%23 %i3—1 | | m2] =] 9]. (7.7) 
%12-—%13 1-3 Yo3—1/ \ms 0 


Solving (7.7) for the unknowns m1, m2, and m3, we have 
1 
m\= pe + 43 - 23 - 1)(93 — 1), 
1 
m2 = p v2 — %13 + ¥3 — 1)(%13 — 1), (7.8) 


1 
m3 = yo le +43 4+%3-DY2-D, 


where D is the determinant of the 3 x 3 matrix in (7.7), 


2 2 2 
D = 2213 + M223 + M323) — (Vi2 — 1) — (413 — Y) — (43 - YD 
— 242+ V3 793). (7.9) 
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Hence, the circumgyrocenter O of gyrotriangle A; Az A3 is given by (7.1) where 
gyrobarycentric coordinates m ,,m2, and m3 are given by (7.8). Since in gyro- 
barycentric coordinates only ratios of coordinates are relevant, the gyrobarycentric 
coordinates, m1, m2, and m3 in (7.8) can be simplified by removing their common 
factor 1/D. 

Gyrobarycentric coordinates, m1, m2, and m3, of the circumgyrocenter O of gy- 
rotriangle A; A2A3 are thus given by the equations 


m= (V2 + M13 — 23 — D3 — ‘D, 
mM = (Y12 —¥13 + ¥23 - (3 —1), (7.10) 


m3 = (Ny. + V3 + %3 — D2 — D. 


Hence, by (7.3) along with the gyrobarycentric coordinates in (7.10), we have 
mo = {42 +%B + %3 — 1)? - 2(ri2 +Vi3 +733 — 1)} 


x (1+ 27 97%13%3 — Via — Via — Vis): (7.11) 


According to Corollary 4.9, p. 93, the gyrotriangle A; A2A3 in Fig. 7.1 possesses 
a circumgyrocenter if and only if me > 0. 

The second factor of ms in (7.11) is positive for any gyrotriangle A;A2A3 in 
an Einstein gyrovector space, by Inequality (6.23), p. 135. Hence, as we see from 
(7.11), me, > 0 if and only if the points Aj, Az, and A3 obey the circumgyrocircle 
condition 


2 +113 + %3 -— 1? > 2(vi2 + Vig + 93 — 1). (7.12) 


Gamma factors of gyrotriangle side gyrolengths are related to its gyroangles by 
the equations, (6.33), p. 137, 


COS Q@1 + COS 2 COS 3 
Y23 = 


sin @2 Sin a3 


COS 2 + COS COS Q3 
13> ; (7.13) 


sin a, sina3 


COS @3 + COS] COS 2 


Y2= : ; 
sina sina 


Substituting these from (7.13) into (7.10), we obtain 
ee sin( es) eis 


mi), = a sina), (7.14) 


/ _ (a1 +a2—a3\ . 
m3 = F sini —————— ]sina3, 
. 2 
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where the common factor F in (7.14) is given by the equation 


2 (ar beotes ) cos( se ) cos( a2 ta ) cos (Saas ) 


3, COS 
ae) (7.15) 


sina SiN a2 SIN a3 


Since in gyrobarycentric coordinates only ratios of coordinates are relevant, the 
gyrobarycentric coordinates, m’,m’,, and m’, in (7.14) can be simplified by remov- 
ing their common factor F. Hence, gyrobarycentric coordinates, m{,m, and m4, 
of the circumgyrocenter O of gyrotriangle A; A2A3, expressed in terms of the gy- 
rotriangle gyroangles are given by the equations 


i . {(-—a +a2+a03)\ . 
m, = sin -___ sina, 


mi = sin( A= 28s) sina, (7.16) 


yn . (1 +a2—-a3)\ , 
m3 = sin sin a3. 


2 


By Corollary 4.10, p. 94, the circumgyrocenter O, (7.1), lies on the interior of its 
gyrotriangle A; A2A3 if and only if all its gyrobarycentric coordinates are positive. 
Hence, we see from the gyrobarycentric coordinates (7.16) of O that the circumgy- 
rocenter O lies on the interior of its gyrotriangle A; A2A3 if and only if the largest 
gyroangle of the gyrotriangle has measure less than the sum of the measures of the 
other two gyroangles. This result is known in hyperbolic geometry; see, for instance, 
[28, p. 132], where the result is proved synthetically. 

Expressing Inequality (7.12) gyrotrigonometrically, by means of (7.13), it can be 
shown that ms > 0 if and only if 


3a) — a2 — a3 —a, +3a2 — a3 —a, —a2+ 3a3 
cos + cos + cos 
2 2 2 
> cos are. (7.17) 


Formalizing the main result of this section, we have the following theorem: 


Theorem 7.2 (The Circumgyrocenter) Let S = {A,, A2, A3} be a pointwise inde- 
pendent set of three points in an Einstein gyrovector space (Rv, ®,®). The cir- 
cumgyrocenter O € R", Fig. 7.1, of gyrotriangle A, A2A3 has the gyrobarycentric 
coordinate representation 


eo miy, Al +moy, Ar +msy, Az 


(7.18) 
SLY gr ay TY 
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with respect to the set S = {A,, Az, A3}, with gyrobarycentric coordinates (m, : 
mz :™m3) given by 


M1 = (¥j12 + Y13 — 23 — D3 — ‘Ds, 
M2 = (2-413 + 23 — D3 - D), (7.19) 
m3 = (-Vj + 713 + %3- DY. - YD, 


or, equivalently, by the gyrotrigonometric gyrobarycentric coordinates 


. (-a+02+03)\ . 
m,=sin a aa sina, 


i= sin( MES) sina>, (7.20) 


. (A +arg—az\ , 
m3 = sin a ae sin a3. 


The circumgyrocenter constant mo with respect to the set S = {A1, Az, A3} is 
given by the equation 


2 2 2 2 2 
mo = {2 + 413 + Y23 — D* — 2(rvi2 + Vig + 733 — YJ 
x (1+ 2719 713%3 — Via — Vi3 — Ya) (7.21) 


The circumgyrocenter lies in the ball, O € RY, if and only if ms > 0. 


7.2 Triangle Circumcenter 


In this section the gyrotriangle circumgyrocenter in Fig. 7.1 will be translated into 
its Euclidean counterpart in Fig. 7.2. 

Interestingly, the gyrobarycentric coordinate representation (7.18) with gy- 
rotrigonometric gyrobarycentric coordinates (m1 : m2 :m3) given by (7.20) remains 
invariant in form under the Euclidean limit s — oo, so that it is valid in Euclidean 
geometry as well. However, for application in Euclidean geometry the representa- 
tion (7.18) can be simplified owing to the fact that triangle angle sum in zr. 

Indeed, under the condition 


a, +a2+03=27, (Euclidean Geometry) (7.224) 
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a3= —A2 +A3 


A2 
A3 


> 
ee = yaa 
Dee 
a2 = ||aja|| = || — Ai +All 
413 = |/a3i|| = || —A3 + Ail| 
Al 
3 = ||a23|| = || —A2 +As|| 


AQ Ay A3 
COS O11 = TA +Aa]* T-Ar Asi 
Ay A2+A3 

COS Of . 
2 YFA2+Ar] —42F43] 
COS 043 +A] —A3+A2 


Fig. 7.2 The circumcenter O of triangle Aj A2 A3 in a Euclidean vector space R”, n = 2, is shown 
along with its standard notation. Here || — Aj + O|| = || — Az + O|| = || — A3 + O||, where O is 
the triangle circumcenter, given by its barycentric coordinate representation (7.23) with respect to 
the set S = {A1, Az, A3} 


we have the trigonometric identities 


a) —A2—a3 


sin —j{ COS 1, 
. a, +2 — 03 i 
sin 5 =cosa2, (Euclidean Geometry) (7.22b) 
. a) — a2 + 03 
sin a na = COS @3 


that allow mx, k = 1, 2,3, in (7.20) to be simplified. 
Thus, ignoring a common factor 2, the trigonometric barycentric coordinates 
(7.20) of the triangle circumcenter O give rise to the following simpler trigono- 
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metric barycentric coordinates: 


Mm, = sin 2a 1s 
m2 =sin2a2, (Euclidean Geometry) (7.22c) 

m3= sin 203. 
Hence, finally, a trigonometric barycentric coordinate representation of the cir- 
cumcenter O of triangle A; A2 A3 in Fig. 7.2 with respect to the set S = {A1, A2, A3} 


is given by (7.23) of the following corollary of Theorem 7.2, which recovers a well- 
known result in Euclidean geometry [29]: 


Corollary 7.3 Let a, k = 1, 2,3, and O be the angles and circumcenter of a trian- 
gle A, A2A3 in a Euclidean space R” . Then, 


sin 2a, A, + sin2@7A2 + sin2a3A3 
~ sin2@, + sin2a@2 + sin2a3 


(Euclidean Geometry) (7.23) 


Theorem 7.2 and its Corollary 7.3 form an elegant example that illustrates the 
result that 


(i) Gyrotrigonometric gyrobarycentric coordinates of a point in an Einstein gy- 
rovector space R’ survive unimpaired in Euclidean geometry, where they form. 
(ii) Trigonometric barycentric coordinates of a point in a corresponding Euclidean 
vector space R”. 
The converse is, however, not valid: 
(iii) Trigonometric barycentric coordinates of a point in a Euclidean vector space 
IR” may embody the Euclidean condition the triangle angle sum in z,, so that 
they need not survive in hyperbolic geometry. 


7.3 Gyrocircle 


The gyrocircle C(r, O) with gyroradius r, 0 <r <s, and gyrocenter O € R?2 in 
an Einstein gyrovector plane (R2, ©, ®) is the set of all points P € R2 such that 
|OP@O|| =1; see Fig. 7.3. It is given by the equation 


rcos@ 
C(r,O,0) =O 0 (Tes (7.24) 
for 0 < 6 < 27. Indeed, by the left cancellation law we have 
rcos@ 
|ooe@c¢, 0,6)| = os5)| =F (7.25) 
where ||-|| is the norm that the Einstein gyrovector plane R? inherits from its Eu- 


clidean plane R?. 
A sequence of gyrocircles of gyroradius j in an Einstein gyrovector plane R2_, 
with gyrocenters approaching the boundary of the open unit disc R2_, is shown in 
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Fig. 7.3 A sequence of 
gyrocircles with gyroradius i 
in an Einstein gyrovector 
plane R_ , with gyrocenters 
approaching the boundary of 
the open unit disc R2_, is 
shown. The center of the disc 
is conformal. Hence, the 
gyrocircle with gyrocenter at 
the center of the disc 
coincides with a Euclidean 
circle. The Euclidean circle is 
increasingly flattened as its 
gyrocenter approaches the 
boundary of the disc 


Fig. 7.3. The center of the disc in Fig. 7.3 is conformal, as explained in Sect. 2.6, 
p. 53. Accordingly, a gyrocircle with gyrocenter at the center of the disc is identical 
to a Euclidean circle. This Euclidean circle is increasingly flattened in the Euclidean 
sense when the gyrocircle gyrocenter approaches the boundary of the disc. 

The circumgyrocircle of gyrotriangle A; A2A3 in Fig. 7.1, with circumgyrocenter 
at the point O, is shown in Fig. 7.4. 


7.4 Gyrotriangle Circumgyroradius 


In this section, we face the task of calculating the gyrotriangle circumgyroradius. 
The circumgyroradius R of gyrotriangle A; Az A3 in Figs. 7.1 and 7.4 is given by 


R=||CA1®O|| = ||OA2G0|| = ||CA380]| (7.26) 
satisfying, by (7.2), 


— MMV; + M3Yj3 


Tey ai : (7.27) 
where m1, mz and m3 are given by (7.19), and where mo is given by (7.21). 
Hence, following (7.27), (7.19) and (7.21), we have 
2y12%1ae — Vet vat ye —D 
ve — 12 £13 423 12 13 23 (7.28) 


(Ya +13 + %3 — LP 2%, a Vi3 a V33 =) 
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Fig. 7.4 The circumgyrocircle of gyrotriangle A,;A2A3 in an Einstein gyrovector space 
(R?, ©, ®) is shown for n = 2. Its gyrocenter, O, is the gyrotriangle circumgyrocenter, given by 
its gyrobarycentric representation (7.18), p. 157, and its gyroradius r is the gyrotriangle circumgy- 
roradius, given by each of the equations r = ||GA,@O||, k = 1, 2, 3. The gyrocircle is a flattened 
Euclidean circle, as shown in Fig. 7.3 


so that, by (1.9), p. 5, 


yr-1 95212 = Dg = D3 = D 
= ZzS 7: 


= (7.29) 
2 2 2 
VR 1+ 2719 7%13%3 — Vi2 — Via — Y3 


Hence, finally, the circumgyroradius R of gyrotriangle A; A2A3 in Figs. 7.1 and 
7.4 is given by 


2? 


1 1 1 
ae: i On = DO's = DOs = D er 
1+ 2719%13%23 — Yi2 — Vis — Y3 


implying 


; ss: (7.31) 


/ 2+ DOy+DO%+0,_ / 03 — D4 —DOZ—D 
1+ 291323 — Via — Via — YI 


Identity (7.31) captures a remarkable analogy between the law of gyrosines and 
the law of sines. Indeed, following (7.31), the law of gyrosines (6.44), p. 140, for 
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gyrotriangle A; A> A3 in Fig. 7.4 is linked to the circumgyroradius R of the gyrotri- 
angle by the equation 


Yy343 Vig Yao _ / 2+ DOs + DU +D » 


; (7.32) 


sing sina sin a3 
called the extended law of gyrosines. 
In the Euclidean limit of large s, s — oo, gamma factors tend to | and, accord- 
ingly, the extended law of gyrosines (7.32) tends to the following identity, 


a23 a3 a\2 
sina, sina. sina3 


=2R_ (Euclidean Geometry) (7.33) 


which is the well-known extended law of sines; see, for instance, [35, p. 87]. 

Identity (7.32) forms the extended law of gyrosines of a gyrotriangle A; A2A3 
with side-gyrolengths a3, a13, 12, with gyroangles a), a2, a3, and with circum- 
gyroradius R. In full analogy, with (7.32), Identity (7.33) forms the Euclidean ex- 
tended law of sines of a triangle A; Az A3 with side-lengths a23, a13, a12, with angles 
a1, 22, 03, and with circumradius R. 

Interestingly, the gyrotriangle circumgyroradius R has an elegant representation 
in terms of its gyrotriangle gyroangles. Indeed, expressing the gamma factors in 
(7.29) in terms of the gyrotriangle gyroangles a;,, k = 1,2, 3, by means of (6.33), 
p. 137, (7.29) takes the gyrotrigonometric form 


2 Oy +2+03 

aes ae (7.34) 
2 a1 — a2 — 013 Q -FOL2— 013 1 —a2+03 . 

S cos cos cos 7 


in any Einstein gyrovector space (R’, @, ®). In the Euclidean limit, s + oo, each 
side of (7.34) tends to 0. Indeed, in that limit, the gyroangle gyrotriangle sum a, + 
a2 + a3 tends to z so that cos ieee tends to 0. 

An important relation that results from (7.34) is formalized in the following the- 
orem: 


Theorem 7.4 Let a, k = 1,2,3, and R be the gyroangles and circumgyroradius of 
a gyrotriangle A, A2Ax3 in an Einstein gyrovector space (R’.@, ®). Then 


2 aj +a2+ 03 2 a) —a2 — a3 —a1 + a2 — a3 
5s“ cos ———_————. = R* cos cos 
2 2 2; 
—a, —a2 +a 
x €0s (7.35) 


Interestingly, the Euclidean limit, s — oo, of the left-hand side of Identity (7.35) 
of Theorem 7.4 is an indeterminate limit of type oo-0, noting that in that limit a + 
a2 + @3 tends to 7 so that cos ators tends to 0. In contrast, the right-hand side 
of the identity remains invariant in form in that limit. An elegant application of 
Theorem 7.4 is encountered in (8.24), p. 230, where a hyperbolic geometric identity 
is obtained, which remains invariant in form in its transition to Euclidean geometry. 
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Fig. 7.5 Here A;, Az and A3 
are arbitrarily selected three 
points of an Einstein 
gyrovector space (RY, @, ®) 
that satisfy the 
circumgyrocircle condition 
(7.36). Accordingly, there 
exists a unique gyrocircle that 
passes through these points 


Fig. 7.6 Here A,, Az and A3 
are arbitrarily selected three 
points of an Einstein 
gyrovector space (R’, ®, ®) 
that do not satisfy the 
circumgyrocircle condition 
(7.36). Accordingly, there 
exists no gyrocircle that 
passes through these points 
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A3 
a, 


7.5 The Gyrocircle Through Three Points 


In the following theorem, we use the standard gyrotriangle index notation, shown in 


Fig. 6.1, p. 128, and in (6.1), p. 127. 


Theorem 7.5 (The Gyrocircle Through Three Points) Let Aj, Az and A3 be any 
three distinct points in an Einstein gyrovector space (R, ©, ®), see Figs. 7.5—7.6. 
There exists a unique gyrocircle that passes through these points if and only if these 


points obey the circumgyrocircle condition, (7.12), 


(2 +113 + %3 — 1)? > 2(vi2 + ig + 133 — 1). (7.36) 
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When a gyrocircle exists, it is the unique gyrocircle with gyrocenter O given by, 
(7.18), 


p20 ee ee (7.37) 
miy, +may, +m3y,  ” 


where 
M = (¥j12 + Y13 — Y23 — DOY3 — ‘Ds, 


m3 = (-Y¥2 +413 + %23 — DM - VD), 


and with gyroradius R given as in (7.30), i.e., 


1 1 1 
i Fis] (2 — DMs 3° ) >: (7.39) 
1+ 27191%13%3 — Vi2 — Via — V3 


Proof The gyrocircle in the theorem, if exists, is the circumgyrocircle of gyrotri- 
angle A; A2A3. The gyrocenter O of the gyrocircle is, therefore, given by (7.37)— 
(7.38), as we see from Theorem 7.2, p. 157; and the gyroradius, R, of the gyrocircle 
is given by (7.30), p. 162. 

Finally, the circumgyrocircle of gyrotriangle A;A2A3 exists if and only if the 
points A;, Az and A3 satisfy the circumgyrocircle condition (7.36), as explained in 
the paragraph of Inequality (7.12), p. 156. 


Example 7.6 If the three points A,, Az and A3 in Theorem 7.5 are not distinct, a 
gyrocircle through these points is not unique. Indeed, in this case we have 


(Yo +113 + %3 - 1)? = (vin +73 +73 - 1), (7.40) 


as one can readily check, thus violating the circumgyrocircle condition (7.36). 


Example 7.7 Tf the three points A;, Az and A3 in Theorem 7.5 are distinct and 
gyrocollinear, there is no gyrocircle through these points. Hence, in this case the 
circumgyrocircle condition (7.36) must be violated. Hence, these points must satisfy 
the inequality 


(2 +113 + ¥3 - 1)? < 2(vi2 +73 t7%- 1), (7.41) 


Example 7.8 Let the three points A;, A2 and A3 in Theorem 7.5 be the vertices of 
an equilateral gyrotriangle with side gyrolengths a. Then, y,. = y,3 = 23 = Yq, 80 
that the circumgyrocircle condition (7.36) reduces to 


Ve 2 t (7.42) 


which is satisfied by any side gyrolengtha,0<a<s. 
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N13 = Yar3 


23 = Yar3 


aj. := CA; @A2 


5@a2 = CASM 


27R 
Vs +1)(%3 +1) 


sin @ sing 


Fig. 7.7 The Inscribed Gyroangle Theorem. Illustrating the theorem, 9 = 7A 1 A3Ap2 is a gyroan- 
gle inscribed in a gyrocircle of gyroradius R (the circumgyroradius of gyrotriangle A; A2 A3) cen- 
tered at O in an Einstein gyrovector plane (R2, ®, ®), and @ = ZA; OMj2 = ZA20Mjp2, where 
Mz is the gyromidpoint of the gyrosegment A; A2. Accordingly, 26 = ZA; OA? is a gyrocentral 
gyroangle, and both @ and 2¢ subtend on the same gyroarc on the gyrocircle. The elegant rela- 
tionship between @ and @, (7.43), is shown. In the Euclidean limit of large s, s — oo, gamma 
factors tend to | and, hence, the relationship between @ and ¢ in Euclidean geometry becomes 
sin = sing or, equivalently, 6 = ¢ 


Hence, by Theorem 7.5, any equilateral gyrotriangle in an Einstein gyrovector 
space possesses a circumgyrocircle. 


7.6 The Inscribed Gyroangle Theorem 


In Fig. 7.7, we use a notation that includes the standard gyrotriangle index nota- 
tion, shown in Fig. 6.1, p. 128, and in (6.1), p. 127. Fig. 7.7 presents a gyrotriangle 
A, A2A3 and its circumgyrocircle with gyrocenter O at the gyrotriangle ingyro- 
center, given by (7.18), p. 157, and with gyroradius R, given by the gyrotriangle 
circumgyroradius (7.30), p. 162. The gamma factor yr of R is given by (7.28), 
p. 161. 


Theorem 7.9 (The Inscribed Gyroangle Theorem) Let 6 be a gyroangle inscribed 
in a gyrocircle of gyroradius R, and let 2 be a gyrocentral gyroangle such that 
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both 6 and 2¢ subtend on the same gyroarc on the gyrocircle, as shown in Fig. 7.7. 
Then, in the notation of Fig. 7.7 and (6.1), p. 127, 
2 
sind = ue sing. (7.43) 
Via + DO + D 


Proof Under the conditions of the theorem, as described in Fig. 7.7, let M2 be the 
gyromidpoint of gyrosegment A, A2, implying 


1 
d:= ZA,OM)12 = ZA20M12 = _lA1OA2 (7.44) 


so that 2¢ is the gyrocentral gyroangle 7A; O A> shown in Fig. 7.7. 
Furthermore, let 


ai2 = CAPA? (7.45) 
so that, by (4.67), p. 100, 
1 
CA1@M12 = 7 2al2, (7.46) 
and hence, by (4.69), p. 100, 
1 Yj2412 
oan (5241) es (7.47) 
2 V2/1+ V4 


Y42412 


1 
v1 (je) = i. (7.48) 
7@ai2\ 2 J2 t= Vio 


Applying the extended law of gyrosines (7.32), p. 163, to gyrotriangle A; A2A3 
and its circumgyrocircle in Fig. 7.7, we have 


Yin? _ je tDG ig FDO + Dp (7.49) 


sin 0 2 
implying 
V2y,2412 
+ 2) + 43) + Yy3)R 


sind = (7.50) 


Applying the elementary gyrosine definition in gyrotrigonometry, (6.65), p. 146, 
illustrated in Fig. 6.5, p. 147, to the right gyroangled gyrotriangle A;Mj,2O in 
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Fig. 7.7, we obtain the first equation in (7.51), 


1 
7®@a 
VigaG 2 12) _ Vina 


yRR V2 1+ Y12 vRR 


The second equation in (7.51) follows from (7.48). 
Finally, the desired identity (7.43) follows immediately from (7.50) and (7.51). 


sing = 


(7.51) 


7.7 Gyrotriangle Gyroangle Bisector Foot 


A gyrotriangle A; A2A3 and its gyroangle bisectors in an Einstein gyrovector space 
(R¥, ®, ®) are presented in Fig. 7.8, along with the gyrotriangle standard notation 
in Fig. 6.1, p. 128, and in (6.1), p. 127. 

Let P3 be a point on side A; A> of gyrotriangle A; Az A3 in an Einstein gyrovector 
space (R’@, ®) such that A3 P3 is the gyroangle bisector of gyroangle 7A; A3A2, 
as shown in Fig. 7.8 for n = 2. Then, the point P3 is the foot of the gyroangle 
bisector A3 P3 in gyrotriangle A; A2A3. 

Let P3 be given in terms of its gyrobarycentric coordinates (m, : mz) with respect 
to the set S = {A1, Az} by the equation 


= MY, Al +m2y,, A2 


MY,, +M2Y,, 


P3 (7.52) 


The gyrobarycentric coordinates m, and m2 of P3, Fig. 7.8, in (7.52) are to be 
determined in (7.68) below in terms of gyroangles a; and a2 of the gyrotriangle 
A, A2A3 and in (7.69) in terms of the side gyrolengths of the gyrotriangle. 

Following the gyrocovariance of gyrobarycentric coordinate representations, 
Theorem 4.6, p. 90, the gyrobarycentric coordinate representation of the point P3 in 
(7.52) gives rise to the identities in (7.53)-(7.55) below: 


Ox@P3 = mVoxony aaa ME TOxoAs calla (7.53) 
™Yoxeay a M2Y ox@A5 
and 
a! MY sxe, 7 M2 ox@ay 
Yoxe@r; _ mo 3 
(7.54) 
my (OX@A1) + my (OX@®A2) 
Ves (OX@P3) = OX@A, = OX@AQ 


for any X € RY, where, in the notation of Fig. 7.8 for the gamma factor y,,, the 
constant mo > 0 in (4.28d), p. 91, specializes to 


mo = (my + mz)” + 2mym2(y;,5 — 1) (7.55) 
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> 


ay. = OA) @A2, ay2 = |lai2||, Ni2 = Ya = Yar 
a13 = OA1@A3, 413 = |lais||, N13 = Yay; = Yar; 
a73 = OA2@A3, a23 = ||a23||, %3 = Vans = Vans 


Pi = OA OP, Pi = ||Pill 


P2 = CA2r@P3, P2 = ||P2|| 


Fig. 7.8 The gyrotriangle gyroangle bisectors are concurrent. The point of concurrency, J, is 
called the ingyrocenter of the gyrotriangle. Let A, A2 A3 be a gyrotriangle in an Einstein gyrovector 
space (R’, @, ®). The gyroline A; P; is the gyroangle bisector from vertex A, to the intersection 
point P; with the opposite side, k = 1, 2,3. The point P; is the foot of the gyroangle bisector Ax Px 


in (7.54). 
Using the notation in Fig. 7.8, it follows from (7.53) with X = Aj that 


M2Y 541 @A5 (GAA?) M2 42412 


Pi := CAIOP3 = = (7.56) 
TO SAY se my + M219 
and, similarly, with X = Ao, 
er MY. ea, (GA2@A1) _ MY) 821 (7.57) 
3 MY os,@a, + M2 M1Yy, + m2 
Hence, by (7.56)-(7.57), in the notation of Fig. 7.8, 
M2Y 17412 
pi := ||pil| = —4—., 
mi +M27V19 
(7.58) 
M2412 
p2 = ||p2l| = —4—. 
MY. +m2 


As emphasized in (1.11)-(1.12), p. 6, one should note here that while, in general, 
a1 = CA2BA F OCAIGA?2 = ayn, we have az; = ||OA2BAj|| = |G A1GA2|| = 
a2 and, hence, 7, = Y9- 
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Similarly, it follows from the first equation in (7.54) with X = Ay, and with 
X = Ap, respectively, 


_ __ A a eae _ my +m2y19 
Yr, = Yoayor; ~ - ; 


mo mo 


(7.59) 


= MY erro, rm. miyyy tm 
Y pr = Yoar@r, om - om 
It follows from (7.58) and (7.59) or, equivalently, from (7.52) and the second 


equation in (7.54) that 


MIFM2Y;7 M2Y17412 m2 
Yp, Pl = = Yj2412; 
(7.60) 
M1Yjy +M2 MLY,7412 my 
V py P2 = = Y12412; 
mo M1Yjy +m. Mo 
implying 
Le (7.61) 
VpyP2 M1 


Applying the law of gyrosines (6.44), p. 140, to each of the two gyrotriangles 
A, A3 P3 and A2A3P3 in Fig. 7.8, we have 


yp, Pi Y13413 


; =— (7.62) 

sinZA,A3P3 sinZA,P3A3 
and 
P. a 

YP, £2 ae Y73,423 (7.63) 

sinZA72A3P3 sin ZA7P3A3 
By the gyroangle bisector definition, 7A; A3 P3 = 7A2A3P3, so that 

sin ZA, A3P3 = sin ZA2A3P3. (7.64) 


Gyroangles 7A, P3A3 and 7 A2 P3A3 are supplementary (their sum is 77). Hence, 
they have equal gyrosines, 


sin ZA; P3A3 = sin ZA? P3A3. (7.65) 
If follows from (7.62)-(7.65) immediately that 


Vp Pl ¥43413 


: (7.66) 
Vp P2 — ¥73.923 
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Hence, by (7.61)-(7.66), and by the law of gyrosines (6.44), p. 140, 


m2 = Y13413 = sin a2 


ee (7.67) 
my Y23 a23 sin a@{ 


so that gyrotrigonometric gyrobarycentric coordinates of point P3 in Fig. 7.8 are 
given by the equation 


(m, :m2) = (sinay : sina2). (7.68) 


It, finally, follows from (7.67) and (1.9), p. 5, that gyrobarycentric coordinates of 
point P3 in Fig. 7.8 are given by the equation 


(mma) = (pyars: 303) = (7-1: 7-1) 7.69) 


so that, by (7.69) and (7.52), we have 


P %93423V a, Ait+ ¥13413V 4, A2 V V¥3 ~ 1Y,, Ait V Vi3 a ly,, A2 
3 — — 
¥93423V a, + ¥13413Ya, V V3 = ly,, 7 Vv Vis = ly,, 


Formalizing the main result of this section, we have the following theorem: 


_ (7.70) 


Theorem 7.10 (Foot of a Gyrotriangle Gyroangle Bisector) Let S = {A 1, Ao, A3} 

be a pointwise independent set of three points in an Einstein gyrovector space 

(RY, ®, ®) and let P3 be the foot of gyroangle bisector A3 P3, Fig. 7.8, p. 169. 
Then the foot has the gyrobarycentric coordinate representation 


miy, Ai +moy, Az 


P3= (7.71) 
my, 1 M2Y 4, 
with respect to the set S = {A,, Az}, with gyrobarycentric coordinates 
(my: M2) = (793.423 : ¥}3.413) (7.72) 
or, equivalently, with gyrotrigonometric gyrobarycentric coordinates 
(m, :m2) = (sina, : sin@2). (7.73) 


7.8 Gyrotriangle Ingyrocenter 


Definition 7.11 The ingyrocircle of a gyrotriangle is the gyrocircle lying inside the 
gyrotriangle, tangent to each of its sides, Fig. 7.12, p. 186. The gyrocenter and the 
gyroradius of the ingyrocircle are called, respectively, the gyrotriangle ingyrocenter 
and ingyroradius. 
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The ingyrocenter of a gyrotriangle is the point of concurrency of the gyrotriangle 
gyroangle bisectors. 

The three feet, P,, Po and P3 of the three gyroangle bisectors of gyrotriangle 
A; A2A3 in an Einstein gyrovector space (R, ©, ®), shown in Fig. 7.8 for n = 2, 
are given by the equations 


P 713413Y 4, A2 + 124124, 43 


1 
Y13413V a, + Y12412YV a, 


pz Y12412Y a, A3 + ¥73423V 4, Aj 


» (7.74) 
V12412V 4, + ¥73423V a, 


a V3 423Y4, Al + ¥13413Y 4, A2 


3 
¥93923V a, + ¥13413Y a, 


The third equation in (7.74) is a copy from (7.70). The first and second equations 
in (7.70) are obtained from the third one by cyclic permutations of the vertices of 
gyrotriangle A; A2A3, that is, by index permutations. 

The gyroangle bisectors of gyrotriangle A; A2A3 in an Einstein gyrovector space 
(R{, @, ®), shown in Fig. 7.8 for n = 2, are the gyrosegments A; P;, A2P2, and 
A, P3. Since gyrosegments in Einstein gyrovector spaces coincide with Euclidean 
segments, one can employ methods of linear algebra to determine the ingyrocenter, 
that is, the point of concurrency of the three gyroangle bisectors of gyrotriangle 
A, A2A3 in Fig. 7.8. 

In order to determine gyrobarycentric coordinates for the gyrotriangle ingyro- 
center in Einstein gyrovector spaces, we begin with some gyroalgebraic manipula- 
tions that reduce the task we face to the task of solving a problem in linear alge- 
bra. 

Let the ingyrocenter J of gyrotriangle A; A2A3 in an Einstein gyrovector space 
(R’, ®, ®), Fig. 7.8, be given in terms of its gyrobarycentric coordinate represen- 
tation, (4.25), p. 90, with respect to the set S = {A1, Ao, A3} of the gyrotriangle 
vertices by the equation 


pe TAY AU MY OTe G95) 
my, may, rm3y 


The gyrobarycentric coordinates (m1,m2,m3) of I in (7.75) are to be determined 
in (7.103) below. 

Left gyrotranslating gyrotriangle A; A2A3 by © Aj, the gyrotriangle becomes gy- 
rotriangle O(GA;@A2)(GA1@A3), where O = GA; @A; is the arbitrarily selected 
origin of the Einstein gyrovector space R?. The gyrotriangle gyroangle bisector feet 
P,, Pz and P3 become, respectively, GA1@P}, GA1@P2 and GA @P3. 

The left gyrotranslated feet are calculated in (7.76a), (7.76b), (7.76c) below by 
employing the Gyrobarycentric Coordinate Representation Gyrocovariance Theo- 
rem 4.6, p. 90, and the standard gyrotriangle index notation, shown in Fig. 6.1, 
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p. 128 and in (6.1), p. 127: 


¥13413Y, A2+ Yy2412Y,, A3 
OCAIGP| = SAID = = 


%13413Y,, + Y12412Y4, 


_ V13413%ea,e4) (GAIGA) + 117412754, 94, (CAIBAS) 


Y13413% 54, @ Ay + Y12412V 4,043 


_ ¥13413Y12 412 + 42412713913 
V3 413V 12 + Y12412713 


(7.76a) 


Y73423Y Ait 72412, A3 
OA|@P2 = CA1® za = 


Yp3, 423 Ys, + ¥12412Y 4, 


_ ¥12412Y 54,94, AIG As) 


¥23923 + 12412Y 54 oA, 


Y12412Y1 3.413 
¥93. 423 + V12412Y13 


(7.76b) 


Vo3423Y, A1t+y,3413Y, A2 
stern sAe aa 


Yp3, 423 Ys, Tr Y13413V 4, 


_ V13413% 64,64) (OA1BA2) 


¥23923 + Y13413V 54 oA, 


_ Y13413Y12 412 (7.16c) 
73.423 + Y13413V 19 


By Definition 4.5, p. 89, the set of points S = {Aj, Az, A3} is pointwise inde- 
pendent in an Einstein gyrovector space (RY, @, ®). Hence, the two gyrovectors 
aj2 = OA @A? and aj3 = OA! @A3 in R? C R" in (7.76a), (7.76b), (7.76c), con- 
sidered as vectors in R”, are linearly independent in R”. 

Similarly to the gyroalgebra in (7.76a), (7.76b), (7.76c), under a left gyrotransla- 
tion by GA, the ingyrocenter J in (7.75) becomes 


my, Aj +moy, Az+m3y, A3 
6A161 = OA; ——! = 2 


miy, +mry, +m3y,, 


m2y (GA, @A2) + m3y 


CA @AQ CA1{@A3 


(GA) @A3) 


my + M2V 54,@Ay + ™3V 54,043 
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M2712 412 + M3713813 


(7.77) 
MI +M2Y;, +M3Y13 


The gyroangle bisector of the left gyrotranslated gyrotriangle O(GA1@A2) x 
(CA1@A3) that joins the vertex 


CA1GA1 =O=0 (7.78) 


with the gyroangle bisector foot on its opposing side, ®A;@P}, as calculated in 
(7.76a), 


Y13U3Y 12812 + 712412713413 


SCAOP| = (7.79) 
V¥13 41312 + Y12412713 
is contained in the Euclidean straight line 
L1=0+(-O+{6Ai@P)})t1 
= V3 413V 12412 + ig PW aa (7.80) 


Y13U3Y 12 + 12412713 


where t; € R is the line parameter. This line passes through the point O = 0 € R? c 
IR” when ft, = 0, and it passes through the point ©A;@P; when t, = 1. 

Similarly to (7.78)-(7.80), the gyroangle bisector of the left gyrotranslated gyro- 
triangle O(G A; @A2)(CA1@A3) that joins the vertex 


OAI@A2 = a2 (7.81) 


with the gyroangle bisector foot on its opposing side, @A;@Po, as calculated in 
(7.76b), 


Y12 41213413 
¥93 923 + 1241213 


CA{OP, = (7.82) 


is contained in the Euclidean line 


Ly =ay2 + (—ai2 + {(CA1@Po})tp 


Y12412Y1 3.413 
=ajyot+ ( ajt ie i ro (7.83) 
193.423 + V12412Y 13 


where f2 € R is the line parameter. This line passes through the point aj2 € RY Cc R” 
when f7 = 0, and it passes through the point ©A;@ P2 when tz = 1. 

Similarly to (7.78)-(7.80), and (7.81)-(7.83), the gyroangle bisector of the left 
gyrotranslated gyrotriangle O(6A1@A2)(CGA1@A3) that joins the vertex 


CA1{PA3 = a43 (7.84) 
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with the gyroangle bisector foot on its opposing side, ®A;@P3, as calculated in 
(7.76c), 


Y¥13 413712412 
OA,@P; = —B— (7.85) 
¥03423 + Y13413V 12 
is contained in the Euclidean line 
L3=a3+ (—a13 + {OA1@P3})t3 
Y13 41317412 
=ay3+ ( a3 + —B— rn (7.86) 
773.423 + 13413V12 


where #3 € R is the line parameter. This line passes through the point aj3 € RY Cc R" 
when f3 = 0, and it passes through the point OA; ®P3 € R? C R” when #3 = 1. 
Hence, if the ingyrocenter J exists, its left gyrotranslated ingyrocenter, -OA,Q/, 
given by (7.77), is contained in each of the three Euclidean lines L;, k = 1, 2,3, in 
(7.80), (7.83) and (7.86). 
Formalizing, if J exists then the point P, (7.77), 


M2Y17A12 + N3Y13A13 
M|+M2Y1;y +M3Y13 


P=0CA\0l= 


(7.87) 


lies on each of the lines Lx, k = 1, 2, 3. Imposing the normalization condition m, + 
mz + m3 = | of special gyrobarycentric coordinates, (7.87) can be simplified by 
means of the resulting equation m; = 1 — m2 — m3, obtaining 


M2Y17A12 + IM3Y)3413 


1+m2(49 —1) +m3(V;3 —1) 


(7.88) 


Since the point P lies on each of the three lines L;, k = 1, 2, 3, there exist values 
te.o Of the line parameters t, k = 1, 2, 3, respectively, such that 


V13413V 12812 + V1 9412713813 $ 
1,0 
Y13413V 12 + Y12412713 


Y124127 13413 
Pay ( ay + —2 = B Jno=0, (7.89) 
73.923 + Y12412Y 13 


P =0, 


Y13 41312412 
P—ay3 ( ai3+ 8 2 Jno=o. 
793.423 + V13413V 12 


The kth equation in (7.89), k = 1, 2,3, is equivalent to the condition that point P 
lies on line Ly. 

The system of equations (7.89) was obtained by methods of gyroalgebra, and 
will be solved below by a common method of linear algebra. 


176 7 Gyrotriangle Gyrocenters 


Substituting P from (7.88) into (7.89), and rewriting each equation in (7.89) as 
a linear combination of a;2 and a;3 equals zero, one obtains the following homoge- 
neous linear system of three gyrovector equations 


c1aj2 + cj2a13 = 0, 
c21a12 + c22a13 = 0, (7.90) 


c31a12 + ¢32a13 = 0, 


where each coefficient cjj, i= 1,2,3, j = 1,2, is a function of y,4, 743, Y3, and 
the five unknowns m2, m3, and tj 9, k = 1, 2, 3. 

Since the set S = {A1, Az, A3} is pointwise independent, the two gyrovectors 
aj2 = OA|@A? and aj3 = OA) @A3 in R4, considered as vectors in R”, are linearly 
independent in R”. Hence, each coefficient cj; in (7.90) equals zero. Accordingly, 
the three gyrovector equations in (7.90) are equivalent to the following six scalar 
equations, 


Cl = C12 = C2] = C22 = €31 = 032 = 0 (7.91) 


for the five unknowns m2, m3 and ty,9, k = 1, 2,3. 
Explicitly, the six scalar equations in (7.91) are equivalent to the following six 
equations: 


Vi2 (G12 + a13)m2 — 1 — m2 — m3 + YjyyM2 + Y,33)a13F1,0 = 9, 

¥13 (412 + a13)m3 — (1 — m2 —m3 4+ y;2mM2 + ¥,3M3)a)201,0 = 0, 
1—m2—m3+y,3m3 — (1 -—m2 —m3 + yyyM2 + ¥,33)t2,0 = 0, 
(712713412 + ¥23.423)m3 — (1 — m2 — m3 + Yjy2M2 + ¥13™M3)V1741212,0 = 0, 
(71213413 + Yo3.423)m2 —  — m2 — m3 + YjyyM2 + ¥133)V13.41313,0 = 9, 


1—m2—m3+ yy2m2 — (1 — m2 —m3 + yj9m2 + ¥133)13,0 = 0. 


(7.92) 
The unique solution of (7.92) is given by (7.93) and (7.95) below: 
The values of the line parameters are 
1 
ho= pi l12%13 (a12 + a13), 
1 
o= piv Y13412 + 93.923), (7.93) 


where 


D'= Y12V 13412 + Y42%1343 + 73423 > 0. (7.94) 
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The special gyrobarycentric coordinates (m1, m2, m3) are given by 


1 
mm, =z a23, 
1 D ¥23, 423 


1 
m2 = 5 Yi3413» (7.95) 


1 
m3 = — a2, 
3 pi i2412 


satisfying the normalization condition m; + m2 + m3 = 1, where D is given by 


V2.2 + 43413 + ¥93.423 > 0. (7.96) 


Following (7.95), convenient gyrobarycentric coordinates of the gyrotriangle 
ingyrocenter J are given by the equation 


(my mz: m3) = (773423: ¥13.413 : V12412) (7.97) 


or, equivalently, by the equation 


a3 ay sina, sina 
(my zg ima) = (2288, Mate.) (3 ee 2:1) (7.98) 
Yj2H2—— V4 2412 sing@3 sing3 


as we see from the law of gyrosines (6.44), p. 140. Hence a convenient set of gy- 
rotrigonometric gyrobarycentric coordinates of the gyrotriangle ingyrocenter J is 
given by the equation 


(m1 :m2:m3) = (sina, : sina? : sina3). (7.99) 


The gyrobarycentric coordinates in (7.99) are positive for any gyrotriangle gy- 
roangles a,, k = 1,2, 3. Hence, by Corollary (4.10), p. 94, the gyrotriangle ingyro- 
center always lies on the interior of its gyrotriangle, as shown in Fig. 7.8, p. 169. 

We have thus found that the ingyrocenter of gyrotriangle A; A2A3 lies on the 
interior of gyrotriangle A; A2A3, and it has the gyrobarycentric coordinate repre- 
sentation with respect to the set S = {A1, Az, A3} given by each equation in the 
following chain of equations, 


7 LBM ay Al + ¥13413Y4, A2 + 1241274, 43 


¥3 923V 4, re Y1343Y 4, + V12412Y a, 


y Yaa — Yu, Ar tf Vig — IY, 42 +) 75 — 1%, 43 
V YR — 1V,, +r =1) sr nie = 1, 


a sina 74, Ai + sinazy,, Az + sina3y,, A3 Re (7.100) 
sinaiy,, + siINQ2Y,, + SINQ3Y,, st : 
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The first equation in (7.100) follows from (7.95). The second equation in (7.100) 
follows from the first by (1.9), p. 5, and the third equation in (7.100) follows from 
the first by the law of gyrosines (6.44), p. 140, according to which, by (1.9), 


; 
V33 73423 sina, 


Qe a\2 sin a3 , 
VYi2 Y12 


1 
= 
(7.101) 
1 
7 


2 _ 
Y13 ¥13413 sin a2 


2 = V9 412 sina3. 
V VY12 12 


Formalizing the main result of this section, we obtain the following theorem: 


Theorem 7.12 (The Ingyrocenter) Let S = {A,, Az, A3} be a pointwise indepen- 
dent set of three points in an Einstein gyrovector space (Ri, ®, ®). The ingyrocenter 
I € RY), Fig. 7.8, p. 169, of gyrotriangle A, A2A3 has the gyrobarycentric coordinate 
representation 


fe miy, Al +mo2y, Az +msy, A3 itd) 
may, Mey, + M3, 


with respect to the set S = {Aj, Az, A3}, with gyrobarycentric coordinates (m, : 
mz :m3) given by each of the following three equations: 


(my sma :ms) = (Jy — 17-1 78-1), 


(my m2: m3) = (793.423: ¥43413 : Y42412), 


(7.103) 


(m1, :m2:m3) = (sina, : sina : sina3). 


Interestingly, in the Euclidean limit of large s, s —> oo, the three systems of 
gyrobarycentric coordinates (mj, : m2 :m3) in Theorem 7.12 exhibit the following 
different features: 

The first system of gyrobarycentric coordinates of the gyrotriangle ingyrocenter 
in (7.103) reduces to (m, : mz :m3) = (0:0: 0), which makes no sense in Euclidean 
geometry; 

The second system of gyrobarycentric coordinates of the gyrotriangle ingyrocen- 
ter in (7.103) reduces to its Euclidean counterpart, 


(m1, :m2:m3) = (a23.:.413:412), (Euclidean Geometry) (7.104) 


noting that in the limit of large s, s — oo, gamma factors tend to 1, and gyrolengths 
tend to lengths. Equation (7.104) gives a well-known barycentric coordinates of the 
Euclidean triangle incenter, where a3, a13, and aj2, are the side lengths of a Eu- 
clidean triangle A; A2A3 in R” [29]. We should note that a3, a13, aj2 in (7.103) are 
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gyrotriangle side gyrolengths while, in contrast, a23, a13, a2 in (7.104) are triangle 
side lengths. 

The third system of gyrobarycentric coordinates of the gyrotriangle ingyrocenter 
in (7.103) appears in a gyrotrigonometric form. As such, it is identical, in form, 
with its Euclidean trigonometric counterpart. Indeed, in the limit s — oo the third 
equation in (7.103), which is in a gyrotrigonometric form, remains intact in form in 
the transition from hyperbolic geometry to Euclidean geometry. It leads to a well- 
known barycentric coordinates of the Euclidean triangle incenter in a trigonometric 
form [29], 


(m1 :m2:m3) = (sina, : sina2:sina3). (Euclidean Geometry) (7.105) 


We should note that while the third equation in (7.103) and (7.105) are equal in 
form, they are different in context. The former involves gyrosines of gyrotriangle 
gyroangles while, in contrast, the latter involves sines of triangle angles. 

By Theorem 7.12 and the ingyrocenter gyrobarycentric coordinate representation 
(7.75), p. 172, we obtain the following theorem: 


Theorem 7.13 (The Gyrotriangle Ingyrocenter) Let S = {Aj, A2, A3} be a point- 
wise independent set of three points in an Einstein gyrovector space (R%,®, ®). 
The ingyrocenter I, Fig. 7.8, p. 169, of gyrotriangle A, A2A3 has the gyrobarycen- 
tric coordinate representation 


pe my, Ai +moy, A2+msy, A3 aioe 
MAY, FM2Y, + M3Y,, 


with respect to the set S = {A , A2, A3}, with gyrobarycentric coordinates given by 


(om :mz:ms)= (72-17% - 1/78 -1) (7.107) 


or, equivalently, by 


(m1 :m2 2 m3) = (793.423 : 43413 * ¥42412) (7.108) 

or, equivalently, by the gyrotrigonometric gyrobarycentric coordinates 
(m1 :m2:m3) = (sina, : sina? : sina3). (7.109) 
Two immediate, but interesting, corollaries of Theorem 7.13 are presented below: 


Corollary 7.14 Let A, A2A3 be a gyrotriangle with gyroangles ax, k = 1,2,3, in 
an Einstein gyrovector space (Ri, ®, ®). Then, the gyrotriangle ingyrocenter I pos- 
sesses the gyrotrigonometric gyrobarycentric coordinate representation 


sinajy, Ay +sinazy, A2+sinaz3y, A3 
I= zl i a, (7.110) 
sina Y, + siNa2Y,, + SiINA3/,. 
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Corollary 7.15 Let A,;A2A3 be a triangle with angles a,x, k = 1,2,3, in a 
Euclidean space R". Then, the triangle incenter I possesses the trigonometric 
barycentric coordinate representation 


y— Sina1A1 + sinaAg + sinas 3 (7.111) 
sina, + sina@2 + sina3 


7.9 Gyrotriangle Gyroaltitude Foot 


Let A3P3 be the gyroaltitude of gyrotriangle A; A2A3 drawn from vertex A3 to its 
foot P3 on its opposite side A; A2 in an Einstein gyrovector space (R¥, ®, ®), as 
shown in Figs. 7.9-7.10 for n = 2. Furthermore, let 


miy, Ai t+m2y, A2 
oe 2 (7.112) 
MY TAY, 


be the gyrobarycentric coordinate representation of P3 with respect to the set 
{A1, Az}, (4.25), p. 90, where the gyrobarycentric coordinates (mm, : m2) are to be 
determined in (7.123)-(7.125) below. 

Employing the Gyrobarycentric Coordinate Representation Gyrocovariance The- 
orem 4.6, we have from Identity (4.29b), p. 91, with X = GA}, using the standard 


P3 


h3 = ©A3@P3, 3 = ||hs|| 


P13 = CA SPs, P13 = ||P13 || 


P23 = CA2SP3, p23 = ||P231| 


Fig. 7.9 The foot P3 of gyroaltitude A3P3 of a gyrotriangle A; A2A3 in an Einstein gyrovector 
space (R’, @, ®). Here the foot lies on side A; A2 of the gyrotriangle, so that both gyroangles a; 
and a> are acute 
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Ao Ps 


hy = OA36P3, h3 = |\bs|| 


P13 = OA SPs, P13 = ||P13 || 


p23 = OA20P3, P23 = ||P23 || 


Fig. 7.10 The foot P3 of gyroaltitude A3 P3 of a gyrotriangle A; A2A3 in an Einstein gyrovector 
space (R’, ®, ®). Here the foot lies on the extension of side A; A 2 of the gyrotriangle, so that 
gyroangle a is obtuse 


gyrotriangle index notation, shown in Fig. 7.9, in Fig. 6.1, p. 128, and in (6.1), 
p. 127, 


Yoxar; inh , (7.113) 
where 
mo =m) +m + 2mym2y1- (7.114) 
Hence, for X = A,, X = Az and X = A3 in (7.113) we have, respectively, 
a AY i645 _ m+my1y 
Yp3 = Yoa@rs _ a a _ = wie 
7 — ™Yoaroay +m2 — miyy, +m (7.115) 
Yp23 = Yoar@ Ps = mo ~ mo ? 


™1Yoas@ay TM 2Y 4,04, _ MY 13 + M2Yp3 


Vh3 = Y, = 
3 CA3@P3 mo mo 
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Applying the Einstein—Pythagoras identity (6.57), p. 144, to each of the two right 
gyroangled gyrotriangles A; P3A3 and Az P3A3 in Fig. 7.9, we have 


Ypi3Vh3 = Y413> 
(7.116) 


Y p23 Vh3 = Y23- 


Substituting (7.114)-(7.115) into (7.116), we obtain a system of two equations 
for the two unknowns m, and m2. This system does not possess a unique solution. 
Adding the normalization condition m1 + m2 = | results in the unique solution, 


_ %12¥23 — Y13 
my) a ’ 
(43 + Yo3) (M2 — D 


(7.117) 
ee %12%13 — Y23 ; 
(143 a Yx3) (V9 —1) 


as one can readily check. The unique special gyrobarycentric coordinates (m1, m2) 
of the point P3 with respect to the set S = {A1, A2} in Fig. 7.9 are thus determined 
by (7.117). 

The unique special gyrobarycentric coordinates (m1, m7) in (7.117) suggests the 
following convenient gyrobarycentric coordinates (m'‘, : m’) of the point P3 with 
respect to the set S = {A1, A2}, 


m= ¥12V23 — Y13> (7.118) 


— 
My =Y712Y13 — 23> 


so that a gyrobarycentric coordinate representation (7.112) of P3 with respect to the 
set S = {A , A2} is given by 


_ (M42 ¥23 — 113) Ya, Al + M213 — %93)% 4, A2 


P3 (7.119) 


(YiaYoa — M13)%a, + Yiohia — V3) %, 


A different convenient gyrobarycentric coordinates (m{ : m'/) of P3 with respect 
to {A,, Az} can be obtained from (7.118) by means of (6.20), p. 134, 


1 
Vie Lv LV vy | 
_ COSa@2 — COSQ| 
7.) (7.120) 


The advantage of the gyrobarycentric coordinates (m‘/ : m{) of P3 with respect 
to {A1, Az} in (7.120) rests on the observation that the sign of mi (m5) equals the 
sign of cos a@2 (cosa). 


(m' : m') = (Yj2%23 — M13 * M1213 — 23) 
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Another set of convenient gyrobarycentric coordinates (m'{/ : m'/’) of P3 with 
respect to {A;, Az} results from (7.120) and (6.39), p. 139, obtaining the following 
gyrotrigonometric gyrobarycentric coordinates: 


(m{! : m'') = (sina) cosa : cosa sina), (7.121) 
where ax, k = 1,2, 3, are the gyroangles of gyrotriangle A; A2A3 in Fig. 7.9, in the 
standard gyrotriangle index notation. 

Formalizing the main result of this section, we have the following theorem: 


Theorem 7.16 (The Foot of a Gyrotriangle Gyroaltitude) Let S = {A1, Ao, A3} 
be a pointwise independent set of three points in an Einstein gyrovector space 
(R’, @, ®), and let P3 be the foot of gyroaltitude Az P3, Fig. 7.9, p. 180. Then the 
gyroaltitude foot has the gyrobarycentric coordinate representation 


pope id Vian (7.122) 
a : 
MAY OY 


with respect to the set S = {A,, Az}, with gyrobarycentric coordinates 


(m,:m2)= (10 ¥23 — 13 + ¥12%13 23) (7.123) 


or, equivalently, 


(7.124) 


(mma) = ( 


COs a2 COS Q@ ) 


Vra-! (Ya-! 
or, equivalently, with gyrotrigonometric gyrobarycentric coordinates 


(m, :m2) = (sina, cos a@ : cOSa@] SiN@2). (7.125) 


It is clear from (7.123)-(7.125) that the two gyrobarycentric coordinates m, and 
m2 of the gyroaltitude foot P3 are positive in Fig. 7.9, where P3 lies on side A; Az of 
gyrotriangle A; A2A3, so that both gyroangles a; and a acute. The fact that in this 
case the gyroaltitude foot P3 lies on side Aj A2 is in accordance with Corollary 4.9, 
p. 93. 

In contrast, it is clear from (7.123)—(7.125) that the two gyrobarycentric coordi- 
nates m, and mz of the gyroaltitude foot P3 are, respectively, negative and positive 
in Fig. 7.10, where P3 lies on the extension of side A; A2 of gyrotriangle A; A2A3, 
so that gyroangles a; and a2 are, respectively, acute and obtuse. The fact that in 
this case the gyroaltitude foot P3 does not lie on side Aj Az? is in accordance with 
Corollary 4.9, p. 93. 


7.10 Gyrotriangle Gyroaltitude 


In this section, we calculate the gyrolength h3 = ||GA3@P3|| of the gyroaltitude 
gyrovector h3 = © A3@P3 of gyrotriangle A; A2A3 in Figs. 7.9-7.10. 
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By the third equation in (7.115), we have 


= MY}3 + M2Y3 


Vhs = Voasor = mo (7.126) 
where, by (7.117), 
M1 = ¥12Y23 — 13> (7.127) 
M2 =Y712713 — Y23- 
Hence, following (7.127) and (7.114), 
m6 = m+ + ms + 2mim2y19 
2 2 2 
= (Yio _ (2%. 413 %23 — Y13 — 733) (7.128) 
so that, by (7.126)-(7.128), 
2 = 2712 V13%23 — Vi3 = V33 
° Vi2— 1 
1+2 — V5, - VR - VE 
ied %121713 = Yi2 — Y13 Yo3° (7.129) 
Yi2—1 
Hence, by (7.129) and (1.9), p. 5, 
2 2 2 2 
n ag Vag — 1 = 1 + 2719113 %3 — Vio — Via — Y3 
a a 2 2 
Vh3 2712713 %23 — Vi3 — 33 
2 
—1 
= (1 a ) (7.130) 
2Y¥a; Ya2V¥\2 — Yay — Van 


Formalizing the results of this section, we obtain the following theorem: 


Theorem 7.17 (The Gyrotriangle Gyroaltitude) Let A; A2A3 be a gyrotriangle in 
an Einstein gyrovector space (R{,®,®) with a gyroaltitude A3P3, as shown in 
Figs. 7.9-7.10, 7.17, and let hz = ||QA3® P3|| be the gyrolength of the gyroaltitude. 
Then, 


2 2 2 
i ‘ + 271913 %3 — Vin — Via — Y33 
3=S8 


(7.131) 
2 2 
271213 %23 — Vis — Y33 
and 
2741911323 — Vis — Ve 
m= 12%13 23 a 23° (7.132) 
v2 — 
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CA PA2, 412 = Jarl, V2 = Yar» ae 


Ay ay = 


Fig. 7.11 The ingyrocenter J of a gyrotriangle A;A2A3 in an Einstein gyrovector space 
(R?, ©, ®). The gyrotriangle ingyrocenter is the point of the interior of the gyrotriangle that is 
equigyrodistant from the three gyrotriangle sides. Accordingly, r := h; = h2 = h3 is the gyrotri- 
angle ingyroradius r 


7.11 Gyrotriangle Ingyroradius 


The gyrobarycentric coordinate representation, (4.25), p. 90, of the ingyrocenter [ 
of gyrotriangle A; Az A3 in an Einstein gyrovector space (R’, ©, ®), Fig. 7.11, with 
respect to the set S = {A,, Az, A3} of the gyrotriangle vertices is given by 


pe yg AF MAY FI (7.133) 
miy, +m2y,, +m3y,, 


where, by Theorem 7.12, p. 178, the gyrobarycentric coordinates of J in (7.133) are 
given by 


(m, :mz2:m3)= (793.423 >Y13413 : V12412). (7.134) 


Following (7.133) and the Gyrobarycentric Coordinate Representation Gyroco- 
variance Theorem 4.6, p. 90, we have 


MYx@A, +M2Yx@A, +M3Vy@a, 


Vor = - (7.135) 


for all X € IR”, where, according to (4.28d), p. 91, mo is given by the equation 


mo — mi + ms + m3 + 2(mim2y; +mm3713 +m2M3Y>3). (7.136) 
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ay. = CAI@A2, 412 = \jar||, V2 = Yar» ae 


Fig. 7.12 The ingyrocircle of gyrotriangle A; Az A3 in Fig. 7.11 is shown. Its gyrocenter, /, is the 
gyrotriangle ingyrocenter, and its gyroradius r, r := h; = h2 = h3, is the gyrotriangle ingyroradius 


Substituting X = GA, and X = GA? into (7.135), we have, respectively, 


M1 + M2Vo4.@A, t ™3V%eA@Ag 


YeAel = ine , 
(7.137) 
MYgAr@ay + M2 +M3Vo A @A3 
YoA.ol = he 
or, equivalently, in the notation of Fig. 7.11, 
ne my, an + 3713 
(7.138) 


—_ MY2 + M2 +3753 


ag 


mo 


We are now in a position to apply the gyroaltitude equation (7.131) of gyrotrian- 
gle A; A2A3 in Theorem 7.17, to gyrotriangle Aj A2/ in Fig. 7.12, obtaining in the 
notation of Fig. 7.12, 


2 2 2 
2 1+ 2y15 Vay Yay — Yin — Ya, ~ Yay 


re 
2V10 Ya, Yar — i = Ve 


=hi=s ; (7.139) 


where r is the ingyroradius of gyrotriangle A; Az A3, shown in Fig. 7.12. 
Substituting (7.138) and, subsequently, (7.136) and (7.134) into (7.139), we have 


2 2 2 2 
2. 8° 14 2719713 %3 — Yi2 — Vi3 — Y3 
5 D 


(7.140) 


7.12 Useful Gyrotriangle Gyrotrigonometric Identities 187 


where 


D=Y%2713%23 — 1 + nov = 1/7, ~1+73,- Ina a 


+) Vi — Wve — 1¥23- (7.141) 


7.12 Useful Gyrotriangle Gyrotrigonometric Identities 


The identities in (6.33), p. 137, and (6.43), p. 140, prove useful when expressed in 
the standard gyrotriangle index notation, shown in Fig. 6.1, p. 128, and in (6.1), 
p. 127. In this notation, these identities take the form 


cos a3 + COS @| COS a2 


Y2= ; 5 
8 sina, sina 
COS 2 + COS @] COS 3 
= : ; 7.142 
Y13 sina; sina3 ( ) 
COS 1 + COS &2 COS 3 
23 = 3 z 
2 sin a2 sin a3 
and 
9 a2 VF (a1, &2, @3) 
l= eee F , 
Ss sina sina 
/ a3 J F (a1, &2, &3) 
; a -1l=y,; = 2—— _ : (7.143) 
Ss sina sina3 
= 423, V F(a, a2, 03) 
33, l= 23 =2=— ; , 
Ss sina? sina3 
where 


1 
F(a@1,Q2,03) = q(2 cosa COS @2 COS a3 + cos” ay + cos” a2 + cos* a3 — 1) 


a) +a2 + 03 a1 — &2 — a3 a) +a2 — 03 
= COS cos cos 
2, 2: 2 
—a) —A2+ 03 
x COS —_ 
2 


— 104279713 %3 = Vip a Vis = Yyx3)° 


= 7.144 
40°  -DYR-DOR-D ane 
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The identities in (7.142) along with the common gyrotrigonometric/trigonometric 


addition law of the gyrocosine/cosine function, 


cos(a + 6) = cosacos B + sina sin B 
for a, B € R, imply 


cos a3 + cos(a, F a2) 


Y2H1= ; : 
sina, sina 
COS @2 + cos(a1 F a3) 
Y¥3= l= . é 
sina) sina3 
cosa, + cos(a2 F a3) 
Y23 l= : 


sin a2 Sin a3 
The law of gyrocosines (6.20), p. 134, and (7.143) imply 


4F (a1, @2, 43) COSQ 


12713 — %23 =a : : 
sin? @] Sina sina; 


4F (a1, a2, @3) COSa2 


Y¥12%93 —Vi3 =. a) : , 
sin a1 sin* a2 sin a3 


4F (a1, 2, &3) COS a3 


413723 — Yi2 = : a) . 
sind] SiN @ sin* a3 


By (6.39), p. 139, we have 


ie 4F (a1, @2, a3)(1 + cosa, cos a2 cos. @3) 
Y12%13 Y23 = i SD Se) : 
sin* a1 sin* a2 sin* a3 


Other elegant and useful gyrotrigonometric identities are 


cos 73S cos Sess 
1 se 
Y12 = : ; ’ 
sina, sina 
| 
Cog 21 T82=%3 egg Reter—a3 
Vjg +1 =2 : 


sina sina2 


and 


pe) 
Yay Yi Ly) ¥33 =— (cos a cosa + cosas), 


~ sin? a1 sin? a sin? «3 


along with their index permutations, and 


4F (a1, a2, 3) 


sina sina sina3 


42 42 
V1 + 2Y12%13%23 — Via — Via — Y23 = 


(7.145) 


(7.146) 


(7.147) 


(7.148) 


(7.149) 


(7.150) 


(7.151) 


(7.152) 
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The following resulting gyrotriangle gyrotrigonometric identities prove useful: 


8F (a1, a2, a3) cos? Mt82 403 


(Y12 N43 1)(%y3 I= 7) =) =) 2 : (7.153) 
sin“ a1 sin* a sin 73 


8cos? % 2° 3 cos? a #3 eos? 4 ss 


Yo+ D3 +D034+D= 7) 7) =) 
sin’ a1 sin” a2 sin* 03 
(7.154) 
so that 
64F (a1, a2, 03)7 


2 = Dp be = 1h] 71 
(Viz Mis \(v33 ) sin? a sin* a4 sin? 3 ei?) 


7.13 Gyrotriangle Circumgyrocenter Gyrodistance from Sides 


As an application of Theorem 7.17, p. 184, we determine the gyrodistances hj, h2 
and h3 between a gyrotriangle circumgyrocenter, O, and its sides A2A3, A; A3 and 
A, Az, respectively, shown in Fig. 7.13. 

The gyrodistance of E (note that E represents each of Ex, k = 0,1,2,3, in 
Fig. 8.1) from the gyroline that passes through points A; and Az, Fig. 8.1, is the 
gyroaltitude 7}. of gyrotriangle A;A2E drawn from base A; A2. Hence, by Theo- 
rem 7.17, p. 184, 712 is given by the equation 


2 gh 8 42 
hz 1+ 2%2Vea,@0%eA@0 ~ Vi2 ~ Yeaioo ~ Yaar@o 

= ; 
AY 


(7.156) 
2 2 
2712 Yea,e0 YoA.@0 ~ YOA\@0 ~ YSA2@O 


Fig. 7.13 The gyrodistances h;, hy and h3 between the circumgyrocenter of gyrotriangle A; Az A3 
and its sides in an Einstein gyrovector space (R?, ©, ®) 
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Since O is the gyrotriangle circumgyrocenter, 
|SA1 GO| = ||GA1 GO] = R, (7.157) 


where R is the circumgyroradius of gyrotriangle A; A2A3. Hence, (7.156) can be 
written as 


2 a 2 
hy _ 1+ 2v 7p — Vig = 27 R 


(7.158) 
s? 2V10VR — 2VR 
Noting that yg = (1 — R?/s?)~!, (7.158) implies 
he. TR? 
Freer 52 M2 +)D=—Yo— Dp (7.159) 


where the circumgyroradius R of gyrotriangle A; A2 A3 is given by (7.29), p. 162. 
Substituting R from (7.29) into (7.159), we have 


Re  — D3 —- DO -D I 
2 — 2 2 2 
14+ 27197%3%23 —Vi2-Via- VY 2 


: yah: (7.160) 


Finally, substitutions of gyrotriangle gyrotrigonometric identities from Sect. 7.12 
into (7.160) give the elegant relation 


s* cos 1*% 3 sin +82 3 tan U2 a3 


hz = (7.161) 


sina, sina 


Eliminating the factor s cos mie between (7.161) and (7.35), p. 163, we 
obtain the relation 


R2 cos %1=22=83 egg =a +02—-03 sin2 a1 +012 —A3 
2 2 


3 = a (7.162) 
sina, sina2 


The ball parameter s, which appears explicitly in (7.161), disappears in (7.162). 
Clearly, however, its presence in (7.162) remains implicit since it involves in the 
measure of gyroangles. Interestingly, the elegant relation (7.162) remains invariant 
in form under the Euclidean limit s — oo, so that it is valid in Euclidean geometry 
as well. 

The side A; A2 of gyrotriangle A; A2A3 in Fig. 7.13 is the gyrodiameter of the 
gyrotriangle circumgyrocircle if and only if h3 = 0. The latter, in turn, is valid if 
and only if w@3 = a1 + a2, as we see from (7.162). Hence, the biggest gyroangle of a 
gyrotriangle has measure equal to the sum of the measures of the other two gyroan- 
gles if and only if the side opposite to the biggest gyroangle is a gyrodiameter of the 
circumgyrocircle. This result is known in hyperbolic geometry; see, for instance, 
[28, p. 133], where the result is proved synthetically. 

Formalizing the results of this section, we obtain the following theorem: 
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Theorem 7.18 Let A,A2A3 be a gyrotriangle in an Einstein gyrovector space 
(R?,®, ®) and let O be its circumgyrocenter, Fig. 7.13. The gyrodistances hx, 
k = 1,2,3, from O to the gyrotriangle side opposite to vertex A, are related to 
the gyrotriangle circumgyrocenter R and gyroangles a, a2, a3 by the equations 


2 a} +a2—a3 1 —A2+03 0:2 —aj+a072+03 
R* cos 5 cos 7 sin 7 


2 
hyj= ’ 


sina? sina3 


2 1-010 —3 oy antes .- 2 @1—a2+03 
R* cos 5 cos 7 sin 5 


he = (7.163) 


’ 


sin ay Sin a3 


4 R2 cos 2 2 %3 eos = 2 3 sin2 mrs 
h3 = 
sina sina2 


Proof The third equation in (7.163) is established in (7.162). The first and second 
equations in (7.163) are derived from the third by vertex permutations. 


Corollary 7.19 The biggest gyroangle of a gyrotriangle in an Einstein gyrovector 
space has measure equal to the sum of the measures of the other two gyroangles 
if and only if the side opposite to the biggest gyroangle is a gyrodiameter of the 
gyrotriangle circumgyrocircle. 


7.14 Ingyrocircle Points of Tangency 


Ingyrocircle points of tangency are associated with the gyrotriangle gyrocenter 
called Gergonne gyropoint G,, shown in Fig. 7.14, and studied in Sect. 7.16 

Let us consider the point of tangency F3 in which the incircle of a gyrotrian- 
gle A; A2A3 meets the gyrotriangle side opposite to A3, shown in Fig. 7.14. It is the 
perpendicular foot of the gyrotriangle ingyrocenter J on the gyroline A; Az. Accord- 
ingly, F3 is the gyroaltitude foot of gyrotriangle A; A2/, drawn from J, as shown in 
Fig. 7.14. 

Hence, by Theorem 7.16, p. 183, the gyroaltitude foot F3 possesses the gyro- 
barycentric coordinate representation 


miy, Ai +moy, A2 


F3= (7.164) 
MY, Mays, 
with respect to the set S = {A1, Az}, with gyrobarycentric coordinates 
™1 = Yeai@ArVeArel — Yeayel = Y12%eAne1 — Yeayer? 
es : (7.165) 


M2 = YeA@Ar,YeAiol — YeArel = Y12YeAi@1 — YOAr@l: 


The gyrobarycentric coordinates m, and m2 in (7.165) involve the gamma factors 
Yea,er and y, Aer? which we calculate below. 
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a= CA GA2, 12 = \larzll, Ni2 = Yara ae 


Fig. 7.14 The ingyrocircle of gyrotriangle A; Az A3 in Fig. 7.11 is shown along with its gyrocenter 
I and its tangency points Fy, k = 1, 2,3. The point F; is the point in which the ingyrocircle of the 
gyrotriangle meets the gyrotriangle side opposite to Ay. The Gergonne gyropoint G- of gyrotrian- 
gle A; A2A3 is the point of concurrency of the three gyrolines A; Fx, given by its gyrotrigonometric 
gyrobarycentric coordinate representation (7.202), p. 202 


Being the incenter of gyrotriangle A;A2A3, J is given by, (7.106)-(7.109), 
p. 179, 


es ¥23423V,, Al + 713413Y4, A2 + 1241274, A3 


(7.166) 
2342374, 1 Y134137,, + Y12412Y,, 
Hence, by Theorem 4.6, p. 90, 
123 923Vy@a, + V13413Vx@A, + Y12412V XA 
Yxor = aa = As (7.167) 


mo 


for all X € RY, where mo > 0 is the constant of the gyrobarycentric coordinate 
representation of J in (7.166). This constant need not be specified as we will see 
below in the transition from (7.169) to (7.170). 


Following (7.167) with X = GO Ax, k = 1, 2,3, we have, respectively, 


_ ¥93.423 +43 413% 2 + 112412113 
YeAiel — mo ’ 
¥3.423V 12 + Y13413 + V1 241203 
eg ; (7.168) 
0 
23923713 + 1343723 + Yj 2412 
YeA301 — : 


mo 
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Substituting from (7.168) into (7.165), we have 


pes (Vb — 1)¥3423 + (V2 23 = V13)V 1212 
mo 


’ 


(7.169) 
= a — 1)¥,3413 + (2 Y13 7 03) V9 412 
mo 


m2 


Being homogeneous, a common nonzero factor of gyrobarycentric coordinates is 
irrelevant, so that convenient gyrobarycentric coordinates m; and mz of the point [ 
in (7.164) are obtained from (7.169) by removing the common denominator mo, 


my = (Vi — 1) 93423 + (Y12%23 — M13) 12412» 
(7.170) 


m2= (vis _ 1)y3413 + (%12%13 - 793) ¥12412- 


Substituting from (7.143)-(7.147) into (7.170), along with the abbreviation F = 
F (a1, a2, 03), we have 


8 F3/2 1+ cosaz 8 F3/2 a2 

m=] m) + 9 ‘ P =a 2 7 cot A 

sin* a1 sin“ a2 sina3 sina? sin* @ SIN” @2 SINaZ 2 
(7.171) 

8F3/2 1+cosa, 8F3/2 Oy] 

sin* a1 sin“ a2sina3z SMa, sin” a1 sin” a2 sIna3 2 


Since gyrobarycentric coordinates are homogeneous, a nonzero common fac- 
tor of a system of gyrobarycentric coordinates is irrelevant. Hence, it follows from 
(7.171) that convenient gyrobarycentric coordinates for the point F3 in (7.164) are 


a2 
m, =cot—, 
2 
(7.172) 
i 
m2 = Cot — 
2 


so that, by (7.164), we have 


e _ cot Fy, Ar tcot ty, Az pans 
_ cot@y +cot“y ; ar) 
2 Aj 2 AQ 


We have thus obtained the following theorem: 


Theorem 7.20 Let A, A2A3 be a gyrotriangle in an Einstein gyrovector space RY 
and let Fx, k = 1,2,3, be the point in which the ingyrocircle of the gyrotriangle 
meets the opposite side of Ax, Fig. 7.14. A gyrotrigonometric gyrobarycentric coor- 


194 7 Gyrotriangle Gyrocenters 


dinate representation of each point Fy is given by 


cot Fy, Az +cot Py, A3 


1 = ? 


cot OV a5 + cot pan 


cot Fy, Aitcotty,, A3 
B= ; (7.174) 
cot Fy, + cot St 7 Va 


cot 2 a4 Aitco yy, 2 


z= 
cot 2 mee +cot H 7 tas 


Proof The proof of the third equation in (7.174) is given by (7.164)-(7.173). The 
proof of the first and the second equation in (7.174) is obtained from the first by 
vertex permutations. 


The three points Fy, k = 1,2,3, of Theorem 7.20 are shown in Fig. 7.14. As 
Fig. 7.14 indicates, the three gyrolines Aj F,, A2F2 and A3F3 are concurrent. We 
show in Sect. 7.16 that this is indeed the case, giving rise to the Gergonne gyropoint. 

For later convenience, we determine below the left gyrotranslation of Fy, k = 
1, 2,3, by OA}. 

Applying to (7.174) the gyrocovariance of gyrobarycentric coordinate represen- 
tations, Theorem 4.6, p. 90, we have from Identity (4.29a), p. 91, with X = GA], 
using the standard gyrotriangle index notation, shown in Fig. 8.4, in Fig. 6.1, p. 128, 
and in (6.1), p. 127: 


OA OF) = pee a Yay aera, Ya A3 = cot Sy,,a12 + cot F 2 713813 


cot % Vay + cot 3 wan cot Sy, + cot 43 
(7.175a) 
coSy A;,tcotfy, A3 a1 
2 2 cot a13 
OAI@F) = CAI . aS, Gi 
cot FV, + cot DV ic cot 3 + cot 743 
and 
cot Py, Al + cot md Az cot@!y,.a 
OA OF; =OA18 = w 2 M22 7.175¢) 
cot F Va + cot $ ae ~ cot 2 + cot ty;5 


7.15 An Unlikely Concurrence 


Let A; A2A3 be a gyrotriangle in an Einstein gyrovector space (R?, ©, ®), and let 
Fy, k = 1,2, 3, be the tangency points of its ingyrocircle gyrocentered at 7. Further- 
more, let P be the point of intersection of the gyrolines A3/ and F) F3, as shown in 


7.15 An Unlikely Concurrence 195 


Fig. 7.15 An Unlikely Concurrence. The two gyrolines F| F3 and A3/ concur at P, generating 
the right gyrotriangle A; PA3. The point P3 is the A3-foot of the ingyrocenter of gyrotriangle 
A, A2A3, so that the gyrolines A3/ and A3P3 coincide. F,, k = 1,2, 3 are the points of tangency 
where the ingyrocircle meets the sides of the gyrotriangle 


Figs. 7.15—7.16. We will show that the resulting gyrotriangle A; P A3 is right, with 
the right gyroangle 7A; PA3. 

The gyroline A3/ is the bisector of gyroangle 7A;A3A2 and, following (7.71) 
and (7.73), p. 171, its foot P3 is given by the gyrobarycentric coordinate represen- 
tation 


sina Y,. At + sinazy, A2 


P3= (7.176) 


SINGLY, + sine2y,, 


with respect to the set S = {A1, Az, A3}. Clearly, the gyrolines A3/ and A3 P3 coin- 
cide. 

The tangency points F;, K = 1,3, of the gyrotriangle ingyrocircle, Fig. 7.15, 
where the ingyrocircle meets the gyrotriangle sides A2A3 and A, A3 are given by, 
(7.174), 


cotSy Ar,+cotV@y A 
2V Ay a+ 2V a, 3 


Fi = ’ 
cot Fy, + cot Fy,, 
(7.177) 
cot Fy, Al +cot Hy, Aa 
F3= 7 


a2 1 
cots yy, Tela y., 
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Let the point of intersection, P, of gyrolines A3/ and F; F3 be given by its gyro- 
barycentric coordinate representation 


bc my, Ai+moy, Ar+m3y, A3 


(7.178) 
miy, +My, +m3y,, 


where the gyrobarycentric coordinates (mj, : m2: m3) are to be determined in 
(7.185). Clearly, P is the point of intersection of gyrolines A3 P3 and F F3 as well. 

Owing to the Gyrobarycentric Coordinate Representation Gyrocovariance The- 
orem 4.6, p. 90, the left gyrotranslated point, GA2@P, of P by GAz is the inter- 
section point of the two left gyrotranslated gyrolines (GA2®A3)(GA2@P3) and 
(CA26F1)(GA29 F3). 

Following Theorem 4.6, the left gyrotranslations of points A3, P3, F\, F3, and P 
by GA? are: 


CA2@GA3 = a73, 
V5 sina, 
SCAG P3 = = —— a7) =:¢1a21, 
Y12 SMa) + sina 
a2 
Vag Ole 
SCA2GF, = a3 =! c2423, 
cot 3 + yy; cot (7.179) 
2) 
Y,5 cot = 
SCA2GF3 = 2 a a2] =: c3821, 


2, Oy 
Vj cot + cots 


MY 17421 + M3 73.823 
SCAIGP = : =! cqa2) + ¢5a23, 
MY}. + M2 + M3Y53 


where we use the standard gyrotriangle index notation, shown in Fig. 6.1, p. 128, 
and in (6.1), p. 127. 
The Euclidean straight line L; that passes through the points 


OA2BA3, CALBP3 €R; CR" (7.180a) 


L, = (QA2@A3) + {—(CA2@A3) + (CA2@ P3) }t1 
= a3 + (—a93 + €1 821 )t (7.180b) 


where ft € R is the line parameter. 
Similarly, the Euclidean straight line Lz that passes through the points 


OA2@Fi, CA2OF3 € Ri CR" (7.18 1a) 
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Fig. 7.16 An Unlikely Concurrence. The two points A; and A2 of Fig. 7.15 are interchanged in 
this figure. As opposed to Fig. 7.15, here the point of concurrence, P, lies on the interior of its 
reference gyrotriangle A; A2A3 


is 
Lz = (GA2@F)) + {-(CA2@F1) + (CA2BF3)} 0 


= €72423 + (—c2a23 + €3a21 fo (7.181b) 


where f2 € R is the line parameter. 

The point GA2®P = c4a21 + c5a23 lies on each of the two lines L; and L2, 
which are coplanar and nonparallel. Hence, there exist ¢},9 and f2,9 of the line pa- 
rameters f; and f2, respectively, such that 


c4ag1 + c5a23 — {a23 + (—az3 + c1a21)t } =0, (7.4182) 
c4a1 + c5a23 — {c2a73 + (—c2a23 + c3a21)t2} =0. 


Substituting cx, k = 1,...,5, from (7.179) into (7.182), we obtain two vector 
equations of the form 


c11421 + 12423 = 9, 
(7.183) 
c21a21 + c22a23 = 0. 


The two gyrovectors a2; and a3 in R’, considered as vectors in R”, are linearly 
independent in R” since the set S = {A1, Az, A3} is pointwise independent. Hence, 
the two vector equations in (7.183) are equivalent to the following four scalar equa- 
tions, 


Ci = C12 = C21 = C22 = 0 (7.184) 


for the five unknowns fy.9, kK = 1,2, and mz, k = 1, 2,3. 
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Two of the resulting four equations admit a solution for ¢) 9 and f2,9. These are 
substituted into the remaining two equations, simplifying them into two equations 
for the three unknowns m;, k = 1, 2,3. The latter, in turn, determine the unknowns 
m,/m3 and m2/m3 uniquely. Keeping in mind that gyrobarycentric coordinates 
are homogeneous, by definition, resulting convenient gyrobarycentric coordinates 
(m1 :m2:m3) for the point P in (7.178) turn out to be 


a3. C« 
m, = cot — sina], 
2 
a3, 
m2 = cot > sina, (7.185) 
a2. Qa). a2 Qa) 
m3 = cot — sina — cot — sina, = 2 cos* — — cos? — }. 
2 2 2 2 


By (4.15), p. 88, the constant mpg of the gyrobarycentric coordinate representation 
(7.178) of P is, in general, given by 


mo = mi + ms + m3 + 2(mim2y,. +mm3713 +m2M3Y>3). (7.186) 


In order to express (7.186) gyrotrigonometrically, we substitute into (7.186) (i) the 
gyrobarycentric coordinates from (7.185), and (ii) the gamma factors from (7.142), 
p. 187, obtaining the elegant equation 


(cos a2 + cosa cos a3)? + sin? ay(1+ cos.a3)? 


+2 a3 
sin” = 


(7.187) 


2 
Mo = 


which demonstrates that mo > 0 for the gyrobarycentric coordinate representation 
(7.178) of P €R” with respect to any gyrotriangle A; A2A3 in R?. 

According to Corollary 4.9, p. 93, the point P € IR” with the gyrobarycentric co- 
ordinate representation (7.178) lies in the ball IR? if and only if the squared constant, 
mo, of the representation is positive. It is, therefore, interesting to realize that mo in 
(7.187) is always positive, so that the point P in (7.178) and in Fig. 7.15 lies in the 
ball (or, in the disc, if n = 2, as in Fig. 7.15) for any reference gyrotriangle A; A2A3 
in R’. 

The gyrobarycentric coordinates m, and m2 of P in (7.185) are always positive. 
The third gyrobarycentric coordinate, m3, of P in (7.185) equals 0 if and only if 
a) = a2. Otherwise, if m3 > 0 for gyrotriangle A;A2A3, as shown in Fig. 7.15, 
then, necessarily, m3 < 0 for gyrotriangle Az A 1 A3, as shown in Fig. 7.16. It is clear 
from (7.185) that interchanging the vertices A; and A2 of gyrotriangle A2A;A3 
results in the change of the sign of m3. Accordingly, as stated in Corollary 4.10, 
p. 94, The point P lies on the interior of gyrotriangle A; A2A3 in Fig. 7.15, and on 
its exterior in Fig. 7.16. 
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Applying Theorem 4.6, p. 90, to P in (7.178) with X = GA, and X = GAp, 
respectively, we obtain the following two equations: 


MIYSA@At TM2V eA @Ay i M3Veai@A3 _ M1 FM2YV 12 +3713 
mo mo 


YeAi@P = 


= MIYeA,@A + M279 43,@A) + M376 A3@A3 _— MY 13 + M2V73 +3 
Yea3oP = = , 


mo mo 
(7.188) 


where mo is given gyrotrigonometrically by (7.187) 

In order to express (7.188) gyrotrigonometrically as well, we substitute into the 
numerators of the extreme right-hand sides of (7.188) (4) the gyrobarycentric coor- 
dinates from (7.185), and (ii) the gamma factors from (7.142), p. 187, obtaining the 
following two results, to which we add a third result taken from (7.142), p. 187: 


tan 
XY = 72M 
eAieP 2 sina 
cosa@2 + cosa; cosa3z | 
fekee= ’ (7.189) 
eee sin? 3 mo 


COS Q@2 + COS 1 COS Q3 


Yeaieas — Y13 = sina sin a3 
It is clear from (7.189) that the three gamma factors in (7.189) are related by the 
equation 


YoA @PYOA3@P = YOA@A3° (7.190) 


Equation (7.190), in turn, is equivalent to the condition that gyrotriangle A; PA3 in 
Figs. 7.15—7.16 is right, with the right gyroangle at P, as indicated in Figs. 7.15- 
7.16 and stated in Theorem 6.13, p. 143. 

The surprising coincidence described in this section, illustrated by Figs. 7.15- 
7.16, remains invariant in form under the Euclidean limit s — oo, so that it is valid in 
Euclidean geometry as well. This coincidence in Euclidean geometry is considered 
as an “unlikely concurrence” [26, p. 31]. Here, in the context of hyperbolic geome- 
try, we have an additional surprise: The point of concurrence, P, in Figs. 7.15—7.16, 
always lies in the ball RY unlike, for instance, the gyrotriangle circumgyrocenter and 
orthogyrocenter, which sometimes do not exist in the ball as shown, for instance, in 
Fig. 7.21, p. 212. 


7.16 Gergonne Gyropoint 


Definition 7.21 (Gergonne Gyropoint) Let A;A2A3 be a gyrotriangle in an Ein- 
stein gyrovector space (R’, ©, ®) and let Fy, k = 1,2, 3, be the tangent point in 
which the ingyrocircle of the gyrotriangle meets the gyrotriangle side opposite to 
Ax, Fig. 7.14. The gyrotriangle vertices A; and the gyrotriangle points of tangency 
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F, form the three gyrolines A; Fy that are concurrent. Owing to analogies with Eu- 
clidean geometry, this point of concurrency, Ge, is called the Gergonne gyropoint 
of the gyrotriangle. 


Let the Gergonne gyropoint G, of gyrotriangle A; A2A3 in an Einstein gyrovec- 
tor space (R’, ®, ®), Fig. 7.14, be given by its gyrobarycentric coordinate repre- 
sentation with respect to the set S = {A1, A2, A3} of the gyrotriangle, 


ae my, Aitmoy, Az +msy, A3 sabi 
MAY MAY yk BY, , 


where the gyrobarycentric coordinates (m, :m2:m3) of Ge in (7.191) are to be 
determined. 

Left gyrotranslating gyrotriangle A;A2A3 by OA, the gyrotriangle becomes 
gyrotriangle O(GA;@A2)(GA1@A3), where O = GA; @A, is the arbitrarily se- 
lected origin of the Einstein gyrovector space (R’, 6, ®), O = (0,0,..., 0). The 
gyrotriangle tangent points F,, k = 1, 2,3, are left gyrotranslated as well, becom- 
ing, respectively, 6A1@ Fx, which are given by (7.175a), (7.175b), (7.175c). 

Similarly, the gyrotriangle Nagel gyropoint of the left gyrotranslated gyrotriangle 
becomes P = ©A1Q@Ge, given by 


P=O0A1@G- 
M2Y 54,04, (CA1@Az2) A BUY (GA1@A3) 


MY =r DY a gag MAY a. toy 


—_ M2Y;2412 + M3Y)3813 


(7.192) 


MI FM2YV1y + M3Y13 


1. The tangent point GA;@F and the vertex O = GA\@GA\ = (0,0,..., 0) of 
the left gyrotranslated gyrotriangle O(GA1®@A2)(GA1@A3) form the Euclidean 
line 


(7.193) 


a a 
cot F412 412 + cot F713813 )s 
1 


L) =(GA1OF))h = ( oe oa 
Oke hier Bako His 


as we see from (7.175a), where f; € R is the line parameter. 
2. The tangent point 0A @ F2 and the vertex aj2 = GA @A? of the left gyrotrans- 
lated gyrotriangle O(GA1®@A2)(OA1@A3) form the Euclidean line 


Lz = (CA) @A2) + (—(CA1@A2) + (CAI @F2)) fp 


cot Sy ai3 
=an+( paces 2A no (7.194) 
cot = + cot +713 


as we see from (7.175b), where tz € R is the line parameter. 
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3. The tangent point ©A;@F% and the vertex a;3 = GA; @A3 of the left gyrotrans- 
lated gyrotriangle O(GA1®@A2)(GA1@A3) form the Euclidean line 


L3 = (GA1@A3) + (—(CA1@A3) + (CAIOFS)) 5 


(7.195) 


a 
cot +1712 )s 


=ai3+ ( a33+ —;> 
2 a1 
Gots Fook 8 


as we see from (7.175c), where f3 € R is the line parameter. 


Since the point P lies on each of the three lines Lz, k = 1, 2, 3, there exist values 
tx,o of the line parameters ty, k = 1,2, 3, respectively, such that 


p (Saree trie, F 

1,0 = ? 

a3 a2 , 
cot aVi2 + cot 3V13 


cot“y, a 
P—ay (-an+ 2 M343 Jno=0, (7.196) 


as ay 
cot > + cot +713 


cot ay aj2 
P—aj3 ( ai3+ a eke” Fi 3.9 =0, 
Soh reels Hie 


where P is given by (7.192). 

The system of equations (7.196) was obtained by methods of gyroalgebra, and 
will be solved below by a common method of linear algebra. 

Substituting P from (7.192) into (7.196), and rewriting each of the resulting 
equations as a linear combination of aj2 and a ;3 equals zero, one obtains the fol- 
lowing homogeneous linear system of three gyrovector equations 


C1412 + c12a13 = 9, 
€21€12 + €22a13 = 9, (7.197) 


c31a12 + ¢32a13 = 0, 


where each coefficient cjj, i = 1,2,3, j = 1,2, is a function of the gyrotriangle 
parameters 7,5, 713, 3 and ax, and the six unknowns fg, and mz, k = 1, 2, 3. 

Since the set S = {Aj, Az, A3} is pointwise independent, the two gyrovectors 
aj2 = OA|@A? and aj3 = OA1@A3 in R4, considered as vectors in R”, are linearly 
independent in R”. Hence, each coefficient c;; in (7.197) equals zero. Accordingly, 
the three gyrovector equations in (7.197) are equivalent to the following six scalar 
equations, 


C1 = C12 = C21 = C22 = C31 = 032 = 0 (7.198) 


for the six unknowns f;.9 and mz, k = 1, 2, 3. 
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An explicit presentation of the resulting system (7.198) reveals that it is slightly 
nonlinear. However, it is linear in the unknowns 11,0, f2,0, 3,90. Solving three equa- 
tions of the system for f1,0, f2,0, £3,0, and substituting these into the remaining equa- 
tions of the system we obtain a system that determines the ratios m,/m3 and 
m2/m3 uniquely, from which convenient (homogeneous) gyrobarycentric coordi- 
nates (m1 :mz2:m3) are obtained. The unique determination of m,/m3 and m2/m3 
turns out to be 

m,  cotS 


m3  cotS’ 
(7.199) 
m2 _ cot = 
m3 cot? 
from which two convenient gyrobarycentric coordinates result. These are: 
(m, :m2:m3) = | cot ni cot = :cot al cot = : cot ae cot we (7.200) 
2 2 2 2 2 2 
and, equivalently, 
ay a2 a3 
: : =(t it at : 7.201 
(m1 :mz:m3) («un a in) ( ) 


Formalizing the main result of this section, we have the following theorem: 


Theorem 7.22 Let A,A2A3 be a gyrotriangle in an Einstein gyrovector space 
(Ri, ®, ®). A gyrotrigonometric gyrobarycentric coordinate representation of the 
gyrotriangle Gergonne gyropoint Ge, Fig. 7.14, p. 192, is given by 


tan Fy, Aittan Sy, Ao ttanZy, A3 
Ge= ran 21 an 2 man ‘ (7.202) 
ana, + ag F an FY 4, 


Proof The proof follows immediately from (7.191) and (7.201). 
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The hyperbolic triangle orthocenter, H, shown in Fig. 7.17, is called in gyrolan- 
guage a gyrotriangle orthogyrocenter. 


Definition 7.23 The orthogyrocenter, H, of a gyrotriangle is the point of concur- 
rency of the gyrotriangle gyroaltitudes. 
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The three feet, P;, P) and P3 of the three gyroaltitudes of gyrotriangle A; A2A3 
in an Einstein gyrovector space (IR, 6, ®), shown in Fig. 7.17 for n = 2, are given 
by 


, (11323 — Vi2)V4, 42 + (M12 %23 — 113) Y 4,43 
1= - 


(Via vos = ViadVi, * Viavas = Vis Ya, 


(713 %23 — Vi2)V%4, Al + M12%13 — M3) V4, 43 
P= - aa : a (7.203) 
(Via Vea — Via)¥a, + Oiavis — Ya) 4, 


(V2 ¥23 — V13) V4, AL + M2 M13 — %03)% 4, A2 
(M12%3 — Visa, + M12%13 — Y23)V 4, ) 


P3 


The third equation in (7.203) is a copy of (7.119). The first and second equations 
in (7.203) are obtained from the third one by cyclic permutations of the vertices of 
gyrotriangle A; A2A3. 

Gyrotriangle gyroaltitudes are concurrent. The gyroaltitudes of gyrotriangle 
A; A2A3 in an Einstein gyrovector space (R?, ©, ®), shown in Fig. 7.17 for n = 2, 
are the gyrosegments A, P}, Az P2, and Aj P3. Since gyrosegments in Einstein gy- 
rovector spaces coincide with Euclidean segments, one can employ methods of lin- 
ear algebra to determine the point of concurrency, that is, the orthogyrocenter, of the 
three gyroaltitudes of gyrotriangle A; Az A3 in Fig. 7.17. 

In order to determine the gyrobarycentric coordinates of the gyrotriangle orth- 
ogyrocenter in Einstein gyrovector spaces we begin with some gyroalgebraic ma- 
nipulations that reduce the task we face to a problem in linear algebra. 

Let the orthogyrocenter H of gyrotriangle A; A2A3 in an Einstein gyrovector 
space (R?, ®, ®), Fig. 7.17, be given in terms of its gyrobarycentric coordinate 
representation with respect to the set S = {A1, Az, A3} of the gyrotriangle vertices 
by the equation 


my, Ai +moy, Ar +msy, As 


(7.204) 
PAY NEY BY 


where the gyrobarycentric coordinates (m, :m2:m3) of H in (7.204) are to be 
determined. 

Left gyrotranslating gyrotriangle A;A2A3 by GAj, the gyrotriangle becomes 
gyrotriangle O(GA|@A2)(GA1@A3), where O = GA @A is the arbitrarily se- 
lected origin of the Einstein gyrovector space R’. The gyrotriangle gyroaltitude feet 
P,, P2 and P3 become, respectively, GA1@P1, GA1@P2 and GA @P3. These are 
calculated in (7.205a), (7.205b), (7.205c) below. Employing the Gyrobarycentric 
Coordinate Representation Gyrocovariance Theorem 4.6, p. 90, we have from Iden- 
tity (4.29a), p. 91, with X = OA}, using the standard gyrotriangle index notation, 
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P3 


hj = OA3@P3, hg = ||bs|| 


P13 = OA SPs, P13 = ||P13 || 


p23 = OA20P3, P23 = ||P23 || 


Fig. 7.17 The orthogyrocenter H of a gyrotriangle A; A2A3 in an Einstein gyrovector space 
(R?, ©, ®). Here the orthogyrocenter lies inside its gyrotriangle. There are gyrotriangles with 
their orthogyrocenter lying out of their gyrotriangles, and there are gyrotriangles that possess no 
orthogyrocenter, as shown in Figs. 7.18—7.21 


shown in Fig. 7.17, in Fig. 6.1, p. 128, and in (6.1), p. 127: 


OA@OP| 


(43 23 Vi2)V 4, Ad+ 2 Y23 V13)Y 4, A3 


= CA1® 
(13 Y23 — Nia)Va, + Y2¥e3 — Nia) Va, 


_ (43 Y23 — Via V shea (GA1BA2) + (%419 Y23 Viz) Yeaeas (GA1@A3) 
(113. %23 — Vie aipaas + (%412%23 - Vis) Yeasesas 


_ (113 ¥23 — M42) 712812 + (%4.2%23 = 113)713.813 
(113 %23 — Via) M12 + M2%3 — M13) V3 
OAI@OP2 


; (7.205a) 


(43 V3 — Vi2)V 4, Ai+ 2 Y13 7 Y23)¥ 4, A3 
(V13 ¥23 — Yi2)¥4, + Yi2Vi3 — Yea) Va, 


=O0AI® 


(Yo V3 7 23) ¥sas@ay (OA1@A3) 


(Y13%23 — Yio) + M12%13 — Y23) Yea rey 
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_ (%12%13 — ¥23) 713413 (7.205b) 


(%13%3 — Yi) + M42%13 — Yo3) M13 
OA @P3 


(12 %3 = Vi3)¥4, Ai + (WW2%13 = Y23)¥4, Ad 


= CA1® 
(Yi2%03 — V13)V4, + N12%13 — Y23) Va, 


(Yo Y¥237 a3) Vsavtas (OA) @A2) 


(Y12¥%03 — M13) + M1213 — %23) Vesey 


7 (12% 13 — Y23)Yi2812 (7.205¢) 


(Y12%23 — Via) + N2¥%13 — Y23) Yi2 


Note that, by Definition 4.5, p. 89, the set of points S = {A, Az, A3} is pointwise 
independent in an Einstein gyrovector space (R’, ®, ®). Hence, the two gyrovectors 
aj2 = OA1@A?2 and ay3 = OA) BA3 in R? C R" in (7.205a), (7.205b), (7.205c) are 
linearly independent in R”. 

Similarly to the gyroalgebra in (7.205a), (7.205b), (7.205c), under a left gyro- 
translation by GA, the orthogyrocenter H in (7.204) becomes 
M2V 54,64, (GAIBA2) + msy 


bie’ 


©CA1@A3) 


CA1OH = 


LTV 4 ody YS) ahyeas 


_ M2Y12412 + M3Y,3413 
M1 +M2Y1y +M3V13 


(7.206) 


The gyroaltitude of the left gyrotranslated gyrotriangle O(6A1®A2)(GA1BA3) 
that joins the vertex 


CA1GA1 =O=0 (7.207) 


with the gyroaltitude foot on its opposing side, P;, as calculated in (7.205a), 


(43 Y23 V2) 12812 (Y12 23 ¥13)713813 


CA OP, = (7.208) 
(%13%3 — Yi2dVi2 + M2%3 — Y13)V%i3 
is contained in the Euclidean line 
L;=O+ (-O + {OA @P}})t 
_ (713 Y23 = V2) 12812 + (M1223 = V13)¥13813 h. (7.209) 


(%13%23 — Vio) M12 + M12%23 — M13)V13 


where t; € R is the line parameter. This line passes through the point O = 0 € R? c 
IR” when f; = 0, and it passes through the point ©A;@P; when ft; = 1. 
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Similarly to (7.207)-(7.209), the gyroaltitude of the left gyrotranslated gyrotri- 
angle O(G@A1@A2)(GA1 @A3) that joins the vertex 


OA PA2=a12 (7.210) 
with the gyroaltitude foot on its opposing side, P2, as calculated in (7.205b), 


(112713 — %23) 713413 


OAIOP2 = (7.211) 
(113%23 — 12) + M12%13 — Y23)%13 
is contained in the Euclidean line 
Lz =ay2 + (—ai2 + {CAI @Po})t 
_ a 
=an+(-an+ Cats ts _—__,, 7.21) 
(%13%23 — Yi) + M2%13 — Y23) M13 


where f2 € R is the line parameter. This line passes through the point aj2 € R/C R” 
when fz = 0, and it passes through the point GA; @ P2 when f2 = 1. 
Similarly to (7.207)-(7.209), and similarly to (7.210)-(7.212), the gyroaltitude 
of the left gyrotranslated gyrotriangle O(6A1®A2)(GA1@A3) that joins the vertex 
CA1@A3=a13 (7.213) 
with the gyroaltitude foot on its opposing side, P3, as calculated in (7.205c), 


(Y12%13 — Y23) V2 912 


OA @P3 = (7.214) 
(Yy2%23 — Vi3) + M1213 — Y23) M12 
is contained in the Euclidean line 
L3 = a3 + (—a13 + {OA1@P3})h3 
_ a 
=ai3 + ( ais + (r2¥i3 ~ ¥23)71282 rn (7.215) 
(Y12%3 — Via) + M12%13 — Y23) 12 


where f3 € R is the line parameter. This line passes through the point aj3 € RY Cc R” 
when f3 = 0, and it passes through the point 6A1@P3 € R? C R” when #3 = 1. 

Hence, if the orthogyrocenter H exists, its left gyrotranslated orthogyrocenter, 
—CAIOH, given by (7.206), is contained in each of the three Euclidean lines L;, 
k = 1,2, 3, in (7.209), (7.212) and (7.215). Formalizing, if H exists then the point 
P, (7.206), 


M2Y 17412 + M3Y)3413 
Mm, FM2V1, +M3Y13 


P=0CA\0@H = 


(7.216) 
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lies on each of the lines L;, k = 1, 2, 3. Imposing the normalization condition m, + 
mz +m3 = | of gyrobarycentric coordinates, (7.216) can be simplified by means of 
the resulting equation m,; = 1 — mz — m3, obtaining 


M2Y 17 A12 + IMN3ZY 13413 


P=0A,\;@H= 
1+m2(Yj — 1) +m3(Y43 — 1) 


(7.217) 


Since the point P lies on each of the three lines L;, k = 1, 2, 3, there exist values 
tx,o of the line parameters t,, k = 1,2, 3, respectively, such that 


(113 23 V2) ¥42 812 + (12 23 713)¥13413 
P tio =0, 


(%13%3 — Yi2dVi2 + M2¥%23 — M13) Vi3 


(12V13 — Yo3)%13813 
(%13%23 — Yi2) + M2%13 — Yo3)Vi3 


P—ay (-an+ Jno=0, (7.218) 


(W213. — Y23)¥ 19412 
P ay3 ( ay3+ 12713 237712 13,9 =0. 


(Y12%23 — Via) + M2%13 — Y23) Vi2 


The kth equation in (7.218), k = 1,2, 3, is equivalent to the condition that point P 
lies on line Lx. 

The system of equations (7.218) was obtained by methods of gyroalgebra, and 
will be solved below by a common method of linear algebra. 

Substituting P from (7.217) into (7.218), and rewriting each equation in (7.218) 
as a linear combination of a;2 and aj3 equals zero, one obtains the following linear 
homogeneous system of three gyrovector equations 


c11ai2 +¢12a13 = 9, 
€21a12 + €22a13 = 0, (7.219) 


c31a12 + ¢32a13 = 0, 


where each coefficient c;j, i = 1,2,3, 7 = 1,2, is a function of y,,, V13> Y23> and 
the five unknowns m2, m3, and ty 9, k = 1, 2, 3. 

Since the set S = {Aj, Az, A3} is pointwise independent, the two gyrovectors 
aj2 = OA1@A? and aj3 = OA; @A3 in R4, considered as vectors in R”, are linearly 
independent in R”. Hence, each coefficient c;; in (7.219) equals zero. Accordingly, 
the three gyrovector equations in (7.219) are equivalent to the following six scalar 
equations, 


CH = C12 = €21 = C22 = €31 = €32 =O (7.220) 


for the five unknowns m2, m3 and tx.9, kK = 1, 2, 3. 
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Explicitly, the six scalar equations in (7.220) are equivalent to the following six 
equations: 


(271271323 — Via — Vis)m2 
— (1323 — Vig) — m2 — m3 + yj2m2 + ¥13m3)t1,.0 = 0, 
(2712713923 — Via - vi3)m3 
— (%12%23 — V3) — m2 — m3 + Y;ym2 + ¥;3m3)t1,0 = 0, 
1 — m2 —m3 + ¥,3m3 — (l— m2 — m3 + yj42m2 + ¥,3m3)t2,0 = 0, 
Y12 (vis _ 1)m3 — (%12%13 — ¥23) 1 — m2 — m3 + yj2mM2 + ¥13M3)t2,0 = 9, 
V3 (vi3 — 1)mz = (42713 — ¥23) A — mz — m3 + YynM2 + ¥433)13,0 = O, 


1—m2—m3+ Yj2M2 — (1 —m2—m3+ Yigm2 + 7133)t3,0 =0. 
(7.221) 


The system (7.221) is slightly nonlinear. It is, however, linear in the unknowns 
t1,0, 12,0, 13,9. Solving three equations of the system for f1,0, f2,0, f3,0, and substitut- 
ing these into the remaining equations of the system determine the ratios m2/m, 
and m3/m, uniquely, from which convenient (homogeneous) gyrobarycentric coor- 
dinates (mj, : m2: m3) are obtained. A solution of (7.221) is given by (7.222) and 
(7.224) below: 

The values of the line parameters are 


2 2 
= (M12%13 — Y23) 2%12%13%23 — Vio — Vi3) 


11,0 2 ae 
¥12%13 1 + 2%49%13%23 — Vi2 — Via) 


(vi3 — DM 2%3 = Vi3) 
ace 2 ay 
131 + 274913 %3 — Vi2 — Via) 


tr,0 (7.222) 


es (Vip — DM3%3 = Via) 
, aan 2 2 9 
V2 + 274913 %23 — Vi2 — Via) 


where 
1+ 2719%13%23 — Vio _ Viz >0 (7.223) 
by (6.28), p. 136. 
The gyrobarycentric coordinates (m1, m2,m3) are given by 
1 
m= p vi2%23 — %13)(113%23 — Vi2)> 


1 
m2 = 7 "2 Y13 -_ 93 )(%43 Y23 _ V12)> (7.224) 


1 
m3 = Fy M1223 — ¥13) V12¥23 — M13) 
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satisfying the normalization condition m, + m2 -+m3 = 1, where D is the determi- 
nant 


_ |%12%23 — Y13 —(113%3 — Viz) 


D (7.225) 


M12%13 — 23. (M12%13 — Y23) + (M13 %23 — V2) 


or, equivalently, 
D = (11323 — Y12)(M12%23 — M13) + 113 %3 — Viz) (M12%13 — Y23) 


+ (12 %23 — ¥13) (M1213 — Y23)- (7.226) 


Following (7.224), convenient gyrobarycentric coordinates of the gyrotriangle 
orthogyrocenter H are given by the equation 


(m1 : m2: m3) = (C12C13 : C12C23 : C13C23) (7.227) 
or, equivalently, by the equation 


(m:mgima) = (G2: £2 :1) (7.228) 
ae C23 C13 : 


where 
C12 = 7%13Y23 — V2» 
C13 = %12%23 — Vi3> (7.229) 
C23 = 1213 — Y23- 


Accordingly, the gyrobarycentric coordinate representation of the orthogyrocen- 
ter H of gyrotriangle A; A A3 with respect to the set of the gyrotriangle vertices is 
given by the equation 


is Ci2C13¥4, At + C12C23 7,4, A2 + C13C23 7,4, A3 


(7.230) 
C12C13¥4, + C12C2374, + Ci3C23 74, 
Substituting from (7.147), p. 188, into (7.229), we have 
C2 - tana), 
C23 > tan a3 , 
(7.231) 
C2 - tana2 
C13 7 tana; 
Hence, the gyrobarycentric coordinates of H in (7.228) can be written as 
tana; tana 
(m1, :m2:m3) = ( : : i) (7.232) 
tana3z tana3 
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which are, in turn, equivalent to the gyrobarycentric coordinates 
(m,:m2:m3) = (tana, : tana? : tana3). (7.233) 


Interestingly, the gyrotrigonometric gyrobarycentric coordinates (7.233) of the 
gyrotriangle orthogyrocenter H are identical in form with trigonometric barycentric 
coordinates of the triangle orthocenter in Euclidean geometry, as we see from [29]. 

Following (7.227) and the definition, Definition (4.5), p. 89, of the constant mo, 
(4.27), of a point P with a gyrobarycentric representation, the constant mo of the 
gyrotriangle orthogyrocenter H in (7.230) with respect to the set of the gyrotriangle 
vertices is given by the equation 


ms = my + ms + my + 2mm, + 2m m3y,3 + 2m2M3/3 
1 
=5 fi(fi +f), (7.234) 


where f| and f2 are factors given by 


2 2 2 
fi =14+ 2712713 %23 — Vi2 — Via — 133 


= 2(%12%13%3 — VD) (vis 1) (v3 1) (733 1), (7.235) 


f2 = 201121323 ij (vi 1)’ (v3 1) (133 iy 


Since f; > 0, by (6.23), p. 135, the constant mo in (7.234) is positive, zero, or 
negative if and only if ci + fo is positive, zero, or negative, respectively. Hence, 
equivalently, the constant ms in (7.234) is positive, zero, or negative if and only if 
f ic - fea is positive, zero, or negative, respectively. Expressing of gamma factors of 
sides of gyrotriangle A;A2A3 in terms of the gyrotriangle gyroangles by (7.142), 
p. 187, we have 


i, _ eG = {cos ay cos” a2 + cos* Oy] cos* a3+ cos* a2 cos” 3 


+2 cosa COS @2 COS a3 (cos* a) + cos” a2 + cos” a3) 


+ 3.cos” a cos” (%) cos” a3} Q, (7.236) 
where Q is a positive valued function of cosaz, k = 1, 2,3. 

Hence, the constant ms in (7.234) is positive, zero, or negative if and only if f3 
is positive, zero, or negative, respectively, where 


B= cos” ay cos” a2+ cos” Q{ cos” a3+ cos* a2 cos” a3 


2 


+2cosa; cosa cosa cos” a + cos? @ + cos” a3 
1 2 3 1 2 a 


+3cos* ay cos” a2 cos” 3. (7.237) 
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Py 
P, 


Ad 


P. 
Ay - 


Fig. 7.18 The gyroaltitudes, and the orthogyrocenter H, of a gyrotriangle A; Az A3 in an Einstein 
gyrovector space. Case I: The orthogyrocenter H lies inside the acute gyrotriangle. Gyrobarycen- 
tric coordinates (m1 : m2: m3) of the orthogyrocenter H relative to the set {A1, Az, A3} of the 
gyrotriangle vertices, given by (7.233), are all positive so that mi, > 0 in (7.234), in agreement 
with Corollary 4.10, p. 94 


Fig. 7.19 The gyroaltitudes, and the orthogyrocenter H, of a gyrotriangle A; A2A3 in an Ein- 
stein gyrovector space. Case II: The orthogyrocenter H lies outside the obtuse gyrotriangle. One 
of the gyrobarycentric coordinates (m1 : m2: m3) of the orthogyrocenter H relative to the set 
{A1, Az, A3} of the gyrotriangle vertices, given by (7.233), is negative and the other two are posi- 
tive, in agreement with Corollary 4.9 


According to Corollary 4.9, p. 93, if mo > 0 then gyrotriangle A;A2A3 pos- 
sesses a orthogyrocenter H. The orthogyrocenter H lies in the interior of gyrotri- 
angle A; A2A3 if and only if gyrobarycentric coordinates of H are all positive or 
all negative. The gyrotriangle A;A2A3 does not have a orthogyrocenter H when 
mé, < 0 in (7.234). When m¢ = 0, the point H lies on the boundary of the ball R”, 
and when mo < 0 the point A lies outside of the ball, as shown in Figs. 7.18-7.21. 
Indeed, 


1. f3 > 0 for gyrotriangle A; A2A3 in Figs. 7.17, p. 204, and 7.18—7.19 
2. £3 =0 for gyrotriangle A; A2A3 in Fig. 7.20, p. 212; and 
3. f3 <0 for gyrotriangle A; A2A3 in Fig. 7.21, p. 212 


Formalizing the main result of this section, we have the following theorem: 
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Fig. 7.20 A gyrotriangle 

A A243 that does not 
possess an orthogyrocenter H 
in an Einstein gyrovector 
plane (R2, ®, ®). The point 
H € R" lies on the boundary 
of the ball R? C R”. 
Accordingly ms =0Oin 
(7.234), in agreement with 
Corollary 4.9, p. 93 


Fig. 7.21 A gyrotriangle 

A ,A2A3 that does not 
possess an orthogyrocenter H 
in an Einstein gyrovector 
plane (R?, ©, @). The point 
H € R” lies outside of the 
ball IR? Cc R”. Accordingly 
mj, < 0 in (7.234), in 
agreement with Corollary 4.9, 
p. 93 


Theorem 7.24 (The Orthogyrocenter) Let S = {A,, Az, A3} be a pointwise inde- 
pendent set of three points in an Einstein gyrovector space (R., ®, ®). The orthogy- 
rocenter H, see Figs. 7.18—7.21, of gyrotriangle A, A2A3 has the gyrobarycentric 
coordinate representation 


my, Ai +m2y, Az +msy, A3 mes 
H= = : 
Hy NY PUNY 


with respect to the set S = {Aj, Az, A3}, with gyrotrigonometric gyrobarycentric 
coordinates given by each of the two equations 


(m1 :m2:m3) = (tana, : tana? : tana3) (7.239) 
and 
M1 = (V2 V23 — V3) (M13 ¥23 — Via)» 
m2 = (%12%13 — ¥23)(%13%23 — Vi2) (7.240) 


m3 = (%12V23 — M13) (M12 %23 — Y13)- 


The existence of the gyrotriangle orthogyrocenter H is determined by the squared 
orthogyrocenter constant me with respect to the set of the gyrotriangle vertices, 
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mo = tan’ ay + tan? a2 + tan? a3 
+ 2(tanay tanozy,, + tana, tana3y,3 + tana tana37>3) 


= {cos ay cos” a2 + cos” ay cos” a3 + cos” a2 cos” a3 


+ 2cosa@, cosa@7 cos a3 (cos? ay + cos” a2 + cos” a3) 
1 


; — (7.241) 
COS* Q@] COS* @2 COS* 3 


+3.cos* a cos” a2 cos” a3} 


The gyrotriangle orthogyrocenter H exists if and only if mo > 0. Furthermore, the 
gyrotriangle orthogyrocenter H lies on the interior of its gyrotriangle if and only if 
tana, > 0, tana2 > 0 and tana3 > 0 or, equivalently, if and only if the gyrotriangle 
is acute, see Figs. 7.18-7.21. 


The gyrotrigonometric gyrobarycentric coordinates (7.239) remain invariant in 
form under the Euclidean limit s — ov, resulting in the following corollary of The- 
orem 7.24: 


Corollary 7.25 (The Orthocenter) Let S = {A1, A2, A3} be a pointwise indepen- 
dent set of three points in a Euclidean vector space R" . The orthocenter H of trian- 
gle A, A2A3 has the barycentric coordinate representation 


_ myAy +m2A2+m3A3 
m, +m2+m3 


H (7.242) 


with respect to the set S = {A, A2, A3}, with trigonometric barycentric coordinates 
given by 


(m1 :m2:m3) = (tana, : tana? : tana3). (7.243) 
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Let O and J be the circumgyrocenter and ingyrocenter of a gyrotriangle Aj A2 A3 in 
an Einstein gyrovector space (R’, @, ®). Their gyrobarycentric coordinate repre- 
sentations with respect to the set S = {A1, Az, A3} are, by (7.18) and (7.20), p. 158, 


my, Ait+ my ,,A2 +m3sy,, A3 


: ; ; (7.244a) 
MY, ol MV 4, + M3Y 4, 
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where the gyrobarycentric coordinates m,, k = 1, 2,3, are given by 


; . {(—-a1+a2+03)\ . 
m', =sin ee sina, 


my = sin( A= 285) sinwp, (7.244b) 


r . (a +ag-—a3\ , 
m = sin} —————— ] sina, 
2 


and, by (7.75), p. 172, and Theorem 7.12, p. 178, 


7 my, Ai +moy, A2+msy, A3 


(7.245a) 
OLY + mY ay a TOY 
where the gyrobarycentric coordinates m;, k = 1, 2,3, are given by 
Mm, = sin a1 ; 
m2 = sina, (7.245b) 


m3 = sina3. 


Hence, by (4.121), p. 113, 


Yoo! = ae {(mim5 + m\m2)/1> + (mm, + m\m3)/13 
0 


+ (mm, + mM M3) V3 + mm + mam + m3m}}, (7.246) 
where, by (4.118b) and (4.119b), p. 112, mo > 0 and mo > 0 are given by 


mo = mi +m + m3 + 2(mim2y1 +mm3y13 +M2M3/>3), 


(m))? = On)? + nh)? + 5)? + 2G m2 + mms yy, + momo); 
(7.247) 


noting that always mo > 0; and that (mp)? > 0 if and only if gyrotriangle A, A2A3 
possesses a circumgyrocenter. 

Substituting (7.244b) and (7.245b) into (7.246) and squaring, one obtains ¥e Oe! 
expressed in terms of the gyrotriangle gyroangles a;, k = 1,2, 3. Substituting the 
latter, in turn, into the identity, (1.9), p. 5, 


2 
a | 
|O0@1 |? = pics) ae (7.248) 


Ye0e1 


7.18 The Gyrodistance Between O and I 215 


we finally obtain the desired gyrodistance, 


2 
exexesy al 
2. 1 +02 +3 eal a a3 
= 4s“ cos 7 COS = COS = COS F 
(sina + sinarz + sina3)? cos S—-—"3 cos ALES egg ALS 
a) — a2 — a3 —a, + a2 — a3 —a, —a2+ a3 
xX COS 5 + cos > + cos rn 


3a, — a2 — 3 —a, +3a2 — 43 —a, —a2+ 303 
COs 5) COs ) i, S 


(7.249) 


Eliminating the factor s? cos arenas between (7.249) and (7.35), p. 163, we 
obtain the result (7.250) of the following theorem: 


Theorem 7.26 Let ax, k = 1,2,3, O and I be the gyroangles, circumgyrocen- 
ter and ingyrocenter of a gyrotriangle A,A2A3 in an Einstein gyrovector space 
(R"®, @). Then, 


ee eee 
joel? = an cos 2 cos 5 = 5 
(sina, + sinaz + sina3)2 
a) — a2 — a3 —a, +a2— 343 —a1 —a2+ 03 
x {COS cos cog ———_—— 
2 2 2 
3a, —a2— a3 —a, + 3a. — 43 
cos cos 
2: 2, 
—a| —a2+3a 
cos —— > i | (7.250) 


Interestingly, Equation (7.250) remains invariant in form under the Euclidean 
limit s — oo, so that the equation is valid in Euclidean geometry as well. However, 
for application in Euclidean geometry (7.250) can be simplified, owing to the fact 
that triangle angle sum in z. 

Indeed, under the condition 


a) +a2+03=7, (7.25 1a) 


we have the trigonometric identities similar to (7.22b), p. 159, 


a) — a2 — a3 . 
cos a = sina, 
(7.251b) 
3a1 — a2 — 43 : 
cos a =sin2a,,_ etc. 
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Hence, we obtain the following corollary of Theorem 7.26: 


Corollary 7.27 Let az, k =1,2,3, O and I be the angles, circumcenter and incen- 
ter of a triangle A, AzA3 in a Euclidean space R" . Then, 


)-o4ne 4R? cos $ cos 3 cos F 
=O =a : : 
(sina, + sina? + sina3)2 


x {sina + sina2 + sina3 — sin2a@, — sin2@2 — sin2a3}. 
(7.252) 


7.19 Problems 


Problem 7.1 The constant of a Gyrobarycentric Coordinate Representation: 
Derive (7.11), p. 156, from (7.10) and (7.3). 


Problem 7.2. Gyrotrigonometric Substitutions: 
Substitute from (7.13) into (7.10) to obtain (7.14), p. 156. 


Problem 7.3 Gyrotrigonometric Substitutions: 

Derive the gyrotrigonometric representation (7.34), p. 163, of the gyrotriangle cir- 
cumgyroradius R by expressing the gamma factors in (7.29), p. 162, in terms of the 
gyrotriangle gyroangles a,, k = 1,2, 3, by means of (6.33), p. 137. 

Remarkably, this task in gyrotrigonometry can straightforwardly be performed 
by Mathematica, a software for computer algebra, using commands that manipulate 
common trigonometric identities like TrigToExp, ExpToTrig, TrigReduce 
and TrigFactor. 


Problem 7.4 Show that (7.40), p. 165, holds when the three points A;, Az and A3 
in Theorem 7.5 are not distinct. 


Problem 7.5 A Gyrotriangle Gyroangle Inequality: 
Employ (7.13), p. 156, to derive Inequality (7.17), p. 157, from Inequality (7.12), 
p. 156. 


Problem 7.6 Linear Algebra: 
Provide the missing technical details in the derivation of (7.95), p. 177, from (7.89), 
p. 175. 


Problem 7.7 Gyrotriangle Gyrotrigonometric Identities: 
Verify the gyrotriangle gyrotrigonometric identities in (7.149)-(7.151), p. 188. 


Problem 7.8 Gyrotrigonometric Substitutions: 
Derive (7.187), p. 198, by substitutions from (7.185), p. 198, and from (7.142), 
p. 187. 
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Problem 7.9 Gyrotrigonometric Substitutions: 
Derive the first two equations in (7.189), p. 199, from (7.188). 


Problem 7.10 Derive (7.190), p. 199, from (7.189). 


Problem 7.11 Gyrotriangle Orthogyrocenter: 
Solve the system (7.221), p. 208, and hence derive the gyrobarycentric coordinates 
(7.224). 


Problem 7.12 Gyrotrigonometric Substitutions: 

By substitutions from (6.33), p. 137, derive the gyrotrigonometric condition /3 
in (7.237), p. 210, that determines whether the orthogyrocenter H of gyrotriangle 
A, A2A3 exists. 


Problem 7.13 Gyrotrigonometric Substitutions: 

By substitutions from (7.244b) and (7.245b) into (7.246) and squaring, express 
VE o@, im terms of the gyroangles a;, k = 1,2,3, of the reference gyrotriangle 
A, A2A3. Furthermore, substitute the latter into (7.248) to obtain the squared gy- 
rodistance ||GO@I/||* in (7.249), p. 214. 


Chapter 8 
Gyrotriangle Exgyrocircles 


Abstract Hyperbolic triangle excircles are called, in gyrolanguage, gyrotriangle 
exgyrocircles. These are determined in this chapter in terms of their gyrocenters and 
gyroradii. Their gyrocenters, in turn, are determined in terms of their gyrobarycen- 
tric coordinate representations with respect to the reference gyrotriangle. Moreover, 
relationships between the exgyroradii of a gyrotriangle exgyrocircles, and the gyro- 
triangle ingyroradius and circumgyroradius are obtained. 


8.1 Introduction 


Each gyrotriangle has an ingyrocircle, defined in Definition 7.11, p. 171, and up to 
three exgyrocircles the definition of which follows. 


Definition 8.1 An exgyrocircle of a gyrotriangle is a gyrocircle lying outside the 
gyrotriangle, tangent to one of its sides and tangent to the extensions of the other 
two, see Figs. 8.1-8.2. The gyrocenter and the gyroradius of an exgyrocircle of a 
gyrotriangle are called the gyrotriangle exgyrocenter and exgyroradius. 


Two additional gyrotriangle gyrocenters that are associated with ingyrocircles 
and exgyrocircles are the Nagel gyropoint and the Gergonne gyropoint, which are 
studied in this chapter. 


8.2 Gyrotriangle Exgyrocircles and Ingyrocircles 


In this section, we obtain gyrobarycentric coordinates for gyrotriangle exgyrocen- 
ters. Strikingly, as a byproduct we obtain gyrobarycentric coordinates for gyrotrian- 
gle ingyrocenters as well. 
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Ei: e: cos 4 + sin 2 + sin 3 0.1320 
Ex: e:=—cos3+sin$ +sin 3 = 0.1176 
E3:  e3:= —cos a + sin = + sin 2. = 0.0626 


Fig. 8.1 The gyrotriangle exgyrocircles, and exgyrocenters Ex, k = 1, 2, 3, in an Einstein gyrovec- 
tor space (R’, @, ®). Exgyrocircle with exgyrocenter Ex exists if and only if ex > 0, k = 1,2, 3. 
When e; tends to 0, Ex approaches the boundary of the ball IR’, as shown here for n = 2 


Let E be a generic exgyrocenter or ingyrocenter of a gyrotriangle A; A2A3 in an 
Einstein gyrovector space (Ri, ©, ®), shown in Figs. 8.1—8.3. Furthermore, let 


— my, Ai +m2y, Az +msy, A3 ei 
LY or OY PSY 


be the gyrobarycentric coordinate representation of E with respect to the set 
S = {A}, Ao, A3} of the gyrotriangle vertices, where the gyrobarycentric coordi- 
nates (m, :m2:m3) of E in (8.2) are to be determined in (8.13a), (8.13b), (8.13c), 
(8.13d), p. 224. 

By Identity (4.29c), p. 91, with X = GA; k = 1, 2,3, we have, respectively, 


M1YEA\@A, + ™M2VOA@Ar FM3VOAOAz — MIF M2YVjy +M3Y43 


YeA\@E — mi = mo , 
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Ey: e: cos 4 + sin 2 + sin 3 0.1084 
Ey: e,:=—cos$+sin $+ sin = —0.0091 
E3:  e3:= —cos S sinS+sinZ = 0.1583 


Fig. 8.2. Exgyrocircle with exgyrocenter Ex exists if and only if e, > 0, k = 1,2,3. When ex 
tends to 0, Ex approaches the boundary of the ball IR’, as shown here for n = 2. Indeed, e2 < 0 
and, accordingly, exgyrocircle with exgyrocenter E2 does not exist 


_ MLYEA.@A, + M2VEAI@Ad FMBVOAI@Ag _— M1Yyg FIM + M3Yy3 


YeA.®E = ini = mo , 


M1 YeA3@A1 + M2VOQA3@Ar + N3VOA3OA3 _ M113 + M223 +13 


Yea3@E = ia = mo ; 


(8.2) 


where we use the standard gyrotriangle index notation, shown in Fig. 6.1, p. 128, 
and in (6.1), p. 127, and where mo is the constant of the gyrobarycentric coordi- 
nate representation of F in (8.1) which, according to (4.29d), p. 91, is given by the 
equation 


ms = mt + ms + m3 + 2mim2y17 + 2mm3y,3 + 2m2M3/3. (8.3) 
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Ey: e: cos St + sin 3 + sin 3 = 0.1502 
Ey: e,:=—cos$+sin4 +sin S = 0.0003 
E3:  e3:=—cos ° sin S + sin 2 = 0.0694 


Fig. 8.3. Exgyrocircle with exgyrocenter Ex exists if and only if e, > 0, k = 1,2,3. When ex 
tends to 0, Ex approaches the boundary of the ball IR’, as shown here for n = 2. Indeed, e2 ¥ 0 


and. 


, accordingly, exgyrocenter E> lies close to the boundary of the disk 


. The gyrodistance of E (note that E represents each of Ex, k = 0,1,2,3, in 


Fig. 8.1) from the gyroline that passes through points A; and Ao, Fig. 8.1, is 
the gyroaltitude rj2 of gyrotriangle A; A2E drawn from base A; A>. Hence, by 
Theorem 7.17, p. 184, r12 is given by the equation 


2 2 
» _ 2% 2VeaeEVoAr@E ~ YEA\@E ~ YOA@E 
ho 5 : (8.4a) 
Yio —1 
The gyrodistance of EF from the gyroline that passes through points A; and A3, 
Fig. 8.1, is the gyroaltitude r;3 of gyrotriangle Aj A3E drawn from base A, A3. 
Hence, by Theorem 7.17, p. 184, 713 is given by the equation 


2 2 
5) 213% Ai\@EYCA@E  YOA\@E ~ YOAI@E 


= 8.4b 
a oa (8.4b) 
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3. The gyrodistance of E from the gyroline that passes through points Az and A3, 
Fig. 8.1, is the gyroaltitude r23 of gyrotriangle A2A3E drawn from base A2A3. 
Hence, by Theorem 7.17, p. 184, r23 is given by the equation 


2 2 
2 293% A@EYOA@E  YOA@E~ YOA3OE 


= 8.4c 
iS A (8.4c) 


The gyrodistances from E to each of the three gyrolines A; Az, Aj A3 and A7A3 
are equal, implying 


2 2 
Vrio = Vr13 ® 

6. 5 (8.5) 
Yrio = Yro3 fi 


Substituting successively (8.4a), (8.4b), (8.4c) and (8.2) into (8.5), along with the 
convenient normalization condition 


mi +m5+m,=1, (8.6) 
we obtain from (8.5)-(8.6) the following system of three equations for the three 
unknowns ma, ms and m3: 

mi(Vi2 — 1) - m3(733 —1)=0, 
m3(yj2 — 1) — m3(¥;3 —1)=0, (8.7) 
mi + ms + my = 1, 
The system (8.7) can be written as a matrix equation, 
1 1 1 ms 1 
Ye-1 0 —-(Z-1)] | m3] =|0 (8.8) 
0 Yi2-1 -(V3 4) m3 0 
so that 
m2 1 1 1 ee 
m)=[y2-1 0 -o%-n] =]0 
m3 0 Vip a. -(173 = 1) 0 
Y2-DOR-DOA-DOR-D -GR-D 1 
=5/02-bOR-D  -O8-D  OA-DOR-D]]O], 
(Yi2 — DP -2 — (Yi2- D 0 


(8.9) 
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where D is the determinant of the coefficient matrix in (8.8), given by 
D={(vo-N+(3-Y+a-Y}a-Y>0 B10) 


Hence, by (8.9), 


1 
m3 = 1 (v2 - (v-), G11 


where the gyrobarycentric coordinates are normalized by (8.6). 

However, while the normalization (8.6) was temporarily convenient, it is ir- 
relevant since gyrobarycentric coordinates are homogeneous by definition, Defi- 
nition 4.2, p. 86. Hence, for the sake of simplicity, we drop the common factor 
(ve — 1)/D in (8.11), obtaining the following equations for gyrobarycentric coor- 
dinates m,, k = 1, 2,3, of E in (8.1) in which we employ Identity (1.9), p. 5, and 
introduce the common factor s? for convenience: 


2_ 27.2 22 
ny=s (733 _ 1) = 123473; 
m5 = “(v3 a 1) a Vi34i35 (8.12) 


2 242 a ieee) 
m3—=S (viz — 1) = Vina 


Finally, in order to determine gyrobarycentric coordinates for the exgyrocenter 
E in (8.1) it remains to determine the signs of the gyrobarycentric coordinates m,, 
k = 1,2, 3, in (8.12). Being homogeneous, the two selections of a positive sign for 
each m x and a negative sign for each m, are indistinguishable. Similarly, the two 
selections of one positive and two negative signs for the mx’s and two positive and 
one negative signs for the mx’s are indistinguishable. 

Hence, there are precisely four distinct sign selections for the m,’s, which turn 
out to correspond to the three exgyrocenters and the ingyrocenter of gyrotriangle 
A, A2A3. These are: 


Ey: (my :mgz:m3) = (— 793423: ¥43.413 : ¥12412); (8.13a) 
Eg: (my :mz:m3) = (93423: —Y43.413 - Y42412); (8.13b) 
£3: (my 2m 23) = (73423? 43413! —Y12.412), (8.13c) 
Eo: (my: mz :m3) = (793423 : 713.413 : ¥12412)- (8.13d) 
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1. Substituting (8.13a) into (8.1), the point E of (8.1) becomes E,, E = E,, where 


_ —¥73423Y,, Al + ¥y3413Y 4, A2 + Yy2 4124, A3 
1= —* 


(8.14a) 
—¥23923Y,, + ¥13413V 4, + Y12412Y,, 


The point FE is the exgyrocenter of gyrotriangle A; A2A3 opposite to vertex Ay, 
as shown in Fig. 8.1. 


2. Substituting (8.13b) into (8.1), the point E of (8.1) becomes E2, E = E>, where 


7 193423, Al — 7134137, A2 + 742.4127, A3 


Ey (8.14b) 


%23.923Y 4, — ¥13413V 4, + 712412Y,, 


The point E> is the exgyrocenter of gyrotriangle A; A2 A3 opposite to vertex A2, 
as shown in Fig. 8.1. 
3. Substituting (8.13c) into (8.1), the point E of (8.1) becomes E3, E = E3, where 


é 93423, Al + 134134, A2 — ¥424127,, A3 
3= <= 


(8.14c) 
¥23423Y 4, a Y13413Y 4, - Y12412Y 4, 


The point F3 is the exgyrocenter of gyrotriangle A; A2 A3 opposite to vertex A3, 
as shown into Fig. 8.1. 
4. Substituting (8.13d) into (8.1), the point EF of (8.1) becomes Eo, E = Eo, where 


__ ¥93923Y,, AL + V13413V 4, A2 + V2 412Y 4, AB 


Eo (8.14d) 


93423 4, or Y13413Y 4, oe Y12412Y 4, 


The point Eo is the ingyrocenter of gyrotriangle A; A7 A3, shown in Fig. 8.1. 


The gyrobarycentric coordinates of Eo with respect to the set S= {Aj,..., Ay} 
in (8.14d) are all positive, so that ms in (8.3) is positive. Hence, by Corollary 4.9, 
p. 93, the point Ep lies on the interior of gyrotriangle Aj A2A3. Accordingly, Eo is 
the ingyrocenter of gyrotriangle A; A2A3. 

The gyrobarycentric coordinate representation (8.14d) of the ingyrocenter of gy- 
rotriangle A; A2A3 is obtained in (7.103), p. 178, by a different method. Here, in 
contrast, it is obtained as a byproduct of the exgyrocenters determination. 


8.3 Existence of Gyrotriangle Exgyrocircles 


According to Corollary 4.9, p. 93, a point with a gyrobarycentric coordinate repre- 
sentation exists if and only if its constant mo is real, that is, if and only if ms > 0. 
Let us, therefore, calculate the constant me of the gyrobarycentric coordinate repre- 
sentation of each of the gyrotriangle exgyrocenters and its ingyrocenter. 
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Following (4.27), p. 90, of Definition 4.5, the constant mo of the gyrobarycentric 
coordinate representation of the exgyrocenter E in (8.1), p. 220, is given by the 
equation 


mé = mt + ms + m3 + 2mym2y17 + 2mm3y,3 + 2m2M3Yy3.- (8.15) 


1. Substituting the gyrobarycentric coordinates (m, : m2: m3) from (8.13a) into 
(8.15), we obtain the constant ms of exgyrocenter E in (8.14a), 


mo = (vio —1)+ (ie —1)+ (v5 — 1) +2749 743 Yp3 (412413 — 412413 — 412413). 

(8.16a) 

2. Substituting the gyrobarycentric coordinates (m , : m2 :m3) from (8.13b) into 
(8.15), we obtain the constant ms of exgyrocenter E2 in (8.14b), 


mo = (va-Y+(v- D+ (74-1) + 272713 793 (—a12413 +.412413 — 12413). 

(8.16b) 

3. Substituting the gyrobarycentric coordinates (m, : m2 :m3) from (8.13c) into 
(8.15), we obtain the constant ms of exgyrocenter £3 in (8.14c), 


mo = (vi2—1) + (¥i3— 1) + (13-1) + 2712713 Y23 (an2ai3 — a12a13 +a12413). 

(8.16c) 

4. Substituting the gyrobarycentric coordinates (my, : m2 : m3) from (8.13d) into 
(8.15), we obtain the constant més of ingyrocenter Ep in (8.14d), 


mo = (via - 1) + (v5 — 1) + (7-1) + 2710713 %3 (12413 + 412413 + 412413). 
(8.16d) 


Hence, 


1. The exgyrocircle with exgyrocenter EF; of gyrotriangle A; A2 A3, opposite to ver- 
tex Aj, Fig. 8.1, exists if and only if 


(vp - 1D) + (v8 -1) + (13 - 1) > 2 713%3(—ar2413 + a2413 + 412413), 
(8.17a) 
as we see from (8.16a). 
2. The exgyrocircle with exgyrocenter E2 of gyrotriangle A; A2 A3, opposite to ver- 
tex Ao, Fig. 8.1, exists if and only if 


(vip —1) 4+ (7 — 1 + (3 — D > 2p %13%3 (12413 — 12413 + 12413), 
(8.17b) 
as we see from (8.16b). 
3. The exgyrocircle with exgyrocenter F3 of gyrotriangle A; A2 A3, opposite to ver- 
tex A3, Fig. 8.1, exists if and only if 


(Vio —1)+ (vis —1)+ (33 — 1) > 274971373 (a12413 + 412413 — 412413), 
(8.17c) 
as we see from (8.16c). 
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4. The ingyrocircle with ingyrocenter Eo of gyrotriangle A; A2A3, Fig. 8.1, exists 
if and only if 


(va - 1) + (v8 -1) + (¥3 - D> 2 o713%3(—ar2413 — a12413 — a12413), 

(8.17d) 
as we see from (8.16d). But, Inequality (8.17d) is valid for any gyrotriangle 
A,A2A3. Hence, the ingyrocenter Eo exists for any gyrotriangle A;A2A3, as 
expected. 


8.4 Exgyroradius and Ingyroradius 
Following (8.4a) and (1.9), p. 5, we have 
1 


2 ava a 
ee (8.18) 
Yio 


1. Substituting, successively, (8.4a), (8.2), and (8.13a) into (8.18), r12 becomes 71, 
r12 =r, where r; is given by the equation 


2 2 2 
is 87142719713 %23 — Vi2 — Vis — YB 
ee dD, 


; (8.19a) 


where 


Di =%12%13%23 — 1— vo v9 Wy | Vv Inia YR el 


ty Vin — v3 — 1723. 


2. Substituting, successively, (8.4a), (8.2), and (8.13b) into (8.18), 772 becomes ro, 
r12 =1r2, where r2 is given by the equation 


2 2 2 
s7 14274 413723 — Yi2 — V13 — 23 
2: D2 , 


r3 = (8.19b) 


where 
D2 = 12113 Y23 — 1 — vo vA — Wy =: Vv - vis Y —1 


/, 2 2 
Y12 v2 I¥53- 


3. Substituting, successively, (8.4a), (8.2), and (8.13c) into (8.18), r12 becomes 73, 
r12 =1r3, where r3 is given by the equation 


2 2 2 
ps ae Aee 2712%13%23 — Vi2 — Vis — Y3 
oo D3 


; (8.19c) 
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where 


2 2 2 2 
D3 = 1213 ¥23 — 1+ vo v3 Wy l we vis Yi =a 


/,,2 2 
Y12 v2 I¥53- 


4. Substituting, successively, (8.4a), (8.2), and (8.13d) into (8.18), 712 becomes ro, 
r12 =ro, where ro is given by the equation 


8714 27419743 %03 — Vin — V3 ~ V33 
2 Do 


r= : (8.19d) 


where 


Do = ¥12%13%23 — 1+ vo vi = 1/4, ir Vv - ls —1 


+ Vir - 1/75 — Iva 


Formalizing the results of Sects. 8.2-8.4, we have the following theorem: 


Theorem 8.2 (The Gyrotriangle Ingyrocircle and Exgyrocircles Theorem) Let 
A, A2A3 be a gyrotriangle in an Einstein gyrovector space (Ri, ®, ®), let Eq and 
ro be the gyrotriangle ingyrocenter and ingyroradius, and let Ex and rx be the gy- 
rotriangle exgyrocenter and exgyroradius of the exgyrocircle opposite to vertex Ax, 
k=1,2,3. 

Then, in the standard gyrotriangle index notation, shown in Fig. 6.1, p. 128, and 
in (6.1), p. 127, 


0. Ingyrocenter Eo of gyrotriangle A, A2 A3 always exists. Equivalently, ingyrocen- 
ter Eo of gyrotriangle A, A2 A3 exists if and only if 


(vis —1)+ (vis —1)+ (133 = 1) > 2749741 3%3 (—a12413 — 412413 — 412413). 
1. Exgyrocenter EF, of gyrotriangle A, Az A3 exists if and only if 
(via — 1) + (v3 — 1) + (193 — 1) > 2v12713 723 (Cai2a13 + ai2a13 + 12413). 
2. Exgyrocenter E, of gyrotriangle A, A2A3 exists if and only if 
(Vis —1)+ (73 —1)+ (55 = 1) > 21974373 (412413 — a12413 + 412413). 
3. Exgyrocenter E3 of gyrotriangle A, Az A3 exists if and only if 


(vp -)+ (v8 -1 + (V4 - YD > 2vpV13¥%3 a2413 + a12413 — 412413). 
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The ingyrocenter Eo, and each exgyrocenter E;., when exists, k = 1,2,3, are 
given by 


_ ¥93923Y 4, AL + Y13413Y 4, A2 + Vy2412V 4, A3 


Eo 
¥23923Y 4, a Y13413Y 4, + ¥12%12Y,, 


# —¥73423Y,, Al + 134134, A2 + Yy24127,, A3 
= : 


~¥23423Y 4, =F ¥13413Y,, =F Y12412Y,, 
(8.20) 


- ¥73423Y, Al — V43413Y,, A2 + Yy2412Y,, A3 
2 = t | 
%23423V 4, = Y13413Y 4, oa ¥12412Y,, 


__ ¥239237,, Al + ¥13413Y 4, A2 — Vy2412V 4, A3 


E3 
493.923, a ¥13413Y,, — ¥12412Y,, 


The ingyroradius ro, and each exgyroradius rx that exists, k = 1, 2,3, are given by 


ra ees) eg wD a5 
n=5 %12%13%23 — Vi2 — Yi3 Yo3 (8.21) 


V12V13%23 — 1+ Ge 


k=0, 1, 2,3, where 


2 2 2 2 2 2 
Go= roy 7s — Wyk —14- V2 — Ina — 1+ 72 -bR— Im. 
Gi =-rV rh WA 1 VB Ira — 1+ ly — WW 7h — I. 
G2 =—ynyV7},- Wrk-14- V7 - Ina 1 Vv v3 1753, 


2 2 2 2 2 2 
G3= vow vi iy 1 Vv} Ina V2 1 Vv v3 173. 


(8.22) 


Clearly, 


V5 Ge =0, (8.23) 


as we see from (8.22) of Theorem 8.2. 
Hence, by (8.21), and by (7.148) and (7.152), p. 188, and by (7.35), p. 163, 
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_ 8 %127%13¥23 — | 
—"2 2 2 2 
5° 1+ 2719%13%23 — Vi2 — Vi3 — Y23 


1+ cos a 1 COS @2 COS a3 


s°F 
5) 1 + cosa) cos a2 cos a3 
~~ 52 cos ater Cog L1H 92=83 Egg ROTO A3 Egg TO a Fay 
1+ cosa, cosa2 cos a3 
R2 cos? 21=92=9%3 egg? =U Cag? TU A2ta3 
: 2 2 2 


where F is given by (7.144), p. 187. 


8.5 In-Exgyroradii Relations 


(8.24) 


By substituting gyrotriangle gyrotrigonometric identities from Sect. 7.12, p. 187, 
into (8.21)-(8.22) and employing the result of Theorem 7.4, p. 163, we obtain 
gyrotrigonometric relations for the gyrotriangle ingyroradius ro, exgyroradii rz, 
k = 1, 2,3, and circumradius R, which are presented in the following theorem: 


Theorem 8.3 (The In-Exgyroradii Theorem) Let A, A2A3 be a gyrotriangle in 
an Einstein gyrovector space (Rv,®,®) with ingyroradius ro, exgyroradii rx, 
k = 1,2,3, and circumgyroradius R. Then in the gyrotriangle index notation in 


Fig. 6.1, p. 128, 
cos MH82793 Egg SAITO 3 Egg TAIT G2 T83 
2 2 2 
ro= —R 
2 cos 4 cos 2 cos = , 
a1 —A2—A3 ay +a2—a3 aj —A2+03 
ep pee 9) cos 5 cos 7 
~ cal in &2 in 3 , 
2 COs 5 sin 5 sin 5 
1 _ cos ME82= 83 Cog SAETE2 83 Cog SA S23 
2 2 
™12=-R a 
a1 a a3 F 
2 sin 5 cos 5 sin 
a1 —A2—A3 a +a2—a3 a4 —A2+03 
= i 808 cos 5 cos 7 


in OL in 22 a3 
2 sin 5 sin 5 cos 5 


(8.25) 
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and 
1 tetas 2 cos “1 te2tas 6 
r0 ror 3)  Rcos& B—3 cos AEBS cos gots , 
and 
ry +ro+7r3—(4R+1ro) 
cos “teats — ataratea3  . 3a;—-a2—-03 
= - - - sin + sin 
sina SIN a2 SIN a3 2 
_ —ay + 3a2 — a3 _ ay — a2 + 303 
+ sin 5) + sin 5 ‘ (8.27) 


Proof The results of the theorem follow straightforwardly by substitutions of gyro- 
triangle gyrotrigonometric identities from Sect. 7.12, p. 187, into (8.21)—(8.22) and 
employing the result of Theorem 7.4, p. 163. 

Equation (8.26) follows from (8.25) straightforwardly owing to the elegant 
trigonometric/gyrotrigonometric identity 


eal a2 a3 eal a2 a3 
cos COS COs COs sin sin 

2. 2 2 2 2 2 

ay om) a3 . ay a2 a3 
sin Cos sin sin sin COs 
2 2 2 2 2 2 
a) +a2 + 03 
= cos =. (8.28) 


Similarly, (8.27) follows from (8.25) straightforwardly; see Problem 8.6, p. 266. 


In the Euclidean limit, s + oo, gyrolengths and gyroangles tend to correspond- 
ing lengths and angles. Accordingly, gyroangle gyrotriangle sum tends to angle tri- 
angle sum, zr, so that the gyrocosine function of a gyroangle, 


a] + a2 + 03 (8.29a) 
2 
tends to the corresponding cosine function of an angle, 
1 
cos 5 = 0. (8.29b) 


Hence, the elegant relations (8.26)—-(8.27) for gyrotriangles reduce in that limit 
to the familiar relations 


1 1 1 
Paes eae (Euclidean Geometry) (8.30) 
3 10 


232 8 Gyrotriangle Exgyrocircles 


and 
rp t+r2+7r3=4R+7ro (Euclidean Geometry) (8.31) 


for triangles in Euclidean geometry. 

Equation (8.30) is found, for instance, in [9, p. 13], and (8.31) is found, for in- 
stance, in [8, p. 13]. 

The incircle and the three excircles, each touching all the three sides of their 
reference triangle, are called the four tritangent circles of the triangle. 


8.6 In-Exradii Relations 


Interestingly, the elegant relations (8.25) remain invariant in form under the Eu- 
clidean limit s — ov, so that they are valid in Euclidean geometry as well. However, 
for application in Euclidean geometry the relations (8.25) can be simplified owing 
to the fact that triangle angle sum in 7. 

Indeed, under the condition 


aj+a+a3=7, (8.32a) 


we have the following trigonometric identities for triangle angles: 


a;—-a-a3 . . a) a] 
cos ———————. = sina = 2sin — cos —, 

2 2, 2 

—a1 + a2 — a3 . . a2 a2 

cos ——————— = sina = 2 sin — cos —, (8.32b) 

2 2 2 

a1 — a2 + 03 5 . 03 a3 
cos ————————_ = sina3 = 2 sin — cos —. 
2 2 2 


Substituting the simplifications offered by (8.32a), (8.32b) into (8.25) we obtain 
the following corollary of Theorem 8.3: 


Corollary 8.4 Let A,A2A3 be a triangle with angles ax, exradii rg, k = 1, 2,3, 
inradius ro and circumradius R in a Euclidean space R" . Then, 


. &@ , a , a 
ro = 4R sin = sin 2 sin an 
2 2 
a a a 
r; =4Rsin : cos 2 cos a 
2 2 2 
(8.33) 
a, , a2 a3 
r2 = 4Rcos — sin — cos —, 
2 2 2 


ay a2 . 3 
r3 = 4Rcos — cos — sin —, 
2 2 2 


ry +tr2+7r3=4R+70, (8.34) 
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and 


eee ee, (8.35) 


Proof Substituting the simplifications offered by (8.32a), (8.32b) into (8.25) we 
obtain (8.33). 

Equation (8.34) follows from (8.33) straightforwardly by means of the elegant 
trigonometric/gyrotrigonometric identity 


a) a2 a3 . ay a2 a3 
sin — sin — sin sin — cos — cos 

2 2 2 2 2 2 

a) a2 a3 a) a2 a3 
cos — sin — cos cos — cos — sin 
2 2 2 2 2 
. Aa +A2+ 03 
= sin —— (8.36) 


and (8.35) is established in (8.30). 


8.7 In-Exgyrocenter Gyrotrigonometric Gyrobarycentric 
Representations 


It is useful to express the gyrobarycentric coordinate representations of the ingy- 
rocenter and the exgyrocenters of a gyrotriangle A; A2A3 in an Einstein gyrovec- 
tor space (R?, ©, ®) gyrotrigonometrically. Being homogeneous, and following the 
law of gyrosines (6.44), p. 140, the gyrobarycentric coordinates in (8.13a), (8.13b), 
(8.13c), (8.13d), p. 224, are, respectively, equivalent to 


V52423 -V13413 sina sina 
Eo: (mma ima) = (BSE, 288 1) - (2 Dos :1), 
Vj2U12 V2 412 SsIn@3 S1n@3 


a a sina; sina 
EF): (my mg ima) = (—2882 , Mat) = ( I ae | 


Vj2A12 Vj2412 sin a3 sin a3 


E>: (mma zma) = ( 


Y03923  V¥13413 sina sina 
E3: (mi zm ims) = ( as a : 1) =( - : - : 1) 
Y12412 = V42412 sin Q@3 sin @3 


723423 13.413 | i) 


(= sina? 
Y 12412 VY 12412 


sine3 sina; — 


These, in turn, give rise to the following gyrotrigonometric gyrobarycentric coordi- 
nates for the exgyrocenters E;, k = 1, 2,3, and the ingyrocenter Eo of gyrotriangle 
A; A2A3 in an Einstein gyrovector space (RY, @, ®): 


Eo: (mi, :m2:m3) = (sing, : sina? : sina3), (8.37a) 
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Ey: (my :mz:m3) = (—sing, : sina : sina), (8.37b) 
Ex: (m,:m2:m3) = (sina, : — sina? : sing3), (8.37c) 
E3: (my :m2:m3) = (sing, : sina? : — sina3). (8.37d) 


We have thus obtained the following theorem: 


Theorem 8.5 (In-Exgyrocenters) Let S = {A,, A2, A3} be a pointwise independent 
set of three points in an Einstein gyrovector space (R?, ®, ®). The ingyrocenter Eo 
and the exgyrocenters Ex, k = 1,2,3, of gyrotriangle A, A2A3 have the following 
gyrotrigonometric gyrobarycentric coordinate representations: 


sinay, Al + sina2y,. Ag+ sina3Y, A3 


Bes (8.38a) 


sina yY, + sina, + SIN O3Y,, 


= sino, Ayt+ sina2y,, A2+ SING3Y,. A3 
ee a, (8.38b) 
—sinay, | + SIN O2Y + sInO3Y,, 


sinay, Al _ sina2y, Ag+ sina3Y,, A3 


Ey = ; (8.38c) 


SINGLY, _ sina2y,, + SIN O3Y 


sinay, Al + sinazy, A2 _ SIN a3, A3 


Pe (8.38d) 


SING Y, + sina, - SINQ3Y,. 


Following (8.15), p. 226, and the gyrotrigonometric gyrobarycentric coordinates 
mg, k = 1, 2, 3, in (8.37a), (8.37b), (8.37c), (8.37d), the constant me of each of the 
gyrotrigonometric gyrobarycentric coordinate representations of Ex, k = 1,2, 3,0, 
in (8.38a), (8.38b), (8.38c), (8.38d) is, respectively, 

Eo: mo = sin’ ay+ sin? a2 + sin? 3 
+ 2(cos a 1 cosa@2 + cosa, cos a@3 + COS @2 COS 3) 


+ 2(cos a, + cosa@2 + cosa3) 


2 
= 4} cos” o cos is cos = 
2 2 2 


2 
2 1 a2 AZ 
_ — —_ —_ ; 8.39 
x| cos 3 + (cos +005) | ( a) 
Ey: mp = sin’ a) + sin? a + sin’ a3 


+ 2(—cos a, cos a@2 — cosa, COS @3 + COS @2 COS 3) 


+ 2(cosa@ , — cosa@2 — cosa@3) 
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2 
= 4} cos” =) sin ae sin 28 
2 2 2 


2 
x {- cos” S + (sin S + sin 2) \ (8.39b) 


E»: mo = sin? ay+ sin? a2 + sin? a3 
x  +2(—cosa, cosa + cosa, COSa3 — COSA? COS 3) 


+ 2(—cosa; + cosa2 — cos a3) 


2 
= 4} cos” oe sin = sin = 
2 2, 2 


2 
x {- cos” S + (sin > + sin 2) | (8.39c) 


E3: mo = sin’ ayt+ sin? a2 + sin? 3 
+ 2(cos a1 cos a2 — COS @1 COS @3 — COS 2 COS 3) 


+ 2(—cosa; — cosa2 + cos a3) 


2 
= 4} cos” = sin sl sin = 
2 2 2 


2 
x {- cos” > + (sin S + sin =) |. (8.39d) 


2 


The ingyrocenter Eo of any gyrotriangle A; A2A3 exists. Hence, its constant ms 
must be positive. Hence, by the extreme right-hand side of the fourth equation in 
(8.39a), (8.39b), (8.39c), (8.39d), we have the inequality 


a2 3 a a2 a3 
cos — — cos —] <cos < cos — +cos 
2 2 2 2 2 


(8.40) 


for the gyroangles a,, k = 1, 2,3, of any gyrotriangle A; Az A3 in an Einstein gy- 
rovector space. 

It can be shown that in addition to (8.40), gyroangles a;,, k = 1,2,3, of any 
gyrotriangle A; A2A3 satisfy the inequality 


< cos —. (8.41) 


Inequality (8.41), along with the identities in (8.39a), (8.39b), (8.39c), (8.39d) for 
the constant més of each of the gyrotriangle incenter and excenters Ex, k = 0, 1, 2, 3, 
imply the following existence conditions for Ex: 
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0. Ingyrocenter Eo of gyrotriangle A; A, A3 always exists. Equivalently, ingyrocen- 
ter Eo of gyrotriangle A; A2A3 exists if and only if 


al ae (8.42) 
cos — < cos — cos —. A 
2 2 2 


1. Exgyrocenter FE, of gyrotriangle A; A2A3 exists if and only if 


ay . a2 dg a3 (8.43) 
cos — = ae F 
5) < sin 5) sin 7 


2. Exgyrocenter E> of gyrotriangle A; A2A3 exists if and only if 


a2 . a] ie a3 (8.44) 
cos ; : 
5) < sin 5) sin 5) 


3. Exgyrocenter £3 of gyrotriangle A; A2A3 exists if and only if 


cos S < sin s + sin > : (8.45) 


8.8 In-Excenter Trigonometric Barycentric Representations 


The gyrotrigonometric gyrobarycentric coordinates (8.374), (8.37b), (8.37c) (8.37d) 
remain invariant in form under the Euclidean limit s — ov, resulting in the following 
corollary of Theorem 8.5: 


Corollary 8.6 (In-Excenters) Let S = {A,, Az, A3} be a pointwise independent set 
of three points in a Euclidean vector space R". The incenter Eg and the excenters 
Ex, k = 1,2, 3, of triangle A,A2A3 have the following trigonometric barycentric 
coordinate representations: 

sina; A, + sina2A2 + sina3A3 


Eo= ; (8.46a) 
sina, + sina@2 + sina3 


—sina,A; + sina2A2 + sina3A 
E\= sa ae (8.46b) 
— sina; + sina2 + sina3 


sina, A, — sina2A2 + sina3A3 
E,= ; (8.46c) 
sina, — sina2 + sina3 


sina; A, + sina2A2 — sina3A3 


: (8.46d) 


sina, + sina2 — sina3 


8.9 Exgyrocircle Points of Tangency, Part I 


The exgyrocircle points of tangency where the A;-excircle of the gyrotriangle meets 
the opposite side of Ax, Fig. 8.4, are associated with the gyrotriangle gyrocenter 
called Nagel gyropoint, Nz, shown in Fig. 8.4, and studied in Sect. 8.12 
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Fig. 8.4 Nagel Gyropoint, Na, of a gyrotriangle in an Einstein gyrovector space. The point Ex, 
k =1, 2,3, is the Ay-exgyrocenter of gyrotriangle A; A2A3 opposite to Ax, and the point 7; is the 
point in which the A;-excircle of the gyrotriangle meets the gyrotriangle side opposite to Ax. The 
Nagel gyropoint of gyrotriangle A; A2A3 is the point of concurrency of the three gyrolines Ax Tx, 
determined in (8.69), p. 245. The points of tangency 7}, etc., are given by Theorem 8.7, p. 239, 
and the points of tangency T}2, etc., are given by Theorem 8.12, p. 247 


Let us consider the point of tangency 73 where the A3 excircle of a gyrotrian- 
gle A; A2A3 meets the gyrotriangle side opposite to A3, shown in Fig. 8.4. It is the 
perpendicular foot of the gyrotriangle exgyrocenter E3 on the gyroline A; A2. Ac- 
cordingly, 73 is the gyroaltitude foot of gyrotriangle A; A2F3, drawn from £3, as 
shown in Fig. 8.4. 

Hence, by Theorem 7.16, p. 183, the gyroaltitude foot 73 possesses the gyro- 
barycentric coordinate representation 


i miy, Ait+mey, Az aa 
35> . a 
Oy 


with respect to the set {A;, A2}, with gyrobarycentric coordinates 


™ = YeAi@ArYOAr@E3 — YOAI@E3 — Y12%OAX@E3 — YOA\@E3? 


(8.47b) 


M2 = Yeai@Ar, YEA @E3 — YOA@E3 — Y12VEA@E3 — YOA.@E3" 
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The gyrobarycentric coordinates m, and mz in (8.47b) involve the gamma factors 
YoA@E; and Yo 4,6 Ey? which we calculate below. 

Being the A3-exgyrocenter of gyrotriangle A;A2A3, E3 is given by, (8.14c), 
p. 225, 


73923, Ar +713413Y, A2— Yy2412Y,, A3 
Eas = = a, (8.48) 
¥o3923Y,, + ¥13413¥,, — Yi212Y,, 


Hence, by Theorem 4.6, p. 90, 


13923Vx@a, + 113413Vx@Aq ~ 112412 X@Ag 


mo 


Vor, = (8.49) 


for all X € RY, 
representation of £3 in (8.48). This constant need not be specified as we will see 
below in the transition from (8.51) to (8.52). 


Following (8.49) with X = G Ax, k = 1,2, 3, we have, respectively, 


where mo > 0 is the constant of the gyrobarycentric coordinate 


__ ¥23423 + YV1343V 2 — ¥42412V 13 


YeA\@E3 = mo , 
y = V3 423V12 + Y13.413 — Y12412Y3 (8 50) 
CAB ER mo 2 
__ 23 923V 13 + 13413 Y23 — ¥12412 
YeA3;@E3 = : 


mo 


Substituting from (8.50) into (8.47b), we have 


ee (Vp = 1) 73.423 = (V2 23 = V3) 12412 
mo 


’ 


. (8.51) 
ie (Yio = 1)y,3413 = (M1213 _ 93) V9 412 
mo 


Being homogeneous, a common nonzero factor of gyrobarycentric coordinates 
is irrelevant, so that convenient gyrobarycentric coordinates m, and mz of the point 
T3 in (8.47a) are obtained from (8.51): 


m= (vip = 1) x3 423 — (Y12%23 — 13) %12412; (8.52) 


M2 (vis = I) yi3a13 — (2713 — Y23)¥12.412- 
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Substituting from (7.143)-(7.147) into (8.52), along with the abbreviation F = 
F (a1, @2, 03), we have 


8 F3/2 1 —cosa2 8 F3/2 (6%) 
m= 2 ii) 7 7 59 7) tan r 
sin” a1 sin“ a2 sina3 «=6sIna2 sin” a1 Sin” a2 siIna3 2 
(8.53) 
8 F3/2 1—cosay 8 F3/2 ay 
N2= 9 end ; = Sa tan —. 
sin“ a; sin* a2 sina3 sina, sin* a1 Sin* a2 Sina 2 


Since gyrobarycentric coordinates are homogeneous, a nonzero common fac- 
tor of a system of gyrobarycentric coordinates is irrelevant. Hence, it follows from 
(8.53) that convenient gyrobarycentric coordinates for the point 73 in (8.47a) are 


a 
m, =tan—, 
2 
(8.54) 
ti i 
m2 = tan — 
2 


so that, by (8.47a), we have 


tan 3 as, Ai +tanSy, ne 


T3 = 8.55 
: tan 2 TMs, + tan “1 7 Ya, ( ) 


We have thus obtained the following theorem: 


Theorem 8.7 Let A, A2A3 be a gyrotriangle in an Einstein gyrovector space RY 
and let Ty, k = 1,2,3, be the point where the A,-exgyrocircle of the gyrotriangle 
meets the opposite side of Ax, Fig. 8.4. Gyrotrigonometric gyrobarycentric coordi- 
nate representations of the points Tx are: 


a3 a2 
tan mV 4s A2 + tan IVa, A3 


1 _ ’ 


3, a2, 
tan + Vag + tan 3 Vas 


tan FY, AittanZy,, A3 
= : (8.56) 
tan FV, + tan ou ee 


tan 2 zV 5 (Ai+tan Sy, yAo 


tan FV 4, + tan OV a5 


Proof The proof of the third equation in (8.56) is given by (8.47a)—(8.55). The proof 
of the first and the second equation in (8.56) is obtained from the first by vertex 
permutations. 


The three points 7;, k = 1,2,3, of Theorem 8.7 are shown in Fig. 8.4, where 
they are determined by the results of the Theorem. As Fig. 8.4 indicates, the three 
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gyrolines A,7,, A272 and A373 are concurrent. We show in Sect. 8.12 that this is 
indeed the case, giving rise to the Nagel gyropoint. 


8.10 Excircle Points of Tangency, Part I 


The gyrotrigonometric gyrobarycentric coordinates in (8.56) remain invariant in 
form under the Euclidean limit s > oo, resulting in the following corollary of The- 
orem 8.7: 


Corollary 8.8 Let A; A2A3 be a triangle in a Euclidean vector space R" and let 
Ty, k = 1, 2, 3, be the point where the Ax-excircle of the triangle meets the opposite 
side of Ax. Trigonometric barycentric coordinate representations of the points Ty 
are: 


_ tan GA + tan 3 A3 


a3 a2 
tan 5 + tan 9) 


1 


’ 


tan 3A; + tan 5 A3 


o3 baal 
tan 5 + tan 3 


TI, = ; (8.57) 


__ tan GA; +tan 5 Ao 


a2 can 
tan 5 + tan 9) 


3 


8.11 Left Gyrotranslated Exgyrocircles 


Left gyrotranslating gyrotriangle Aj A2A3 by GA}, the gyrotriangle becomes gyro- 
triangle O(CA1@A2)(QA1@A3), where O = GA1@A\ is the arbitrarily selected 
origin of the Einstein gyrovector space (R’, @, ®), O = (0,0,..., 0). The gyrotri- 
angle exgyrocenters EF, and tangent points 7;, k = 1, 2,3, are left gyrotranslated as 
well, becoming, respectively, CA1@E,; and GAiOT,. 

Applying to (8.20), p. 229, the Gyrobarycentric Coordinate Representation Gyro- 
covariance Theorem 4.6, p. 90, we have from Identity (4.29a), p. 91, with X = G Aj, 
using the standard gyrotriangle index notation, shown in Fig. 8.4, in Fig. 6.1, p. 128, 
and in (6.1), p. 127: 


OA|OE| 


—¥93923% 4, A, + ¥13413Y4, A+ Yy2412Y 4, A3 


=0A|®8 
~¥73423V 4, oe ¥13413Y 4, + ¥12412Y 4, 


—173923% QA @A, CAIPAI) + Y13413%Q 4, @Ay (CAI PA) + V9 412V G4 Az (OAIGA3) 


~¥73923%QA@A] oe Y13713YQA1@Ad te Y12912V% GA @Ag 
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¥13 413712812 + 42412713413 
73.423 + V1 3413V 12 + V124412713 


sina y,7a12 + sina3y, 3443 
as 12 13 (8.58a) 


sing; +sinazy,, + sina37,3 : 


The last equation in (8.58a) is obtained by substitutions from (7.143). 
Similarly, 


V%3023V, A1—713413V, A2+ VY, a12Y, A3 
SA eae 23423 Y 4, 13713Y,, ge Y,, 


¥23423Y 4, _ Y13413Y 4, oF Y12412Y,, 


713413712812 + 42412713813 
V3. 423 — V43413V 12 + V1 2412713 


= SINA2Y;7A12 + SINA3Y,3.413 (8.58b) 
sina — sinazy,, + sina3yj, : 


and 


¥23423V,, Al + 113413Y4, A2 — ¥12412Y4, A3 


SA1GE3 = CAID 
93 423Y 4, oF Y13413Y,, _ Y124127,, 


13413712412 — ¥12 41271 3.413 
%03.423 + 1341312 — Vj2412Y13 


SiINA2ZY}7 412 — SINAZ7,3813 


=— (8.58c) 
sing + sina2y,, — sina3y)3 


Note that, by Definition 4.5, p. 89, the set of points S = {A1, A2, A3} is pointwise 
independent in the Einstein gyrovector space (R’, ©, ®). Hence, the two gyrovec- 
tors aj2 = CO A;@A? and ay3 = CO A1@A3 in RY C R” in (8.58a), (8.58b), (8.58c) 
are linearly independent in R”. 

Similarly, under a left gyrotranslation by 6 Aj, the tangent points 7;, k = 1, 2, 3, 
in Fig. 8.4 and in (8.56) become: 


tanSy Ar+tan@y, A3 
SA1 OT, = CAI®B anh a 


a3 aa 
tan 2 Vay + tan peer 


a a 
_ tan FY 2412 + tan Fy,3813 


, (8.59a) 
tan Fy) + tan F713 
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tanSy A, +tanGy A; 
SA1Gl2 = CAB aati —_ 


a3 a1 
tan 2? 4, + tan 21 


tan FY 13813 


= 8.59b 
tan 3 + tan Dy, \ 
and 
tan@y A,ttanDy, Ao 
2 2 
CA1OT3 = OAI® a — 
tan vee + tan 2 Vay 
tan 2 ai2 

2 V2 (8.59¢) 


> a2 cal . 
tan = + tan >-71 


8.12 Nagel Gyropoint 


Definition 8.9 (Nagel Gyropoint) Let A; A2A3 bea gyrotriangle in an Einstein gy- 
rovector space (R1, @, ®) and let T,, k = 1,2, 3, be the tangent point in which the 
A,-excircle of the gyrotriangle meets the gyrotriangle side opposite to Ax, Fig. 8.4, 
p. 237. The gyrotriangle vertices Ax and the gyrotriangle points of tangency 7, 
form the three gyrolines A; 7, that are concurrent. Owing to analogies with Eu- 
clidean geometry, this point of concurrency is called the Nagel gyropoint, N, of the 
gyrotriangle. 


Let the Nagel gyropoint N of gyrotriangle A;A2A3 in an Einstein gyrovector 
space (R’, ©, ®), Fig. 8.4, be given by its gyrobarycentric coordinate representation 
with respect to the set S = {A1, Az, A3} of the gyrotriangle, 


my, Al +moy, Ar2+msy, Az 


(8.60) 
my = m2y,, a mY i 


where the gyrobarycentric coordinates (m1 : mz :m3) of N in (8.60) are to be deter- 
mined. 

Left gyrotranslating gyrotriangle A;A2A3 by OA}, the gyrotriangle becomes 
gyrotriangle O(GA,@A2)(GA1@A3), where O = GA, @Ay is the arbitrarily se- 
lected origin of the Einstein gyrovector space (R?,@, ®@), O = (0,0,..., 0). The 
gyrotriangle tangent points 7,, k = 1,2, 3, are left gyrotranslated as well, becom- 
ing, respectively, 6A1;@7;, which are given by (8.59a), (8.59b), (8.59c). 
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Similarly, the gyrotriangle Nagel gyropoint of the left gyrotranslated gyrotriangle 
becomes P = GA ON, given by 


P=OCA\ON 
M2V 541 @Ay (OA1@A2) + m3 (CA1@A3) 


MOY Ya gag Y 8 Vea was 


Yoay@g 


_ M2Y172412 + M3Y,3813 
MI +FM2V1, +M3Y13 


(8.61) 


1. The tangent point ©A;@7| and the vertex O = CA) Q@A) = (0,0,...,0) of 
the left gyrotranslated gyrotriangle O(G@A;®A2)(GA1@A3) form the Euclidean 
line 


a a 
tan Sy), a12 + tan Fy, 3813 


Ly = (GA, 07})t = t (8.62a) 


tan Fy). + tan Fy,, 
as we see from (8.59a), where t; € R is the line parameter. 


2. The tangent point 6A; @7» and the vertex aj2 = GA) @Az? of the left gyrotrans- 
lated gyrotriangle O(6A;®A2)(CGA;@A3) form the Euclidean line 


Ly = (GA @A2) + (—(CA1@A2) + (CA1OT)) tn 


(8.62b) 


tan oy13813 ) 
to 


= an+( ai2+ a 
3 a1 
tan > + tan >713 


as we see from (8.59b), where fz € R is the line parameter. 
3. The tangent point © A; @7;3 and the vertex a;3 = G@A;@A3 of the left gyrotrans- 
lated gyrotriangle O(6 A; @A2)(GA1@A3) form the Euclidean line 


L3 = (QA1@A3) + (—(CA1@A3) + (CA1073)) 63 


(8.62c) 


tan FB y17 a2 )e 


=ay3+ ( a3 a 
2 a 
tan = + tan > 715 


as we see from (8.59c), where f3 € R is the line parameter. 
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Since the point P lies on each of the three lines L;, k = 1, 2, 3, there exist values 
ty. of the line parameters t%, k = 1, 2,3, respectively, such that 


a a 
p tan Sy,.a12 + tan Fy,3813 eat 
a3, a2 , ? 
tan > V1. + tan 713 


tan“ y,,a 
P—ay (-an+ rma at Jno=o, (8.63) 


a3 ay 
tan > + tan > 713 


0, 


a1 
P—ay ( ai3+ eae 2 A haat ): 0 
tan > + tan 719 
where P is given by (8.61). 
The system of equations (8.63) was obtained by methods of gyroalgebra, and 
will be solved below by a common method of linear algebra. 
Substituting P from (8.61) into (8.63), and rewriting each equation in (8.63) as 
a linear combination of a;2 and a;3 equals zero, we obtain the following homoge- 
neous linear system of three gyrovector equations 


c1aj2 + c12a13 = 0, 
€21a12 + c22a13 = 0, (8.64) 


€31a12 + ¢32a13 = 0, 


where each coefficient cjj, i = 1,2,3, j = 1,2, is a function of the gyrotriangle 
parameters 7,5, 713, 3 and ax, and the six unknowns f,9 and mz, k = 1, 2, 3. 

Since the set S = {A;, Az, A3} is pointwise independent, the two gyrovectors 
aj2 = OA|@A? and aj3 = CA GA; in R¢, considered as vectors in R”, are linearly 
independent in R”. Hence, each coefficient cj; in (8.64) equals zero. Accordingly, 
the three gyrovector equations in (8.64) are equivalent to the following six scalar 
equations, 


Cl = C12 = C21 = €22 = €31 = €32 = 0 (8.65) 


for the six unknowns t,,9 and mz, k = 1, 2, 3. 

An explicit presentation of the resulting system (8.65) reveals that it is slightly 
nonlinear. Like the system (7.221), p. 208, however, it is linear in the unknowns 
t1,0, 12,0, 13,9. Solving three equations of the system for 11,0, 42,0, f3,0, and substi- 
tuting these into the remaining equations of the system we obtain a system that 
determines the ratios m,/m3 and m2/m3 uniquely, from which convenient (homo- 
geneous) gyrobarycentric coordinates (m1 : m2: m3) are obtained. 
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The unique determination of m,/m3 and m2/mz3 turns out to be 


m, tan 


m3 tan’ 


(8.66) 
mz tan 
m3 tan? 
from which two convenient gyrobarycentric coordinates result. These are: 
(m,:m2:m3)= («an a tan = tan > tan > : tan > tan 2) (8.67) 
and, equivalently, 
a1 a2 a3 
m2: = t — : cot — : cot : 8.68 
(m1 :mz:m3) (cc 5 co 5 co =) ( ) 


Formalizing the main result of this section, we have the following theorem: 


Theorem 8.10 (Nagel Gyropoint) Let A;A2A3 be a gyrotriangle in an Einstein 
gyrovector space (IR’, @, ®). A gyrotrigonometric gyrobarycentric coordinate rep- 
resentation of the gyrotriangle Nagel gyropoint Noa, Fig. 8.4, p. 237, is given by 


cot 4 V4 Aitco sy, Az + cot Fy,, A3 
Na = : (8.69) 
cot 4 a Vy, + cot % Va, + cot S > lg 


Proof The proof follows immediately from (8.60) and (8.68). 


The gyrotrigonometric gyrobarycentric coordinates of Nagel gyropoint in (8.69) 
remain invariant in form under the Euclidean limit s — oo, resulting in the following 
corollary of Theorem 8.10: 


Corollary 8.11 (Nagel Point) Let A,A2A3 be a triangle in a Euclidean vector 
space R”. A trigonometric barycentric coordinate representation of the triangle 
Nagel point Ng is given by 


cot $A; + cot ita + cot $A3 


cot 3 + cot F + cot 3 


(8.70) 


The remarkable similarity in form between the trigonometric barycentric coor- 
dinate representation (8.70) of Nagel point and the gyrotrigonometric gyrobarycen- 
tric coordinate representation (8.69) of Nagel gyropoint demonstrates the way gy- 
rotrigonometric gyrobarycentric coordinate representations capture analogies that 
Euclidean and hyperbolic geometry share. 
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8.13 Exgyrocircle Points of Tangency, Part II 


Let us consider the point of tangency 7T}2 where the A, excircle of a gyrotriangle 
A; A2A3 meets the gyrotriangle side Aj Az, shown in Fig. 8.4. It is the perpendicular 
foot of the gyrotriangle exgyrocenter FE, on the gyroline A; Az. Accordingly, T;2 is 
the gyroaltitude foot of gyrotriangle A; A7 E;, drawn from E}, as shown in Fig. 8.4. 

Hence, by Theorem 7.16, p. 183, the gyroaltitude foot T\2 possesses the gyro- 
barycentric coordinate representation 


my, Ai +moy, Ar 


T\2 = (8.7 1a) 
miy, 1 my, 
with respect to the set {A;, Az}, with gyrobarycentric coordinates 
M1 = VoAy@ArYOA@E, ~ YOA@E, = V1I2VEA.@E, ~ YEA @Ey? 
1 2 2 1 1 1 2 1 1 1 (8.71b) 


™2 = VYeAi@ArYOAi@E — YOA@E, — Y12%EA\@E, — YOA@E* 


The gyrobarycentric coordinates m, and m2 in (8.47b) involve the gamma factors 
YoA,@E, and y,, Ao@Ey? which we calculate below. 

Being the A,-exgyrocenter of gyrotriangle A;A2A3, Fy is given by, (8.14a), 
p. 225, 


=n3023V, A1+7,3413V, A2+Vya12y, A3 
E,= 23 Ay 13 Ay 12 A3 (8.72) 
~¥23923Y,, Te Y134137,, =P Y12412Y,, 


Hence, by Theorem 4.6, p. 90, 


—%23923V yma, + V13413Vx@A, + 12412 ¥@A3 


= 8.73 
VYX@E| mo ( ) 


for all X € RY, where mo > 0 is the constant of the gyrobarycentric coordinate 
representation of E£, in (8.72). This constant need not be specified as we will see 
below in the transition from (8.75) to (8.76). 


Following (8.73) with X = GAx, k = 1,2, 3, we have, respectively, 


773.923 + V13413Y 2 + Y42412Y13 


YOA\@E| = a 
2342312 + 13413 + 42412793 

YeA.@E — ie : (8.74) 
_ 93423713 oF Y13413Y%93 + 42412 

YoA3@E, — : 


mo 
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Substituting from (8.74) into (8.71b), we have 


= —("i2 7 1) yy3423 + (M2%3 = Vi3) M1212 


’ 


m| 
mo 


‘ (8.75) 
(vip — 1I)1713413 + MiVM13 — Y23) 12412 
mo 


m2 = 


Being homogeneous, a common nonzero factor of gyrobarycentric coordinates 
is irrelevant, so that convenient gyrobarycentric coordinates m, and mz of the point 
T3 in (8.71a) are obtained from (8.75): 


My -(ri _ 1) 3.423 + (%12%23 — %13)%12412; (8.76) 


m2 = (vip — Iyy3ai3 + M2V%13 — Yo) M1212. 


Substituting from (7.143)-(7.147), p. 187, into (8.76), along with the abbrevia- 
tion F = F(aj, a2, a3), we have 


8 F3/2 cosa2 — | 8 F3/2 a2 
Y= 9. =) ; ; =- 75 3 - tan —, 
sin~ a) sin“ a2 sinaz sina sin” a1 SIN” @2 SIN a3 (8.77) 
8 F3/2 cosa, + 1 8 F3/2 Oy 
m2=—9 a) : ; =3.9 ae) ; cot : 
sin’ a) sin* a2 sina3 Sina] sin” 1 SIN” 2 SIN a3 2 


Since gyrobarycentric coordinates are homogeneous, a nonzero common fac- 
tor of a system of gyrobarycentric coordinates is irrelevant. Hence, it follows from 
(8.77) that convenient gyrobarycentric coordinates for the point 712 in (8.7 1a) are 


a2 
my, = tan 5° 
i (8.78) 
mz = — cot — 
2 
so that, by (8.71a), we have 
tan@y A,—cotH@y A> 
io— al a (8.79) 


We have thus obtained the following theorem: 


Theorem 8.12 (The Exgyrocircle Points of Tangency Theorem) Let A; A2A3 be 
a gyrotriangle in an Einstein gyrovector space (Ri, ®, ®), let T;; be the point of 
tangency where the A;-exgyrocircle meets the extension of the gyrotriangle side 
A; Aj, and let T; be the point where the A;-exgyrocircle of the gyrotriangle meets 
the opposite side of A;, Fig. 8.4, p. 237. 

Then, the gyrotrigonometric gyrobarycentric coordinate representations of the 
points of tangency on the Ax-exgyrocircle, k = 1, 2,3, with respect to the set S= 
{A1, A2, A3} are given by the equations listed below. 
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Fork=1, 
a2 a 
‘ _ tan y,, 41 — Coty 442 
tan 2y —cot% : 
2% Ay 2 "Ay 
tan=y, Aj —cot>y, A3 
2 7A; 2°A 
T3 = an ar, —. (8.80a) 
an Va, —co 2 Ag 
tan Sy, Nae 
tan 3 Tis + tan 3 dy 
Fork =2, 
—cot Fy, A; +tan Fy, Ad 
Ty = 
= —cot @ +YV, _ttan ty, 
a _ tan Fy, Az —cot Fy, ,A3 aR08) 
= tan Sy, — cot Fy,, ; 
‘ tan Sy, (Ait tan y,, ,A3 
— tan FY, +tan FS Y,, 
And for k = 3, 
: —cot BY, Ai + tan F Y, 543 
— =e Fy, +tan Sy, , 
—cot Fy, Az + tan 3 Y, 43 
T32 = : (8.80c) 


—cot Fy, + tan By, 


tan FY, A; + tan 4 Yn 42 


tan By, + tan Oy 


Proof The proof of the first equation in (8.80a) is established in (8.79). The proof 
of the second equation in (8.80a) is obtained from the first by interchanging vertices 
A, and Ap. The third equation in (8.80a) is the result (8.56) of Theorem 8.7, p. 239. 
Finally, (8.80b) and (8.80c) are obtained from (8.80a) by cyclic permutations of the 
gyrotriangle vertices. 
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Fig. 8.5 Excircle points of tangency. The points of tangency 7}, etc., are given by Corollary 8.8, 
p. 240, of Theorem 8.7, and the points of tangency 72, etc., are given by Corollary 8.13, p. 249, 
of Theorem 8.12. The triangle circumcenter is O, so that its circumradius is R = || — Ax + O|l, 
k=1,2,3 


8.14 Excircle Points of Tangency, Part IT 


The way gyrotrigonometric gyrobarycentric coordinate representations in Einstein 
gyrovector spaces capture analogies between Euclidean and hyperbolic geometry, 
shown in Fig. 8.4, p. 237, and in Fig. 8.5, is now demonstrated. 

The gyrotrigonometric gyrobarycentric coordinates of tangency points in Theo- 
rem 8.12 remain invariant in form under the Euclidean limit s + oo, resulting in the 
following corollary of Theorem 8.12: 


Corollary 8.13 (The Excircle Points of Tangency Theorem) Let A;A2A3 be a 
triangle in a Euclidean vector space R", let T;; be the point of tangency where the 
A;-excircle meets the extension of the triangle side A; Aj, and let T; be the point 
where the A;-excircle of the triangle meets the opposite side of Aj. 8.4, p. 237, as 
shown in Fig. 8.5. 

Then, trigonometric barycentric coordinate representations of points of tangency 
on the Ax-excircle, k = 1,2, 3, are as listed below. 
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Fork =1, 


tan 3 A; — cot F Ao 


Oo 1 
tan 9) cot 5 


12> 


tan A; —cotSA3 


B= (8.8 1a) 


O38. a cae 
tan 5 cot 9) 
__ tan GA + tan 3 A3 


a3 a2 
tan 5 + tan 5 


1 


Fork =2, 


—cot 2A; + tan F Az 


Ty = 
—cot 9 + tan $ 


’ 


tan Az — cot 3 A3 


T33 = ; (8.81b) 


o3 av) 
tan 5 cot 5 
__ tan SA, + tan A3 


a3 ay 
tan 5 + tan 5 


And for k =3, 


—cot GA; +tan 9 A3 


T31 — a a 
3 1 
cot 5} + tan 9) 


’ 


—cot F Az + tan 9 Aj 


= o3 a2 
cot 3 + tan 5 


T32 = ; (8.81c) 


__ tan SA, + tan Ao 


3 a2 ay 
tan > + tan ZT 


8.15 Gyrodistance Between Gyrotriangle Tangency Points 


In subsections of this section, we determine the gyrodistances between various tan- 
gency points of exgyrocircles. These, in turn, will be used to calculate the measures 
of some gyroangles that exgyrocircles generate. 


8.15.1 The Gyrodistance Between Tz and T,3 


Let A;A2A3 be a gyrotriangle in an Einstein gyrovector space (R’, ®, ®), and 
let Tj2 and 7)3 be the tangency points where the gyrotriangle A -exgyrocircle 
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Fig. 8.6 Exgyrocircle points of tangency. The points of tangency 7}, etc., are given by Theo- 
rem 8.7, p. 239, and the points of tangency Tj2, etc., are given by Theorem 8.12, p. 247. The gy- 
roangle 6; = 77\27T\7\3 that the tangency points of the A;-exgyrocircle generates is determined 
in terms of the gyroangles a,, k = 1, 2,3, of the reference gyrotriangle A; A2A3 in Sect. 8.16, 
p. 258 


meets the extensions of sides A, A2 and A; Az, as shown in Fig. 8.6. Their gyro- 
barycentric coordinate representations with respect to the pointwise independent set 
S = {A1, Az, A3}, as given by Theorem 8.12, are: 


T\2 = : — (8.82a) 


where the gyrobarycentric coordinates m,, k = 1, 2, are given by 


m} = tan a 
2 
(8.82b) 
i Renn ee 
Ds 2 ? 


and 


T, eee (8.83a) 
B= = ; 05a 
AY 9g Pe UNSY 
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where the gyrobarycentric coordinates m;, k = 1, 3, are given by 


a3 
my, =tan—, 
2 
(8.83b) 
{= 
m3 = —cot—. 
° 2 
Hence, by (4.121), p. 113, 
1 / / / t 
YeT»OT3 = —— {mm}, + m\m3y,3 +: mm3yy, + mim}, (8.84) 
2 momo 
where, by (4.118b) and (4.119b), p. 112, mo > 0 and mp > 0 are given by 
mo = my +m + 2mim37;3, 
(8.85) 


(mi) = (m)” mi (m))° + mms). 


Substituting (8.82b) and (8.83b) into (8.84) (and squaring, but subsequently tak- 
ing a square root), we obtain the gamma factor yo7,,97,, expressed in terms of the 
gyrotriangle gyroangles ax, k = 1, 2, 3, 


1 


2 2 
ean? quran 12098 a, + 2(cosa2 + cosa3 — 1) 
2 2 


YET2ET3 = 


+ cos(a, + a2 + a3) + cos(—a,; + a2 + a3) 
+ cos(a, — a2 + a3) + cos(ay + a2 — @3)}. (8.86) 
Substituting (8.86) into the identity, (1.9), p. 5, 


=1 


2 
sz YeTnTi3 


lOT2®T31I? = ; (8.87) 
YeTpens 

we obtain the desired gyrodistance, 

852 cos & FOL2 +03 cos —@! FOL2 +03 cos Oj —012-+F03 cos Oty +012 — 013 

|O728T3I? = + = = 
{2(1 — cosa2 — cosa3)* + 2cos* a; + E(a 1, a2, a3)} 

x {2 +4(1 —cosa2 — cos a3)” + 2(cos” a 

— cos” a — cos” a3) + E(a1, a2, a3)}, (8.88) 
where 


E(q1, a2, a3) = cos(a, + a2 + a3) + cos(—a,; + a2 + a3) 


+ cos(a, — a2 +a3) + cos(a; + a2 — 43). (8.89) 
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Eliminating the factor s* cos oreo ras between (8.88) and (7.35), p. 163, and 
taking a square root of both sides of the resulting equation, we obtain the following 
equation: 


IST) 287)3|| 


ay -++ar2 +a ay —a2 +a ay +ar2 —a 
2,./2R cos 7S cos i 7 cos a 3 


= 2(cosa + cosa@3 — 1)? + 2cos? a1 + E(ay, 2, 03) 


x vee 4(1 — cosa — cosa3)2 + 2(cos? a1 — cos? a2 — cos? a3) + E(a1, a2, 03), 
(8.90) 


where R is the circumgyroradius of the reference gyrotriangle A; A2A3. 


8.15.2 The Gyrodistance Between T; and T,2, T13 


As in Sect. 8.15.1, we calculate here the gyrodistance between gyrotriangle tangency 
points. 
Following (8.80a), p. 248, we have 


my, Al +myy, A2 


Ty = (8.91a) 
ms Vice mY, 
where the gyrobarycentric coordinates m,, k = 1, 2, are given by 
m} = tan J 
2 
(8.91b) 
m!, = —cot — 
2 2 9 
and 
my, A2t+tms3y, A3 
io ar aieg (8.92a) 
m2V,, + M3Y,, 
where the gyrobarycentric coordinates m;, k = 2,3, are given by 
t = 
m2 = tan —, 
: 2 
(8.92b) 
m3 = tan = 
3 2° 
Hence, by (4.121), p. 113, 
1 
Yor.@T\ = ——_{m)m2y, + m\m3y13 + M5M3Y73 + mm}, (8.93) 


momy 
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where, by (4.118b) and (4.119b), p. 112, mo > 0 and mo > 0 are given by 


mo = ms + my +2mm3y7>3, 
(8.94) 
2 2 2 
(mp) = (m) + (m) + 2mm). 
Substituting (8.91b) and (8.92b) into (8.93), we obtain the gamma factor 
YOT,@T;, expressed in terms of the gyrotriangle gyroangles ax, k = 1, 2, 3, 


1 2 2 
re {2cos a2 +2(1+ cosa; — cosa3) 


YET|OT). = 7 : 
16 cos? 4 sin* 5 


+ cos(a, + a2 + a3) + cos(—a, + a2 + 43) 
+ cos(a, — a2 +03) + cos(a, + a2 — a3)}. (8.95) 


Substituting (8.95) into the identity, (1.9), p. 5, 


Z =i 
2_ 2%eTpeN: 
|ST ST |" = s° — Ss _, (8.96) 

YOT 2.713 

we obtain the desired gyrodistance, 

2 Oj +2 +03 1 +12 +013 1-012 +03 ay +a2— a3 
Tiol2 85~ cos 7 cos 5 cos 7 cos 7 
OT ®Ti2|\" = 3 


{2(1 + cosa, — cosa3)2 + 2cos? a2 + E(a, a2, &3)}? 
x {2 +4 (1+ cosa; — cos a3)” + 2(cos* ay — cos” a + cos” a3) 


+ E(a1, a2, a3)}, (8.97) 


where FE'(@1, a2, a3) is given by (8.89), p. 252. 

Eliminating the factor s* cos a teotes between (8.97) and (7.35), p. 163, and 
taking a square root of both sides of the resulting equation, we obtain the following 
equation: 


OT 8712 || 


aj +02+a3 @1 —A2+a3 1 +02 —013 
2/2R cos 5 cos 51 cos 1 


~ 2(1 + cosa, — cosa3)? + 2cos? a2 + E(a}, a2, a3) 


x /2+4(1 + cosa) — cosa3)2 + 2(— cos? a; + cos? a> — cos? a3) + E(a, a2, 3), 
(8.98) 


where R is the circumgyroradius of the reference gyrotriangle A; A2A3. 
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8.15.3 Resulting Gyrodistances Between Tangency Points 


Formalizing the results of Sects. 8.15.1—8.15.2, we obtain the following theorem in 
which gyrodistances between various tangency points are related to the gyroangles 
of the reference gyrotriangle and its circumgyroradius. 


Theorem 8.14 (Gyrodistances Between Exgyrocircle Points of Tangency) Let 
A, A2A3 be a gyrotriangle in an Einstein gyrovector space (R¢, ®, ®), let T;; be the 
point of tangency where the A;-exgyrocircle meets the extension of the gyrotriangle 
side A; Aj, and let T; be the point where the A;-exgyrocircle of the gyrotriangle 
meets the opposite side of Aj, Fig. 8.6, p. 251. Furthermore, let a,, k = 1, 2,3, and 
R be the gyrotriangle gyroangles and its circumgyroradius. 

Then, the gyrodistances between tangency points of the A,-exgyrocircle are: 


lOT128713|| 


=A +Q2+03 aj —AQ +03 a1 +a2—A3 
2/2R cos 5 cos F cos 4 


~ 2cos? ay + 2(1 — cosaz — cosa3)2 + E(a}, a2, a3) 


x V2 + 2(cos? ay — cos? aw — cos? a3) + 4(1 — cosa — cos @3)2 + E(a, 2, a3), 


(8.99a) 
OT, 712 || 


—Aj+Q2+03 aj —AQ+03 a1 +a2—-a3 
2/2R cos 5 cos 4 cos 5 


7 2cos? a2 + 2(1 + cosa; — cosa3)? + E(a1, a2, 03) 


x /2 + 2(—cos2 a1 + cos? ay — cos? a3) + 4(1 + cosa; — cosa3)2 + E(a}, a2, a3), 
(8.99b) 


|S e7T13\| 


—a1+02+a03 a1 —02+03 aj +a2—a3 
2/2R cos y cos 51 cos 1 


~ 2cos2 a3 + 2(1 + cosa; — cosa)? + E(a}, a2, a3) 


x V2 + 2(—cos? a — cos? a2 + cos? w3) + 4(1 + cosa — cosar)2 + E(a, a2, 03), 
(8.99c) 


where E(a1, a2, a3) is given by (8.89), i.e., 
E(a@1, a2, a3) = cos(a, + a2 + a3) + cos(—aq, + a2 + 43) 
+ cos(a@1 — a2 + a3) + cos(a, + a2 — a3), (8.99d) 


and where R is the circumgyroradius of the reference gyrotriangle A, A2A3. 
Furthermore, the gamma factors of these gyrodistances are: 


1 1 


eee ee, 2 = = 2 
Yet @T13 = 16 an? Ga? {2cos ay +2(1—cosa2—cosa3) + E(a1, a2, 03)}, 
sin? > sin” = 


(8.100a) 
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1 1 2 2 
oar {2.cos a2 +2(1+cosa; —cosa3) + E(a1, 02, 03)}, 


¥ = ae 
ONeTi2 ~~ 16 cos? % sin* & 


(8.100b) 


1 1 
= — —____,—_ 2cos* a3-+2(1-+cosa, —cos a)? + E(a1, a2, 03) , 
Yene@ris 16 cos? sin” 2. 


(8.100c) 


Proof Equations (8.99a) and (8.100a) are established in (8.90) and (8.86), respec- 
tively. Equations (8.99b) and (8.100b) are established in (8.98) and (8.95), respec- 
tively. Finally, (8.99c) and (8.100c) are obtained, respectively, from (8.99b) and 
(8.100b) by interchanging the vertices Ay and A3 of the reference gyrotriangle 
A, A2A3. 


Interestingly, (8.99a), (8.99b), (8.99c), (8.99d) remain invariant in form under 
the Euclidean limit s — oo, so that the equations are valid in Euclidean geometry 
as well. However, for application in Euclidean geometry (8.99a), (8.99b), (8.99c), 
(8.99d) can be simplified owing to the fact that triangle angle sum in z. 

Indeed, under the condition 


a, +0a2+03=7, (8.101a) 


we have the trigonometric identities similar to (7.22b), p. 159, 


—a, +a2+ 03 P 
cos —————~—. = sina, 
2 
cos ae sine, (8.101b) 


a) + A? — 03 : 
cos —————— = sina, 


2 


and 


cos(a@; +a2+a3)=—l, 


cos(—a, + a2 + a3) = — cos 2a, 
(8.101c) 

cos(a@1 — a2 +a3) = —cos2a2, 

cos(a, + a2 — a3) = —cos2a3. 


Hence, we obtain the following corollary of Theorem 8.14: 


Corollary 8.15 (Distances Between Excircle Points of Tangency, I) Let A;A2A3 
be a triangle in a Euclidean vector space R" , let T;; be the point of tangency where 
the A;-excircle meets the extension of the triangle side A; A;, and let T; be the point 
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where the A;-excircle of the triangle meets the opposite side of Aj, Fig. 8.5, p. 249. 
Furthermore, let ag, k = 1, 2,3, and R be the triangle angles and its circumradius. 
Then, the distances between tangency points of the A,-excircle are: 


ll — Ti2 + Tisll 


2/2R sind, SIN? Sina 


~ 2cos? a +2(1 — cosa — cosa3)? + E(a1, a2, 03) 


x J/2 + 2(cos? a1 — cos? a2 — cos? a3) + 4(1 — cosa2 — cosa3)2 + E(a, a2, 03), 
(8.102a) 


| — 7 + Till 


2/2R sina sina? sina3 


~ 2cos? a2 + 2(1 + cosa; — cosa3)2 + E(ay, a2, a3) 


x /2 + 2(—cos2 a + cos? ay — cos? a3) + 4(1 + cosa; — cosa3)2 + E(a}, a2, 03), 
(8.102b) 


and 


| - 7) + T3|l 


2/2R sin a, SiNa@? sina; 


~ 2cos? a3 + 2(1 + cosa; — cosaz)? + E(a}, a2, a3) 


x V2 + 2(—cos2 a; — cos? a7 + cos2.@3) +4(1 + cosa — cosa)? + E(a1, 2, 03), 
(8.102c) 


where E(a1, a2, a3) is given by 
E(qa1, a2,a3) = —(1+ cos 2a, + cos 2a@2 + cos 203) (8.102d) 


and where R is the circumradius of the reference triangle A, A2A3. 


Equations (8.99a), (8.99b), (8.99c), (8.99d) of Theorem 8.14 about gyrodistances 
in hyperbolic geometry remain valid in Euclidean geometry as well, where they 
form equations about corresponding distances in Euclidean geometry, in which Ein- 
stein addition becomes vector addition. However, when Theorem 8.14 is considered 
in Euclidean geometry, its results can be simplified owing to Condition (8.101a) 
that triangle angles obey. The trigonometric simplifications that Condition (8.101a) 
offers, (8.101b)-(8.101c), thus give rise to Corollary 8.15. 

Interestingly, Corollary 8.15 can be further simplified by employing rather in- 
volved trigonometric simplifications that Theorem 8.14 uncovers, as follows: 

Theorem 8.14 remains invariant in form under the Euclidean limit, s > co. 
Hence, it survives unimpaired in the transition from hyperbolic to Euclidean geom- 
etry. But in that Euclidean limit, gamma factors tend to 1. Hence, in particular, in the 
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application of Theorem 8.14 in Euclidean geometry the gamma factors in (8.100a), 
(8.100b), (8.100c) are 1, resulting in the following trigonometric simplifications that 
become available under Condition (8.101a): 


16 sin? S sin’ 7 = 2cos* a +2(1 — cosa2 — cosa3)* + E(a1, a2, a3), 


16 cos” S sin? S = 2cos* a2 +2(1+ cosa, — cosa3)* + E(q@1, @2, 3), 


16 cos* S sin’ S =2cos* a3 +2(1+ cosa; — cosa2)* + E(ay1, a2, a3), 


a, +02+03=T7. 
(8.103) 


Owing to Identities (8.103) that triangle angles possess, Corollary 8.15 can be 
simplified as follows: 


Corollary 8.16 (Distances Between Excircle Points of Tangency, II) Let A; A2A3 

be a triangle in a Euclidean vector space RR", let T;; be the point of tangency where 

the A;-excircle meets the extension of the triangle side A; A;, and let T; be the point 

where the A;-excircle of the triangle meets the opposite side of A;, Fig. 8.5, p. 249. 
Then, the distances between tangency points of the A,-excircle are: 


a 
|| — Ti2 + T13|| =4R sina, cos a cos Ge 
a a 
| —7 + Tall =4R sin > sina cos a (8.104) 


. a] a2. 
|| — 7; + 713|| =4R sin — cos — sina3, 
2 2 
where R is the circumradius of the reference triangle A, A2A3. 


Distances between tangency points of the A2- and the A3-excircle of triangle 
A; A2A3 can be obtained from (8.104) by cyclic vertex permutations. 


8.16 Exgyrocircle Gyroangles 


Let A; A2A3 be a gyrotriangle in an Einstein gyrovector space (R, @, ®@) that pos- 
sesses an Aj-exgyrocircle. The gyroangle 


Bi = ZT2T1T3 (8.105) 


generated by the tangency points T;, 7,2 and 7)3 of the A,;-exgyrocircle of the gy- 
rotriangle, as shown in Fig. 8.7, is called the Aj-exgyrocircle gyroangle. 
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Fig. 8.7 Gyroangles 6x, k = 1, 2,3, generated by exgyrocircle points of tangency 


In this section, we face the task of determining exgyrocircle gyroangles fx, k = 
1, 2, 3, in terms of the gyroangles of their reference gyrotriangle A; A2A3. 

Following the SSS to AAA conversion law in Theorem 6.2, (6.22), p. 135, and 
(6.20), p. 134, the gyrosine and gyrocosine of gyroangle 6; are given by the equa- 
tions 


2. wg 5 Me =a Ae 
ey Wea TOT YON OT3%OTLOTI3 — YOMOTi2 — YOTI@T3 — YOTOT13 


2 2 
(Yenern a DYSnens —Db 


2 
(y T@T2VOTNOT3 — % Tp@Tis 


2: 
cos“ B, = 
(Snetn — YWSnens — ) 
(8.106a) 


Substituting the gamma factors from (8.100a), p. 255, into (8.106a) and simpli- 
fying the results gyrotrigonometrically, we obtain the equations 


fs 
(8.106b) 
cos B; = fe 


Viet fe 
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where 
fs = 32c0s? o sin om sin o > 0, 
fo= 2(sin* a, + cos” a2 + cos” a3) — 8cos? S (cos a2 + cos a3) (8.106c) 
+ E(a, a2, a3) <0, 
where, as in (8.99d), p. 255, 
E(a1, &2, 3) = cos(a1 + a2 + a3) + cos(—a + a2 + a3) 


+ cos(a1 — a2 +a@3) + cos(aj +a2—a3). (8.106d) 


Interestingly, the sum oe + Si of squares can be written as a product, 


fe + fe = fas fis, (8.107a) 


where 


eal 


fin =2 (cos? a, + cos’ a + cos” 03) + 32.cos* 5 — sin’ 5 t+ Ea. , 2,03) — 2, 


S sin? 5 + Elai,a2,03) —2. 


(8.107b) 


132 = 2(cos” a1 + cos” a2 + cos” a3) + 32 cos” 


Formalizing the main result of this section, we obtain the following theorem: 


Theorem 8.17 (Gyroangles Generated by Exgyrocircle Points of Tangency) Let 
A, A2A3 be a gyrotriangle in an Einstein gyrovector space (IR? ®, ®) with gyroan- 
gles ax, k = 1, 2,3, and let E(a\, a2, 03) be given by the equation 


E (a1, @2, 03) = cos(ay + a2 + a3) + cos(—a + a2 + 3) 
+ cos(a, — a2 +03) + cos(a, + a2 — a3). (8.108) 


Furthermore, let T;; be the point of tangency where the A;-exgyrocircle meets the 
extension of the gyrotriangle side A;Aj, and let T; be the point where the A;- 
exgyrocircle of the gyrotriangle meets the opposite side of Aj, Fig. 8.7. Then, the 
measures of gyroangles 

Bi = ZT2TMT12, 

Bo = ZT, ThTr3, (8.109) 

B3 = £T31 T2732 


that the exgyrocircle tangency points generate are determined by the following equa- 
tions: 


sin Bj = ——————-, cos fj = (8.110a) 


2 2 
sit cl reaa cl 
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where 
a1 . a2 , 
fi = 32 cos? — sin — sin — > 0, 
2 2 2. 
fe = 2(sin? a + cos’ a + cos” a3) 
2 1 
— 8cos 7 (cosarg + cosa3) + E(a1, @2, a3) 
<0, 
; 2 2 
ne. a 
2 2 2 2 
sat c2 Feo c2 
where 
al a2 . 
= 32sin — cos” — sin — > 0, 
2 = 32 ? 0 
2 2 2 
fer = 2(cos? ay + sin* a2 + cos” a3) 
8 cos? 
— 8cos el + cosa3) + E(a1, a2, a3) 
<0, 
‘ 53 
sin 3 = _fs3 cos 63 = 
2 2 
sat c3 ieee at 2 
where 


4 = 328in — gin wos — = > 0, 
2 2; 2 
fe3 = 2(cos” a + cos? a2 + sin? a3) 


— 8cos” F (cosa + cosa2) + E(ay, a2, a3) 


<0. 
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(8.110b) 


(8.11 1a) 


(8.111b) 


(8.112a) 


(8.112b) 


Proof The determination of gyroangle 6; in (8.110a), (8.110b) is established in 
(8.106a), (8.106b), (8.106c), (8.106d). The determination of gyroangles 62 and 63 
follows from that of 6; in (8.106a), (8.106b), (8.106c), (8.106d) by cyclic permuta- 


tions of the vertices of the reference gyrotriangle A; A2A3. 


8.17 Exgyrocircle Gyroangle Sum 


Let A; A2A3 be a gyrotriangle in an Einstein gyrovector space (RY, ®, ®@) that pos- 
sesses the A;,-exgyrocircle, k = 1, 2,3. The gyrotriangle exgyrocircles, in turn, gen- 
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erate the exgyrocircle gyroangles 6,, k = 1,2, 3, the sum of which, 6; + 62 + 63, 
is the gyrotriangle exgyrocircle gyroangle sum. 

In this section, we face the task of determining the gyrotriangle exgyrocircle 
gyroangle sum in terms of the gyroangles of the reference gyrotriangle. 

Let A;A2A3 be a gyrotriangle in the Einstein gyrovector space that possesses 
three exgyrocircles and let By, k = 1,2, 3, be the resulting gyrotriangle exgyrocircle 
gyroangles. The gyrosine and gyrocosine of the gyrotriangle exgyrocircle gyroangle 
sum are 


sin(f, + B2 + 63) = — sin f, sin B2 sin 63 + sin fj cos B2 cos 63 
+ cos 6; sin 62 cos £3 + cos f1 cos 62 sin B3, 
cos(f1 + 62 + £3) = cos B; cos 2 cos §3 — cos f, sin f2 sin 3 
— sin f, cos B2 sin £3 — sin Bf; sin B2 cos f3. 


Substituting sin 6, and cos By, k = 1,2,3, from (8.110a), (8.110b), (8.11 1a), 
(8.111b), (8.112a), (8.112b) into (8.113), we obtain the equations 


(8.113) 


. a) + 2 + 03 
sin(B1 + B2 + B3) = cos ——~—— f (a1, a2, a3), 


2 (8.114) 
cos(B1 + B2 + £3) = f2(a1, a2, a3), 


where the functions f; and fo of a,, k = 1, 2,3, are too involved and hence are not 
presented here explicitly. 

The factor cos aureus on the right-hand side of the first equation in (8.114) en- 
ables an interesting result of Euclidean geometry to be uncovered. In the Euclidean 
limit, s + oo, a gyrotriangle gyroangle sum tends to a corresponding triangle angle 
sum, which is z. Hence, in that limit, the factor tends to cos 5 = 0, implying that 
sin(6; + B2 + £3) = 0 in Euclidean geometry. The latter, in turn, implies that in 
Euclidean geometry the excircle angle sum is 6; + B2 + 63 = 27. 


8.18 Exgyrocenter-Point-of-Tangency Gyrocenter 


Definition 8.18 (Exgyrocenter-Point-of-Tangency Gyrocenter, P) Let A; A2A3 be 
a gyrotriangle in an Einstein gyrovector space (R’, @, ®) along with its exgyrocen- 
ters E; and points of tangency 7;, k = 1,2, 3, Fig. 8.8. The points E; and 7; form 
the three gyrolines E, 7, that are concurrent. This point of concurrency is called the 
exgyrocenter-point-of-tangency Gyrocenter, P, Fig. 8.8, of the gyrotriangle. 


Let the gyrocenter P of gyrotriangle A; A2A3 in an Einstein gyrovector space 
(RY, &, ®) be given by its gyrobarycentric coordinate representation with respect 
to the set S = {A , Az, A3} of the gyrotriangle vertices, 


go ee ae eas 
BAG | te AY SY 
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Fig. 8.8 The Exgyrocenter-Point-of-Tangency Gyrocenter, P, of a gyrotriangle Aj A2A3. This 
gyrotriangle gyrocenter, P, is the point of concurrency of the three gyrolines FE, 7, k = 1,2, 3, 
where EF, are the gyrotriangle exgyrocenters and 7; are the gyrotriangle points of tangency with 
its exgyrocircles. Gyrotrigonometric gyrobarycentric coordinates of the gyrotriangle gyrocenter P 
are given in Theorem 8.19. Note that the three points Ay, Eo and E, for each k, k = 1, 2,3, are 
gyrocollinear 


where the gyrobarycentric coordinates (m1 :m2:m3) of P in (8.115) are to be 
determined. 

Similarly to (8.58a), (8.58b), (8.58c), (8.59a), (8.59b) and (8.59c), under the left 
gyrotranslation by GA, the gyrotriangle gyrocenter P in (8.115) becomes 


@A 


M2V Asa (OA1@A2) Fa ai (GA1@A3) 


Mie M2Y 54, @Ay — M3V 54, @A3 


OA\GP= 


_ M2Y,2412 + M3Y,3413 
M, +M2Y1y + M3713 


(8.116) 


1. The exgyrocenter 6A;@E; and the tangent point ©A1@7| of the left gyrotrans- 
lated gyrotriangle O(G@ A; ®A2)(CA1@A3), as calculated in (8.58a) and (8.59a), 
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are: 


sina2y,,a12 + sina3zy,3a13 


SOA @E| = — ; , 
— sina; + sina2y;, + sina3y;3 
(8.117a) 
tanSy,,aj>+tan@y,,a 
OA @T| = 5) a 12 z Y1 3.413 
tan > Y)> + tan F713 
These points are contained in the Euclidean line 
L; =(©A1®T)) + (-(CA1®71) + (CA1@E}))t1, (8.117b) 


where ft; € R is the line parameter. This line passes through the point 
(CA167T)) € R? CR" whent; = 0, and it passes through the point (QA;@£}) € 
R? CR" when f) = 1. 

. Similarly to (8.117a), (8.117b), The exgyrocenter 6A; @ £2 and the tangent point 
©A1@T of the left gyrotranslated gyrotriangle O(G@A1@A2)(GCA1@A3), as 
calculated in (8.58b) and (8.59b), are: 


— sin 1219412 + SiINA3 713813 


SOAI@E? = — : ; 
sina) — sina2y;4 + SIN 3713 
(8.118a) 
tan2y,,a 
SCAIGIl = a 2Vi3 = . 
tan 3 + tan Hy, 
These points are contained in the Euclidean line 
Lz = (QA1®T2) + (—(CA1®T2) + (CAI @E2)) to (8.118b) 


where ft2 € R is the line parameter. This line passes through the point 
(CA1@GT) € R? C R" when f2 = 0, and it passes through the point (OA;®£?) € 
IR? CR” when fp = 1. 

. Similarly to (8.117a), (8.117b), (8.118a) and (8.118b), The exgyrocenter 
©A1@E3 and the tangent point ©A;@73 of the left gyrotranslated gyrotrian- 
gle O(GA1@A2)(CA1@A3), as calculated in (8.58c) and (8.59c), are: 


SiINQ2Y,5a12 — SINAZY,.a13 
OA1OE3 = 12 13 


sina) + sinazy,. — sina3y,3 ; 
(8.119a) 
tan Fy 17 a2 


SA18T3 = : 
tan> + tan Fy,, 


These points are contained in the Euclidean line 


L3 = (CA1 073) + (—(CA1@T3) + (CA1E3)) £3, (8.119b) 
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where #3 € R is the line parameter. This line passes through the point 
(CA16T3) € R? C R" when #3 = 0, and it passes through the point (GA;@£3) € 
IR? CR” when 8 = 1. 


If the Euclidean lines Lz, k = 1, 2,3, in (8.117a), (8.117b), (8.118a), (8.118b), 
(8.119a), (8.119b) are concurrent, then their concurrency point is the gyrocenter P 
of the gyrotranslated gyrotriangle O(GA;@A2)(GA1@A3), given by (8.116). 

As in (7.219), p. 207, and in (8.64), p. 244, the condition that gyrocenter GA; @P 
lies on each of the three Euclidean lines L;, k = 1, 2,3, along with the linear inde- 
pendence of the gyrovectors aj2 and aj3 in R’, when considered as vectors in R”, 
gives rise to a system of six homogeneous linear equations for the six unknowns t 
and mx, k = 1, 2,3. Here the three unknowns ¢, are the line parameters that deter- 
mine the gyrocenter P on each of the three lines L;, and the three unknowns m x 
are the gyrobarycentric coordinates of the gyrocenter P of gyrotriangle A;A2A3 
with respect to the set S = {A1, Az, A3} of the gyrotriangle vertices, in (8.115) and 
(8.116). 

The resulting six homogeneous linear equations for the six unknowns 1), f2, 
and m1, mz,m3 are not linearly independent. Indeed, they determine uniquely the 
five unknowns f1, f2, f3 and m,/m3, m2/mz3, resulting in 


m,  sina,(1+cosa, — cosa2 — cosa3) 


m3 sina3(1 — cosa, — cosa + cosa3)’ 
(8.120) 
m2 sina,(1 —cosa, + cosa2 — cosa3) 


m3 sina3(1 — cosa, — cosa2 + cosa3) 


Gyrobarycentric coordinates are homogeneous, so that a common nonzero factor 
is irrelevant. Hence, (8.120) gives rise to the following theorem: 


Theorem 8.19 (The Exgyrocenter-Point-of-Tangency Gyrocenter Theorem) Let 
A, A2A3 be a gyrotriangle in an Einstein gyrovector space (R?, ®, ®), and let P 
be the exgyrocenter-point-of-tangency gyrocenter of the gyrotriangle, Fig. 8.8. 

Then, in the standard gyrotriangle index notation, the gyrotriangle gyrocenter P 
is given by its gyrobarycentric coordinate representation, 


fe my, Ai t+moy, Ar+msy, A3 ai) 
my, +my, +m3y,, 


where gyrotrigonometric gyrobarycentric coordinates (m, : m2: m3) of P in 


(8.121) are 
m, = Ssina;(1 + cosa, — cosa2 — cosa3), 
my = sina7(1 — cosa, + cosa@2 — cosa3), (8.122) 


m3 = Ssina3(1 — cosa, — cosa2 + cosa3). 
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8.19 Problems 


Problem 8.1 The Gyrotriangle Exgyroradius: 
Derive the system (8.7), p. 223, of three equations by substituting successively 
(8.4a), (8.4b), (8.4c) and (8.2) into (8.5). 


Problem 8.2 The Constant of the Gyrotrigonometric Gyrobarycentric Coordi- 
nate Representation of the Gyrotriangle Excenters and Incenter: 

Derive the constants ms in (8.39a), (8.39b), (8.39c), (8.39d), p. 235, of each of the 
gyrotrigonometric gyrobarycentric coordinate representation of E;,, k = 1, 2, 3,0, 
from (8.15), p. 226, and (8.37a), (8.37b), (8.37c), (8.37d), (8.38a), (8.38b), (8.38c), 
(8.38d), p. 234. 


Problem 8.3 A Gyrotriangle Gyroangle Inequality: 
Prove Inequality (8.41), p. 235, for the gyroangles a,, k = 1, 2, 3 of any gyrotriangle 
A, A?2A3 in an Einstein gyrovector space. 


Problem 8.4 A Substitution: 
Derive (8.53), p. 239, by substitutions from (7.143) and (7.147) into (8.52). 


Problem 8.5 Gyrotriangle Gyrotrigonometric Substitutions: 

Complete the proof of Theorem 8.3, p. 230, in detail by substituting gyrotriangle gy- 
rotrigonometric identities from Sect. 7.12, p. 187, into (8.21)-(8.22) and employing 
the result of Theorem 7.4, p. 163. 


Problem 8.6 In-Exgyroradii Relation: 

Derive (8.26) and (8.27) from (8.25), p. 230, by using the software Mathematica for 
computer algebra to manipulate trigonometric functions by commands like Trig- 
ToExp, ExpToTrig, TrigReduce and TrigFactor. 


Problem 8.7 Gyrotrigonometric Substitutions: 
Derive the gamma factor (8.86), p. 252, by substituting (8.82b) and (8.83b) into 
(8.84) (and squaring, but subsequently taking a square root). 


Problem 8.8 Gyrotrigonometric Substitutions: 
Derive (8.88), p. 252, by substituting (8.86) in Identity (8.87), which is a special 
case of Identity (1.9), p. 5. 


Problem 8.9 Gyrotrigonometric Substitutions: 
Derive the gamma factor (8.95), p. 254, by substituting (8.91b) and (8.92b) into 
(8.93). 


Problem 8.10 Gyrotrigonometric Substitutions: 
Derive (8.97), p. 254, by substituting (8.95) into Identity (8.96), which is a special 
case of Identity (1.9), p. 5. 
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Problem 8.11 Trigonometric Substitutions: 

Simplify the results of Corollary 8.15, p. 256, into those of Corollary 8.16, p. 258, 
in Euclidean geometry by substituting Identities (8.103) that triangle angles possess 
and employing well-known, elementary trigonometric identities. 


Problem 8.12 The SSS to AAA conversion law: 
Apply the SSS to AAA conversion law, Theorem 6.2, p. 134, to obtain the equations 
in (8.106a), p. 259. 


Problem 8.13 Gyrotrigonometric Substitutions: 
Substitute the gamma factors from (8.100a), p. 255, into (8.106a), p. 259, and sim- 
plify the results gyrotrigonometrically (= trigonometrically) to obtain (8.106b). 


Problem 8.14 A Gyrotrigonometric/Trigonometric Identity: 
Prove the gyrotrigonometric/trigonometric Identity (8.107a), (8.107b), p. 260. 


Problem 8.15 Gyrotrigonometric Substitutions: 

Substitute the sin 6, and cos fy, k = 1,2,3, from (8.110a), (8.110b), (8.1 11a), 
(8.111b), (8.112a), (8.112b) into (8.113) to obtain (8.114), p. 262, explicitly, and 
deduce that 


lim. sin(B1 + B2 + 3) = 0. (8.123) 


Furthermore, show that (8.123) implies that in Euclidean geometry, the excircle 
angle sum is 61 + B2 + £3 = 27. 


Problem 8.16 Gyrocollinearity: 
Explain why the three points Ay, Eo and E, for each k, k = 1, 2,3, in Fig. 8.8, 
p. 1263, are gyrocollinear. 


Chapter 9 
Gyrotriangle Gyrocevians 


Abstract Triangle Cevians play an important role in the study of Euclidean tri- 
angles. Accordingly, hyperbolic triangle Cevians, called gyrotriangle gyrocevians, 
play an important role in the study of hyperbolic triangles as well. The determination 
of the gyrocevian gyrolength and the measure of gyroangles that gyrocevians gen- 
erate in gyrotriangles is presented. As an application, a special gyrocevian that gen- 
erates special ingyrocircles is studied. Furthermore, gyrocevian concurrency condi- 
tions are uncovered and the hyperbolic version of the Theorem of Ceva is presented 
along with the related hyperbolic Brocard points. 


9.1 Gyrocevians and the Hyperbolic Theorem of Ceva 


Definition 9.1 (Gyrocevians) A gyrocevian is a gyrosegment that joins a vertex of 
a gyrotriangle in an Einstein gyrovector space with a point on the opposite side. 


Theorem 9.2 (Gyrocevians Point of Concurrency) Let A;A23 and A2A3, be two 
gyrocevians of a gyrotriangle A, A2A3 in an Einstein gyrovector space (RY, ®, ®), 
Fig. 9.1, and let the gyrocevian feet be given by their gyrobarycentric coordinate 
representations 


moi1y, Ai +ma3y,,A3 


31 = 
MOLY TB, 
(9.1) 
r mi2¥,, A2+mi3V,, A3 
23'= - 
m2, + Mi37,, 
with respect to the set S = {A, A2, A3}. 
A.A. Ungar, Hyperbolic Triangle Centers, 269 
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A31 Aa 


A, 


Fig. 9.1 Gyrocevians Point of Concurrency. The point of concurrency, M12, of two gyrocevians 
A, A23 and Az A3; of a gyrotriangle A; Az A3 in an Einstein gyrovector space is determined in (9.2) 


Then the two gyrocevians intersect at a point M2 on the interior of the gyrotri- 
angle, given by the gyrobarycentric coordinate representation 


mi3maiy, Ai +mi2ms3y, Ar +mizgma3y, A3 


M\2= (9.2) 


mi3m2uy, +mizm3y, +m13m23Y,, 
with respect to the set S = {A,, Az, A3}. 


Proof Let the point of intersection, Mj2, of the gyrocevians A;A23 and A2A31, 
Fig. 9.1, be given by its its gyrobarycentric coordinate representation 


miy, Ai +mo2y, A2+msy, A3 


M\27= (9.3) 


miy, +m2y, +msy,, 


with respect to the set S = {A;, Az, A3}, where the gyrobarycentric coordinates are 
to be determined in (9.10). 

Let us left gyrotranslate by GA; the two gyrocevians A;A23 and A2A3; along 
with their point of intersection, M12, obtaining the following left gyrotranslated gy- 
rocevians (GA;@A1)(OA1@A23) = O(CA1PA73) and (CA1GA1)(OA1GA31), 
along with their point of intersection GA;@Mj2. Here O6A;@A) = O is the origin 
of Ri, given by O = 0= (0,..., 0) with respect to its Cartesian coordinates. 

By the Gyrobarycentric Coordinate Representation Gyrocovariance Theorem 4.6, 
p. 90, the left gyrotranslations of the points A3;, A23 and Mj2 by GA, are 


mry,,A1+m23Y,4,43 


OA GA31 = OAI®D 
M21V4, + M23Y 4, 
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_ M21YeA,@a, (GAI@AI) + 2354, @A;(OA1DA3) 


M21YoA,@A, + ™23V%eA@A3 


33713413 (9 4a) 


M21 +M23Y13 


m2Y¥,,A2 +1113V,4,A3 
DA,@An = OA A2 A3 


M12V 4, + M13V 4, 


12% eA, @A,(OA1BA2) + M1394, @A,(OA1BA3) 


MI2VEA\@Ad 7 M13VOQA@A3 


M1219 A12 + 11313413 


M12V19 +M13Y43 


; (9.4b) 


SA1®OM12 


miy,,A1+m2y,4,A2 +374, A3 


=O0A1® 
MY, + M2Y 4, 1 M37V 4, 


MY gA,@A, CAIBAL) + M2V 94, @A,(CAIPA2) + 3V 54, 94;(CA1GA3) 


M1Yea,@a, + ™2VeA,@A, + ™3VQA A; 


M217 412 + M37;3813 


(9.4c) 
MI +M2Y1. + M3Y13 


1. The first left gyrotranslated gyrocevian, (GA1@A1)(GA1@Az3), is a gyroseg- 
ment that joins its foot GA;@A23 with vertex GA;@A; = O = 0 of the left 
gyrotranslated gyrotriangle. It lies on the Euclidean line L; in R” that passes 
through the points O = 0 and G©A1@Az3. Hence, by (9.4b), 


L1 = (GA @A)) + (—(CA1@A1) + (CA1@A23)) 1 


M12Y17 412 13713813 
= 1 


M12Y19 +M13Y 13 


(9.5a) 


where ft; € R is the line parameter. 

2. The second left gyrotranslated gyrocevian, (G6A;@A2)(GA1@PA31), iS a gy- 
rosegment that joins its foot GA;@A3 with vertex GA;@A?2 = aj? Of the left 
gyrotranslated gyrotriangle. It lies on the Euclidean line Lz in R” that passes 
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through the points G6A;@®A2 = aj2 and ©A;@A3 1. Hence, by (9.4a), 


Lz = (CA1@A2) + (—(CA1@A2) + (CA1@A31))t1 


(9.5b) 


M23Y 13413 
=an+( aj2+ 13 rn 


M2] +M73713 
where f2 € R is the line parameter. 


The point GA;@M)j2 lies on each of the two lines Lx, k = 1,2. Hence, there 
exist values f;,9 of the line parameters t,, k = 1, 2, respectively, such that 


M1219 412 +13 Y,3413 
(CA1@Mj2) 2 13h t.0 =0, 
M12Vj9 + M13Y13 


(9.6) 


M23Y {3413 
(GA1@Mj2) — ay2 ( ay2+ = )no=o. 
m21 +M237;3 


Substituting G©A;@M)2 from (9.4c) into (9.6) and rewriting each equation in 
(9.6) as a linear combination of aj2 and a;3 equals zero, we obtain the following 
homogeneous linear system of two gyrovector equations 


c11aj2 + c12a13 = 9, 
(9.7) 
c21412 + ¢22a13 = 9, 


where the coefficients cj;, i, j = 1,2, are functions of the unknown values 1,9, 12,0 
of the line parameters ¢), t2 and of the gyrobarycentric coordinates (m1 : m2: m3) 
of the gyrocevians point of intersection M12 in (9.3). 

Since the set S = {A1, A2, A3} is pointwise independent, the two gyrovectors 
aj2 = OA|@A? and aj3 = ©A1 @A3 in R4, considered as vectors in R”, are linearly 
independent in IR”. Hence, each coefficient c;; in (9.7) equals zero. Accordingly, 
the two gyrovector equations in (9.7) are equivalent to the following four scalar 
equations, 


Cl] = C2 = C2] =c22 = 0. (9.8) 


The resulting four equations are linear in the unknowns 11,0, f2,9. Solving the 
equation cg; = 0 for the unknown f 9, and substituting the resulting 9 into the 
equation cx2 = 0, k = 1, 2, we obtain the following two equations for gyrobarycen- 
tric coordinates: 

m, m2) mz my2 


al = (9.9) 


M3 M3 m3 M3 


Since gyrobarycentric coordinates are homogeneous, one may select m3 = m13m23, 
obtaining 


(m, :m2:m3) = (m13mM21 :m12M23 : M1373), (9.10) 


as desired. 
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Fig. 9.2. The Hyperbolic Theorem of Ceva. The three gyrocevians Aj A23, A2A31 and A3Aj12 are 
concurrent if and only if (9.11) holds 


Theorem 9.3 (The Hyperbolic Theorem of Ceva) Let A; A2A3 be a gyrotriangle in 
an Einstein gyrovector space (IR, ®, ®) and let Aj; be a point on side A; Aj; of the 
gyrotriangle, 1 <i # j <3. The three gyrocevians A, A\2, A,A3, and A,A23 are 
concurrent, Fig. 9.2, if and only if 


Yea @AnlOA@A 12llYoa,eQA3lOAIPABI Il Yea, @4,,19428423 ll 
Yo Ar@Ap!IGA2BA 121 Yaa az, llOAIDASIM Yo, @ 45; | OA38A23 Il 
(9.11) 


Proof The proof is presented in two parts. 


Part I Let the feet, Aj2, A3; and A93, Fig. 9.2, of the three Cevians in the theorem 
be given by their gyrobarycentric coordinate representation with respect to the set 
S = {A1, A2, A3} of vertices of the gyrotriangle A; A2A3, 


may, Al +ms32y,, A2 


Ai = 
cil ge +m327,, 
fee mriy, Ai +ma3y,,A3 0.12) 
: maiy, 1 Ma8Y,, 
m2¥,,A2 + mi3¥,, A3 
A23 = : ou 


may + MNBY 4. 
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Applying the hyperbolic lever law relation (4.79), p. 102, to each of the gyro- 
barycentric coordinate representations in (9.12), we obtain the ratios 


M3) _ YEArBa\2 CA2PA12 
M32 Yoa,@ayllOA1®A12 


mM2{ _ YOA3@a13 CA30A31 (9 13) 


M23 YeA@ay3 OA1@A31 


m2 _ YQ A3@ar3 CA38A23 


M13 Vea,@a,!l|A2BA23 


By the Gyrobarycentric Coordinate Representation Gyrocovariance Theorem 
4.6, p. 90, the left gyrotranslations of the Cevian feet in (9.12) by G Aj are 


M31V%94,@A, CAIPAI) + 32% 94,4, (OA1PA2) 


SAIGAI2 = 
M31VoA,@A, + 32% oA @Ad 
_ ™32V,2 412 
m3, + M32V19 (0.14) 
M23Y13 413 
@A1@A3] = ——4 —., 
M21 +M237;3 
M12Y1,5 812 +113 Y,3413 
OA1GA23 = 12 =, 


M12V19 + M3713 


The three gyrocevians A,A23, A2A3; and A3Aj2 of gyrotriangle A; A2A3, 
Fig. 9.2, are left gyrotranslated by GA}, respectively, into the three gyrocevians 
O(GA1GA23), (GA1BA2)(GA1GA31) and (GA}GA3)(GA1@GAj2), where O = 
0 = (0, ...,0) is the origin of the Cartesian coordinate system of both R? and R”. 
Owing to the gyrocovariance of points of concurrency, the left gyrotranslated gy- 
rocevians of gyrotriangle A; A2A3 are gyrocevians of the left gyrotranslated gyro- 
triangle ((Q@A1@A1) = 0)(GA1@A2)(CA1 @A3), and the original gyrocevians of 
gyrotriangle A; A2A3 are concurrent if and only if their left gyrotranslated counter- 
parts are concurrent. 


1. The first left gyrotranslated gyrocevian is a gyrosegment that joins its foot 
©A1@A23 with vertex C6A;@A; = O = 0 of the left gyrotranslated gyrotrian- 
gle. It lies on the Euclidean line LZ; in R” that passes through the points O = 0 
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and © A;@A23. Hence, by (9.14), 
L, = (GA1@A}) + (—(CA1@A1) + (CAG A23))f1 


M2V17412 + M1371 3413 
M12Vy +3713 


tH, (9.15a) 


where ft € R is the line parameter. 

2. The second left gyrotranslated gyrocevian is a gyrosegment that joins its foot 
©A1@A3, with vertex ©A;@A?2 = aj? Of the left gyrotranslated gyrotriangle. It 
lies on the Euclidean line Lz in R” that passes through the points aj2 = GA1@A2 
and ©A;@A3,. Hence, by (9.14), 


Lz = (QA1@A2) + (—(CA1@A2) + (CA19A31))f1 


a 
wantis ss Jr (9.15b) 


=ajy2+ ( aya + 
M21 +MN23Y713 


where f2 € R is the line parameter. 

3. The third left gyrotranslated gyrocevian is a gyrosegment that joins its foot 
©A1@A\j12 with vertex 6A; P@A3 = aj3 Of the left gyrotranslated gyrotriangle. It 
lies on the Euclidean line L3 in R” that passes through the points aj3 = @A1@A3 
and ©A;@Aj2. Hence, by (9.14), 


L3 = (@A1@A3) + (—(GA1GA3) + (GAIA 12)) 63 


M32Y17 412 
=ay3+ ( ay3+ Le Jn (9.15c) 
m3] +M32Y19 


where 13 € R is the line parameter. 


Let us assume that there exists a point P = A123 € R% that lies on each of the 
three gyrocevians of gyrotriangle A; A2A3, Fig. 9.2. Then, its left gyrotranslated 
point, 6A, @P, by GA\, lies on each of the three lines Lx, k = 1,2, 3. Hence, there 
exist values f,,9 of the line parameters t,, k = 1, 2,3, respectively, such that 


M12V 1812 + N13), 3413 oe 


(CAI1®P) = 0, 
M12Y\9 + M137 13 
m3 a13 
(GA1®@P) — arp ( ay + "13 Jno =0, (9.16) 
m1 + M3713 


M32Y17 412 
(CA1®P) — a3 ( ay3+ M2 Jno =0, 
M31 + M32V}5 
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where P is given by its gyrobarycentric coordinate representation 


oo my, Al +moy, Az +msy, A3 om 
my, +moy, +msy,, 


with respect to the set S = {A1, Az, A3}, so that 


M2Y17 412 F M37 13413 
M{+M2YV1. +M3Y13 


SCA{@P= (9.18) 


Substituting GA;@P from (9.18) into (9.16) and rewriting each equation in 
(9.16) as a linear combination of aj and a;3 equals zero, we obtain the follow- 
ing homogeneous linear system of three gyrovector equations 


c11a12 + c12a13 = 9, 


c21a12 + €22a13 = 0, (9.19) 


c31a12 + ¢32a13 = 0, 


where the coefficients cjj,i = 1,2,3, j = 1,2, are functions of the unknown values 
t10, ¢2,0, £3,90 of the line parameters ft), f2, f3 and of the gyrobarycentric coordinates 
(m1 :m2:m3), (m2; m3), (M21; M23) and (m31; m32). 

Since the set S = {A;, Az, A3} is pointwise independent, the two gyrovectors 
aj2 = OA1@A?2 and aj3 = GA GA; in R¢, considered as vectors in R”, are linearly 
independent in IR”. Hence, each coefficient c;; in (9.19) equals zero. Accordingly, 
the three gyrovector equations in (9.19) are equivalent to the following six scalar 
equations, 


CH = C2 = C2] = C22 = C31 = C32 =O. (9.20) 


The resulting six equations are linear in the unknowns 11,0, 2,0, 3,0. Solving the 
equation cx; = 0 for the unknown ¢;,9, and substituting the resulting fo into the 
equation cy2 = 0, k = 1,2, 3, we obtain the following three equations for gyro- 
barycentric coordinates: 

m, m3, m2 m2 m3 M3 


ee (9.21) 


=— ’ 
m2 m™32 m3 M3 my) m2 


Hence, 
m3, M12™M23_— Mm mM2zmMZ _ 


=a (9.22) 


M32 M13 M21 m2m3™M| 


Finally, the result, (9.11), of the theorem follows immediately from (9.22) and 
the hyperbolic lever relations in (9.13) 


Part II Conversely, given (9.11), we will show that the gyrocevians A; A23, A2A31 
and A3A 9, Fig. 9.2, are concurrent. 

By Theorem 9.2, p. 269, the two gyrocevians A;A23 and A7A3, intersect at some 
point A‘, on the interior of gyrotriangle Aj A2A3. 
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Let A3A{, be the gyrocevian that contains the points A3 and A‘,,, with foot 
A‘, that lies on side A; A2 of the gyrotriangle. Now we have the three concurrent 
gyrocevians A; A23 and A7A3, and A3A}- 

Hence, by Part I of the proof, (9.11) with A12 replaced by A‘, is valid, that is, 


Yoa,oa’,|SA1®A poll YOA30A3] IS A38A3} || YQ Ar@ Ap, || OA28 A23 || 


=1. 
SAA ll Yoa ody 1 OAIPASIII Yoas@ Ay, O43 A23 I 
(9.23) 


Yo Ar@A', I 


Following (9.23) and assumption (9.11), we have 


/ 
mi YoA@AylOAi@Arall _ Yoai@a', O41 4)pll 


: = : (9.24) 
M2 Yerr@ryllOA2®Arll — ¥o4,9a1,10424 49 
The equality in (9.24) follows from (9.23) and (9.11), and m; > 0 and m2 > 0 are 
any two positive numbers the ratio of which is defined in (9.24). 

By Theorem 4.12, p. 103, both Aj2 and A‘, in (9.24) possess the same gyro- 
barycentric coordinate representation with respect to the set S = {Aj, Ap}, 


eT my, Ai +moy, Ar 
12= 412>= 


(9.25) 
may, Tr M2y, 


so that, in particular, Aj2 = A{,. This equality, in turn, implies that the three gyro- 
cevians A;A 23 AzA3, and A3Aj2 are concurrent, as desired. 


Owing to the importance of the result in (9.22), obtained in the process of proving 
the Hyperbolic Ceva Theorem 9.3, we elevate it into the following Corollary: 


Corollary 9.4 (A Gyrocevian Concurrence Condition) Let the feet, Aj2, A3; and 
A23, Fig. 9.2, p. 273, of three Cevians that emanate from the three vertices of a 
gyrotriangle A, A2A3 in an Einstein gyrovector space (Ri, ®, ®) be given by their 
gyrobarycentric coordinate representation with respect to the set S = {A,, Az, A3} 
of vertices of the gyrotriangle A, A2A3, 


m31Y¥, Al +m32y,, A2 


R= 
m31V, + 32Y,, 
a my, Ai +ma3y,,A3 0.26) 
: M21, +2374, 
mi2¥,,A2 + mi3V,, A3 
A23 = : ——s 


Mmipy + M3Y 4. 
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The three gyrocevians A,A,2, A,A3, and A, A23 are concurrent, Fig. 9.2, if and 
only if 
m3] M12 M23 | 


as (9.27) 


M32 M13 M2] 


Proof The result (9.27) of the corollary is established in the result (9.22) of the 
proof of Theorem 9.3, p. 273. 


9.2 The Gyrocevian Gyroangles Theorem 


An A3-gyrocevian of a gyrotriangle Aj A2A3 with foot P3 is shown in Fig. 9.3. It 
generates two pairs of gyroangles on the interior of the gyrotriangle. These gyroan- 
gles, shown in Fig. 9.3, are the pair of gyroangles ¢; and €2, satisfying e; + 6) =7, 
and the pair of gyroangles a3 1 and a3,2, satisfying w3 1 + 3,2 = a3. The location of 
the gyrocevian foot, P3, on the interior of the gyrotriangle side A; Az is determined 
by its gyrobarycentric coordinates m,; > 0 and m2 > 0 with respect to the set of 
points S = {A,, Az} according to the equation 


é miy, Al +moy, Az 0.28) 
3= = ‘ ‘ 
my, + MAY, 


The following theorem determines the two pairs (€1, €2) and (@3,1, @3,2) of gy- 
roangles in terms of the gyrotriangle gyroangles a1, @2, a3 and the gyrobarycentric 
coordinates (mj, : mz) of the gyrocevian foot P3. 


Theorem 9.5 (The Gyrocevian Gyroangles Theorem I) 


1. Let A, Az A3 be a gyrotriangle in an Einstein gyrovector space (RY, ®, ®). 

2. Let P3 be the foot of an A3-gyrocevian, lying on the interior of side A, A2, gen- 
erating the gyroangles (€), €2) and (a3,1, 43,2), as shown in Fig. 9.3. 

3. Let (m, :mz2),m,,m2 > 0, be gyrobarycentric coordinates of P3 with respect to 
the set of points S = {A,, A2}, so that P3 is given by its gyrobarycentric coordi- 
nate representation (9.28). 

4. Furthermore, let mo > 0 be the constant of the gyrobarycentric coordinate rep- 
resentation (9.28), given by, Definition 4.5, p. 89, (4.27), p. 90, (7.146), p. 188, 


mo — mt +m + 2mm2y;9 
= (my £m)” + 2myma2(y1p F 1) 


Stine Rome (9.29) 
sina sina 


5. And, finally, let D > 0 be given by the equation 
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my, Aitmay, Aa 


P; = 
3 mY, FMT, 


a3= ||CA1@Ps||, etc. 


P3 


03,1 + 03,2 = 03 


€e+&&=7 


€a23 = CA2QA3, etc. 


N2 = Yeayeay? CFC: 
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Fig. 9.3. A gyrotriangle gyrocevian A3 P3 and its foot P3 of a gyrotriangle A; Az A3 in an Einstein 
gyrovector space (R?, ©, ®) is shown for n = 2. It forms the two pairs of gyroangles (@3,1, @3,2) 
and (€1,€2) that are determined in (9.31)-(9.32) in terms of the gyrotriangle gyroangles ax, 


k =1, 2,3, and the gyrobarycentric coordinates of the foot P3 


D* = (m, sina2 — m2 sina)” + 2m m2 sina, sina2(1 + cosa3). 


Then, 
1 


siné) = pm sina, sina, 


cos €] = pom cos a Sina2 + m2 COS @? sina), 


sin é2 = pm sina, sina2, 


COS €2 = pm cos a Sina2 — m2 COS@2 Sind), 


sina@3,1 = —m? sing, sina, 
D 
1 : : 

COS @3.1 = pm sin@2 + m2 sina, cosa3), 
1 


sina3.2 = pm sina? sina3, 


COS @3.2 = pm sina, + mj sina2 cosa3), 


(9.30) 


(9.31) 


(9.32) 
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and 


my Sin 3,1 sina 


=. (9.33) 
mMz7 SIN 3,2 sina 


Proof The proof is divided into four parts for the sake of clarity. 


Part I As in the theorem, let Aj A2A3 be a gyrotriangle in an Einstein gyrovector 
space (R’, ©, @), and let A3 P3 be any A3-gyrocevian of the gyrotriangle, joining 
the vertex A3 with its foot P3, a point on the interior of side A; Az opposite to 
A3, as shown in Fig. 9.3. Furthermore, let the gyrocevian foot P3 be given by its 
gyrobarycentric coordinates m, > 0 and m2 > 0 with respect to the set {Aj, Az}, 
(9.28), 


my, Ai +mey, A2 
P3 => = 


(9.34) 
MAY, TMBY,, 


Following the Gyrobarycentric Coordinate Representation Gyrocovariance The- 
orem 4.6, p. 90, the gyrobarycentric coordinate representation of the point P3 in 
(9.34) gives rise to the identities in (9.35)-(9.37) below: 


™Yoxeay (OX@A)) + MV ox@Ay (OX@A2) 


Ox@P3= (9.35) 
MY exe, + M2Yoxe@ay 
and 
= MY ox@ay ua M2 sxeay 
Yox@ Py ~~ mo 
(9.36) 
MY oy, (OX@BA1) +may, (OX@A2) 
y (OX@P3) = OX@A| OX@Ay 


OX@P3 mo 


for any X € Rj, where, in the notation of Fig. 9.3 for the gamma factor y,,, the 
constant mo > 0 in (4.28d), p. 91, specializes to 


ma = (my + mz)? + 2mym2(y,9 — 1) (9.37) 


in (9.36). 
Using the notation in Fig. 9.3, it follows from (9.35) with X = A that 


ee ee M2V 54,05 (CA; @Az2) _ M2Y17A12 (9.38) 
: Hh PNY 4 eas mM +M2Y19 
and, similarly, with X = Ao, 
my, (CA2BA1) = my ys, a 
an = @Ar@ P; = —221 oe (9.39) 


TMV a r@Ay +m M1Yy, +m 
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and, similarly, with X = A3, 


a3 := CA30P3 = 


TY capi (CA3@A)1) + MOBY Sax, (Q@A3@A2) 


MAY sayea, + ™2Voazody 


_ MY, 3431 1 M2Y43832 
MAY)3 + M2Yo3 


Hence, by (9.38)-(9.39), in the notation of Fig. 9.3, 


M2Y17412 
ay ‘= |la1|| = ———__, 
m| +M2Y19 
M1Y12412 
a2 += ||a2|| = ——~—., 
MY}. +m2 
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(9.40) 


(9.41) 


noting that while, in general, a2, = GA2@A) 4 CA @A?2 = a2, We have az; = 


|S A2BAq|| = || A1GAz2|| = a12 and, hence, y,, = 5. 


Similarly, it follows from the first identity in (9.36) with X = A,, X = Az and 


X = A3, respectively, 


_ PY as ias _ my +m2y17 
Ya; = Yoay@P3 ~ mo ~ mo , 


= _ MY oay@a, 7a — MY. +M2 
Yar = Vos @P; mo ~ mo : 


Bs M2Y sarod M113 + M2Yo3 


Ya; = YoazoPy mo mo 


(9.42) 


It follows from (9.41) and (9.42) or, equivalently, from (9.34) and the second 


identity in (9.36) with X = A; and X = Aj, respectively, that 


MI FM2Y;, M2Y;2412 m2 
Ya, = = Y{2412; 
mo Mm, + M21 mo 
M1Yj2 FM2 M1Y17412 m\ 
Yay 42 = = Y12412, 
mo MY 9 +m mo 
implying 
Yay a\ _ m2 


Ya, 42 «M1 


(9.43) 


(9.44) 
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Following the second identity in (9.36) with X = A3, we have 
Vax 3 = Voayqp, (GA3® Ps) 


_ MY gasqa, GAI@ALD + M2V 54,04, OAZ@A2) 


mo 


_ M1Y13831 + M2Y73.432 (9.45) 
= Fis ‘ : 


Noting that the gyrovectors a3; and a32 include the gyroangle a3, as shown in 
Fig. 9.3, we have 


€@31°432 = a13d23 COS Q3. 


(9.46) 
Hence, by (9.45), 
3. 2 
Yax43 = (173.831 + 273.832) 
Mo 
= —a(mivisdis + m3 733033 + 2mymz7;3 73413423 C083). (9.47) 
0 


Applying the law of gyrosines (6.44), p. 140, to gyrotriangle A, P3A3 in Fig. 9.3, 
we have 


sin é sina 
ee (9.48) 
Y%3413 Ya, 


so that, by (9.48) and (9.47), 
yar 
sin? ¢) = SS in? wy = —,mp sin” a sin’ a, (9.49) 
Yax 43 D 
where D > 0 is given by (9.30). 
Since a gyrosine of a (proper) gyrotriangle is always positive, (9.49) implies 
sing; = pmo sina, sina2. (9.50) 
Interchanging the gyrotriangle vertices A; and A2, (9.50) gives 
sin €9 = pm sina sina (9.51) 


so that sin €) = sin €2, as expected from the condition ¢; + ¢€2 = m shown in Fig. 9.3. 
Equations (9.50) and (9.51) verify the first and the third equations in (9.31). 
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Part II By the law of gyrocosines (6.20), p. 134, gyroangle ¢, of gyrotriangle 
A, P3Az3 in Fig. 9.3 satisfies the equation 


2 (-43 + Yay Yaz ¥ 


cos” €; = : (9.52) 
2, -— DZ, - D 
The substitution of y, ' and Vax from (9.42) into (9.52) gives 
cos? 21 = {-71(1427%13 = 3) + M(V19 Y23 — Visi 
ve, _ L{mi(y7, —1)+ m3 (733 —I)+ 2m1m2(V13 Y23 — Viodt 
(9.53) 


Substitutions from the useful gyrotriangle gyrotrigonometric identities in 
Sect. 7.12, p. 187, into (9.53) give 


1 . : 
cos é| = D (—m cosa sina@2 + m2 COS @2 Sind), (9.54) 


where the ambiguous sign that results from the transition from cos? ¢1 in (9.53) into 
cos € in (9.54) is determined by the condition, clearly seen in Fig. 9.3, that ¢; tends 
to a2 as m, approaches 0. 

Interchanging the gyrotriangle vertices A; and A2, (9.54) gives 


1 , : 
COS €2 = ae. COS @1 SiIN@2 — m2 COS @7 Sina) (9.55) 


so that cosé; = —cosé2, as expected from the condition ¢; + ¢2 = a shown in 
Fig. 9.3. 
Equations (9.54) and (9.55) verify the second and the fourth equations in (9.31). 


Part III Applying the law of gyrosines (6.44), p. 140, to gyrotriangle A; P3A3 in 
Fig. 9.3, we have 


sin @3,] sin €1 


(9.56) 
Ya," ——-¥43.413 
so that, by (9.56), (9.47) and (9.50), 
2,2 2 in? 
m5 sin? a 
sin? 3.1 = s + sin? ¢ = ira a sin? 6] = 2 sin?) 

Y13%13 MY 13413 Mo Sin” 02 

= 2 i sin’ ay sin? w (9.57) 
= D2 9) 1 3. . 


Since a gyrosine of a (proper) gyrotriangle is always positive, (9.57) implies 


1 
sina3 1) = pin sina, sina3. (9.58) 
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Interchanging the gyrotriangle vertices A; and Aj, (9.58) gives 


sina3,2 = pu sina? sina@3. (9.59) 
Equations (9.58) and (9.59) verify the first and the third equations in (9.32). 


Part IV By the law of gyrocosines (6.20), p. 134, gyroangle a3) of gyrotriangle 
A P3A3 in Fig. 9.3 satisfies the equation 


(Ya, + Yay Vis)" 


2 
COS” 3,1, = 
(72, - D2, - D 


(9.60) 


The substitution of y, , and Ves from (9.42) into (9.52) gives 


{mi (V7 -)+ m2(V13 Y23 Vial 
Yin — Dim 73 — D + m3 (733 — VD + 2mim2(43%3 — Np} 
(9.61) 
Substitutions from the useful gyrotriangle gyrotrigonometric identities in 
Sect. 7.12, p. 187, into (9.61) give 


cos” a3 1= 


1 
cos a3, = pm sin@2 + m2 sina, cosa@3), (9.62) 


where the ambiguous sign that results from the transition from cos” a3, in (9.61) 
into cosa@3 1 in (9.62) is determined by the condition, clearly seen in Fig. 9.3, that 
a3, tends to a3 as m, approaches 0. 

Interchanging the gyrotriangle vertices A; and A2, (9.62) gives 


1 
COS 03,2 = p mn sina, +m, sina? cos a3). (9.63) 


Equations (9.62) and (9.63) verify the second and the fourth equations in (9.32). 
The proof of Theorem 9.5 is thus complete. 


9.3 Gyrocevian Gyrolength 


Let A; A2A3 be a gyrotriangle in an Einstein gyrovector space (R?, ©, ®@) and let 
A3 P3 be its A3-gyrocevian with foot P3 lying on the interior of side A; A2, as shown 
in Fig. 9.3, p. 279. Furthermore, let P3 be given by its gyrobarycentric coordinate 
representation with respect to the set {A;, Az}, (9.28), 


my, Ait+tmoy, A2 
P3= : Be (9.64) 
MY FY 4 
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We wish to express the gyrolength a3 = ||GA3@P3|| of the gyrocevian A3 P3, 
Fig. 9.3, in terms of its gyrotriangle parameters and its gyrobarycentric coordinates 
m, >Oand m2 > 0. 

By an application of the AAA to SSS conversion law, (6.33), p. 137, to gyrotri- 
angle A, P3A3 in Fig. 9.3, we obtain the equation 


COS @1 + COS €] COSQ3 1 


= 9.65 
a sin €) sina3, | ce 
noting that, by (1.9), p. 5, 
2 2 
ee al (9.66) 
s? Ve 


By successive substitutions into (9.66) from (9.65) and from (9.31)-(9.32), 
p. 279, we obtain 


D2 . . 2 . . 
ee. 4s“ F{(m, sinaz — m2 sina,)~ + 2m mz sing, sina7(1 + cosa3)} 
3 {my sina2(cos a2 + cosa) cosa3) + m2 Sina) (cosa; + cosa2 cosa3)}2’ 


67) 


where, as in (7.144), 
F = F(a, a2, 03) 


a) +2 +03 a] — 2 — a3 —ad} + a2 — a3 —a, —a2 +03 
COs cos cos 


2 2 2 , 
(9.68) 
By (7.35), p. 163, 
s*F = R* cos” i cos” aac ae ea cos” ia! an (9.69) 


OS , 
2 2 2 
where R is the circumgyroradius of gyrotriangle A; A2A3, studied in Sect. 7.4. 


Eliminating s*F between (9.67) and (9.69), we obtain an interesting relation be- 
tween a gyrocevian and its gyrotriangle that is formalized in the following theorem: 


Theorem 9.6 (The Gyrocevian Gyroangles Theorem II) Let A} A2A3 be a gyrotri- 
angle with circumgyroradius R in an Einstein gyrovector space (R", ®, ®). Then, 
in the notation of Fig. 9.3, p. 279, the gyrolength a3 of the gyrocevian A3 P3, 


a3 = ||CA3BP3|I, (9.70) 


is related to R by the equation 


| +a—Aa3 Q)—-Aa+a3 


aj —aAa—A3 
COS 5) 


cos COS 


a3 =2R : - 
M SiN7(COS a2 + COS a] COS a3) + m7 SING) (COS a1 + COS @2 COS @3) 


x Vim sina? — m2 sina,)? + 2m 1m sina sina2(1 + cosa3). (9.71) 
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P; = myA,+m2A2 
~  my+my 


ay3 = || —A2 +All, efc. 


a3 = ||—A1 + Ps| 


P3 


Ai 
03,1 + 03,1 = 03 


€&+&&=1 


Fig. 9.4 A triangle Cevian A3 P3 and its foot P3 of a triangle Aj A2 A3 in a Euclidean space R” is 
shown for n = 2. It forms the two pairs of gyroangles (@3,1, @3,2) and (€1, €2) that are determined 
in (9.31)—(9.32) in terms of the triangle angles and the barycentric coordinates of the foot P3. The 
equations in (9.31)-(9.32), in turn, can be simplified in Euclidean geometry owing to the condition 
a,+02+03=7 


9.4 Cevian Length 


Interestingly, the elegant relation (9.71) remains invariant in form under the Eu- 
clidean limit s — oo, so that it is valid in Euclidean geometry, Fig. 9.4, as well. 
However, for application in Euclidean geometry the relation (9.71) can be simpli- 
fied owing to the fact that triangle angle sum in z. 

Indeed, under the condition 


a,+a+a3;=7, (Euclidean Geometry) (9.72a) 


we have the following trigonometric identities for triangle angles: 


a, —A— a3 , 
cos ——————— = Sin qj, 


2 


_ aoe es, (9.72b) 


—a1 — 02+ 03 , 
cos ————————- = sinq3, 


2 
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and 
cosa, + cOSa@2 Cos a@3 = Sina? sing3, 
COS @72 + COS] COS @3 = Sina SiIna3, (9.72c) 
COS @3 + COSQ] COS@2 = Sina] SINd. 


Substituting the simplifications offered by (9.72a), (9.72b), (9.72c) into the result 
(9.71) of Theorem 9.6, we obtain the following corollary of Theorem 9.6: 


Corollary 9.7 Let A, A2A3 be a triangle with angles a, , k = 1,2, 3, and circumra- 
dius R in a Euclidean space R". Furthermore, let A3 P3 be the triangle Cevian that 
joins the vertex A3 with a point P3 that lies on the interior of side A, A2, and that 
possesses the barycentric coordinate representation, Fig. 9.4, 


m,A, +m2A2 


P. (9.73) 
: mi +m2 
Then, the length a3 of the Cevian A3 P3, 
a3 = ||— A3+ P3ll, (9.74) 


is related to R by the Euclidean geometric equation 


2R 
a= 


= ——_/(m sinaz — m7 sina))2 + 2mym7 sina sina2(1 — cos(a + @)). 
m,+m2 


(9.75) 


As an example, the special case of Theorem 9.6 when the gyrotriangle is equi- 
lateral (that is, it has all three sides congruent) is presented below as an obvious 
corollary: 


Corollary 9.8 Let A,A2A3 be an equilateral gyrotriangle with gyroangles a, gy- 
roaltitudes h and a circumgyroradius R in an Einstein gyrovector space (R", ©, ®). 
Then 


R 
h = ——~. (Hyperbolic Geometry) (9.76) 
1 — tan? $ 


Like the result of Theorem 9.6, the result (9.76) of Corollary (9.8) remains valid 
in Euclidean geometry as well. In Euclidean geometry, however, the angle a of an 
equilateral triangle is unique, a = a: Hence, in Euclidean geometry, (9.76) can be 
simplified, 


3R 
h= 5 (Euclidean Geometry) (9.77) 
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A3 


ay Ag 


A\ 


Fig. 9.5 A gyrotriangle split by a gyrocevian into two gyrotriangles, along with the resulting two 
ingyrocircles. The two ingyrocircles with gyrocenters J; and /> touch their generating gyrocevian 
at the points of tangency T; and 7> 


9.5 A Special Gyrocevian 


Let A; A2A3 be a gyrotriangle in an Einstein gyrovector space (RY, ®, @) and let 
P3 be a point on the interior of its side A; Az. The gyrocevian A3 P3 splits the gy- 
rotriangle into the two gyrotriangles A; P3A3 and Az P3A3. The ingyrocircles of 
these gyrotriangles touch the gyrocevian A3P3 at the tangency points T; and 7), 
respectively, as shown in Figs. 9.5 and 9.6. 

We wish to determine the unique gyrocevian for which the two points of tan- 
gency, T; and 7>, are equal, 


T; = T (9.78) 


as shown in Fig. 9.6. 
Let the gyrocevian foot P3 be given by its gyrobarycentric coordinate represen- 
tation, (9.64), 


miy, Ai t+m2y, A2 
| em 2 (9.79) 
my, +m2y,, 


with respect to the set S = {A1, A2}, where the gyrobarycentric coordinates m, > 0 
and m2 > 0 are to be determined uniquely by Condition (9.78). 

Furthermore, let 7; and Jy be the ingyrocircle gyrocenters of gyrotriangles 
A, P3A3 and A2P3A3, respectively, so that T; and 7> are the points of tangency 
where the /; -ingyrocircle and the />-ingyrocircle meet, respectively, the gyrocevian 
A3 P3, as shown in Figs. 9.5 and 9.6. 
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Fig. 9.6 Here the gyrocevian A3 P3 of gyrotriangle A; A2A3 is special. It generates two gyrotrian- 
gles that possess the two ingyrocircles with gyrocenters J; and /> that touch the gyrocevian at the 
same point of tangency, 7; = T>. This special gyrocevian A3 P3 has the foot P3 that turns out to be 
the point of tangency 7p where the ingyrocircle of gyrotriangle A; A2A3 touches the side Aj Az 


Then, by (7.174), p. 194, 


31 El 
cot > Yp, P3 + cot 7V 4,43 


C= 3,1 €] 
cot > Ye; + cot 2Va; 


(9.80) 
= cot SP yp, Ps + cot $y4,A3 
cot yp, +cot Zy4, 
where 
€| = ZA, P3A3, €2 = ZA2P3A3, epta=a7, (9.81) 
and 
03,1 = ZA) A3 P3, 03,2 = ZA2A3 P3, 03,1 + 03,2 = 013 (9.82) 


as shown in Fig. 9.3, p. 279. 

Applying Theorem 4.6, p. 90, to the gyrobarycentric coordinate representation 
(9.80) of T; and T with X = CA3, we obtain the following left gyrotranslations of 
T, and T> by GA3: 


cot ot Vode (CA1@P3) 


O31 €1 
cot 5 Yo Ax@P3 + cot 9] 


CA30T| = 


(9.83) 
cot 2 YoA3@ Py (CA1@P3) 


13,2 


OA30T2 = z 
cots" Yeasep; + Cty 
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where, following (9.81), 
El £2 
t— = tan —. 9.84 
co 5 an 5 ( ) 
Condition (9.78) is equivalent to the condition 


SCAZ0T, = CAZOT) (9.85) 


which, by (9.83)—(9.84), is equivalent to the condition 


nae: Ee (9.86) 


We now face the task of determining the gyrobarycentric coordinates m; > 0 and 
m2 > 0 of P3 in (9.79) from condition (9.86). 
Noting the gyrotrigonometric/trigonometric identity 
a 1-+cosa 


cot — = ——__. (9.87) 
2 sina 


Condition (9.86) is equivalent to the condition 


1+ cosa@3,1 sina3,2 _ 1+cos¢é (9.88) 


1+cosa32 sine3;  1—cose, 


According to Theorem 9.5, p. 278, the gyrocevian A3P3 with arbitrary gyro- 
barycentric coordinates m, > 0 and mz > 0 generates the two pairs of gyroangles 
(€1, €2) and (@3,1, @3,2) given by (9.31)-(9.32), p. 279. 

Substituting from (9.31)-(9.32) into Condition (9.88), we obtain the equivalent 
condition 


m,  sinay(1+cosaz) cot? 


= = . 9.89 

m2  sina(1+cosa;) cotS ve) 

Hence, by (9.89) and (9.79), the unique gyrocevian foot P3 of gyrocevian A3 P3 

of gyrotriangle A; A2A3 that satisfies Condition (9.78) possesses the gyrobarycen- 
tric coordinate representation 


a2 a1 
_ cot +74, A1 + cot 7 Y 4,42 


3= 


9.90 
cot FY 4, + cot FY4, ae 


The gyrocevian foot P3 in (9.90), Fig. 9.6, satisfies each of the mutually equiva- 
lent conditions (9.78), (9.85), (9.86), (9.88), and (9.89). It is recognized by (9.90) as 
the point of tangency F3, (7.174), p. 194, in Fig. 7.14, p. 192, where the ingyrocircle 
of gyrotriangle A; A2A3 meets the side A; Az. We have thus obtained the following 
theorem: 


Theorem 9.9 Let A, A2A3 be a gyrotriangle with a gyrocevian A3 P3 that joins ver- 
tex A3 with a point P3 on the interior of side A, Az in an Einstein gyrovector space 
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(RY, ®, ®). Furthermore, let Ip, 1; and In be the ingyrocenters of the ingyrocircles 
of gyrotriangles A,;A2A3, A, P3A3 and AzP3A3, touching the side A, Az and the 
gyrocevian A3 P3 at the tangency points Ty, T; and T, respectively, Fig. 9.6. 

Then, 


T,| = T2 (9.91) 
if and only if 
To = P3. (9.92) 


Clearly, Theorem 9.9 is invariant in form under the Euclidean limit s > 00, so 
that it remains valid in Euclidean geometry as well, thus recovering a known result 
in Euclidean geometry [26, Exer. 1.2, p. 13]. 

Theorem 9.9 admits the generalization stated the following theorem: 


Theorem 9.10 Let A; A2A3 be a gyrotriangle with a gyrocevian A3P3 that joins 
vertex A3 with a point P3 on the interior of side A,A2 in an Einstein gyrovector 
space (R", ®, ®). Furthermore, let Ip, I; and In be the ingyrocenters of the ingy- 
rocircles of gyrotriangles A, A2A3, A, P3A3 and Az P3A3, touching the side A, A2 
and the gyrocevian A3 P3 at the tangency points To, T; and To, respectively, Fig. 9.7. 
Then, 


| OTo® P3|| = ||OT1@7)II. (9.93) 
The proof of Theorem 9.10 is left to the reader; see Problem 9.11, p. 299. A syn- 


thetic proof of the Euclidean counterpart of Theorem 9.10 was obtained by Vladimir 
Zajic [75]. 


9.6 Brocard Gyropoints 


Let A; A23, A2A31 and A3Aj2 be a set of three concurrent gyrocevians that emanate 
from the three vertices of a gyrotriangle A; A2A3 in an Einstein gyrovector space, 
and let a, ;,i = 1,2, k = 1, 2,3, be the resulting generated gyroangles in the gyro- 
triangle, as shown in Fig. 9.8. Surprisingly, there is precisely one gyrocevians point 
of concurrency for which 


11 = A217 = 03) =a}. (9.94) 
Similarly, there is precisely one gyrocevians point of concurrency for which 

O12 = 02,2 = 03,2 = wW2 (9.95) 
satisfying w| = w2 := @, w being the Brocard gyroangle of gyrotriangle Aj A2A3. 


These two unique gyrocevian points of concurrency are called the Brocard gyro- 
points of the gyrotriangle. In this section, we find the gyrocevian feet that determine 
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ZN 
oO) | 


|OTo®P3 || = ||OT1 ©F|| 


Fig. 9.7 A gyrotriangle A; A2A3 in an Einstein gyrovector space (IR, ®, ®) split by the gyro- 
cevian A3P3 into two gyrotriangles, Aj P3A3 and Az P3A3, resulting in corresponding two ingy- 
rocircles. The two ingyrocircles with gyrocenters 7; and J) touch their generating gyrocevian at 
the points of tangency 7; and 7>. The ingyrocircle of gyrotriangle A;A2A3, with ingyrocenter 
Ig, touches the gyrotriangle side A; Az at the tangency point 7p. Surprisingly, the gyrodistance 
between 7; and T> equals the gyrodistance between Jo and P3 


the first Brocard gyropoint §2;, shown in Fig. 9.8, of any gyrotriangle in an Einstein 
gyrovector space. The second Brocard gyropoint, {22, can be determined in a simi- 
lar way. The gyromidpoint of the two Brocard gyropoints of a gyrotriangle will then 
emerge as an interesting gyrotriangle gyrocenter; see Problem 9.10, p. 299. 

In order to determine the gyrotriangle Brocard gyropoints we need the following 
Lemma, which is extracted and deduced from Theorem 9.5, p. 278: 


Lemma 9.11 (Gyrocevian Generated Gyroangles) Let A; A2A3 be a gyrotriangle in 
an Einstein gyrovector space (RY, ®, ®) with the three gyroangles az, k = 1, 2,3, 
and gyrocevians A, A23, A2A3 and A3A)2, Fig. 9.8, where the gyrocevian feet Aj; 
are given by their gyrobarycentric coordinate representations 


mi2¥,,A2+mi3V,, A3 


Mmig¥,. + M13Y,, 


r mriy, Ai +m237,, 43 0.96) 
31= — . 
may, + M23¥,, 


may, Ai +ms32y, A2 
A= 


Sil ge +m327,, 


with respect to the set S = {A, A2, A3}. 


9.6 Brocard Gyropoints 293 


[a 
Le 2 
Ai Ay2 


03,1 = ZA,A3A 12, 32 = ZA2A3A2, etc. 


O11 = 02) = 31 :=@ 
Fig. 9.8 Gyrocevian generated gyroangles, and the Brocard Gyropoints of a gyrotriangle 
A,A2A3 in an Einstein gyrovector space (R’,®,@®). Brocard gyroangle is the gyroangle 


@ := 1,1 = a2, = 3,1 and its corresponding Brocard gyropoint, §2;, is the gyrocevians point 
of concurrency 


Then, the gyrocevian generated gyroangles ax,1 and ax.2, k = 1,2, 3, Fig. 9.8, 
are given in terms of the gyrotriangle gyroangles and the gyrocevian feet gyro- 
barycentric coordinates in (9.96) by the following equations. 


1. Let a1.) = ZA2A1A23 and a2 = ZA3A 1 A23, Fig. 9.8. 
Then, 


sina) 1 = rae: sina sina2, 
1 


1 . : 
cOsay.1 = p, wn sin a3 + m3 Sina? Cosa), 
1 
(9.97a) 


sina1,2 => Dp sin @| sin a3, 
1 


COSQ)2 = Dp, 13 sina@2 + m2 Sina@3 cosa), 
1 


where D, > 0 is given by each of the equations 
DD, = (mj12 Sina3 — M43 sina)” + 2m 12m 13 sina? sina3(1 + cosa) 
= (m13 sina, sina)? + (m2 sina3 + m13 sina? cos a)” 


= (m7 Sina sina3)* + (43 sina + m2 sina3 cosa)*. (9.97b) 
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2. Let a1 = 2A3A2A31 and a22= ZA ,A2A31, Fig. 9.8. 
Then, 


sina? 1 => Do! sin a2 sin a3, 
2 


COS a2.) = Ds (m3 sina, + m1 Sina@3 COSa@2), 
2 
(9.97c) 


sina2,2 = Do sina sin a2, 
2 


cos a2.2 = Dp, m2! sin a3 + m3 Sina, COS a2), 
2 


where D2 > 0 is given by each of the equations 
Ds = (m3 sin a1 —my?| sin a3)” + 2m21m23 sin a1 sina3(1 + COS @2) 
= (m12 sina? sina3)* + (m23 sina, + m2; sina@3 cos a2)? 
= (m3 sina sinaz)* + (my sina3 + m3 sina cosaz)*. (9.97d) 


3. Let a3,1 = ZA1A3A12 and a3,.2 = ZA2A3A12, Fig. 9.8. 
Then, 


sin a3, 1 = D2 sina sina3, 
3 


COS Q3., = Dp, 073! sina? + m32 Sina, cos a3), 
B} 
(9.97e) 


sina3,2 => Dat sin a2 sin a3, 
3 


1 : : 
COS 03,2 = p, 32 sina, + m3, Sina@2 Cos a3), 
3 


where D3 > 0 is given by each of the equations 
D3 = (m3, sina2 — m32 sina1)* + 2m3 1m32 Sina, sina2(1 + cos a3) 
_ : ‘ 2 é . 2 
= (m3z sina, sina3)* + (m3) Sina@2 + m32 Sina, COs a3) 
= (m3 sina2 sina3)” + (m32 sina; + m3 sina cosa3)*. (9.97f) 


Proof The results in (9.97e) are established in Theorem 9.5, p. 278. The results 
in (9.97c) and (9.97a) follow from (9.97e) by cyclic permutations of gyrotriangle 
vertices. 


It follows from Lemma 9.11 that the gyrosines of the gyrocevian generated gy- 
roangles @1,1, @2,; and a3; in a gyrotriangle A;A2A3 in an Einstein gyrovector 
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space, Fig. 9.8, are given by 


2 1 
sin’ a1.) = = = - : (9.98a) 
1 ao (Mosier 13 Sin 2 COS Qj 2 
m 13 Sina, sina2 


1 
sin? v2.1 = - - —— (9.98b) 
1 as (223 sina +m21 Sin 03 cos a2 2 
M2) SINQ) SInNaZ 


1 
sin? B31 = - = - ; (9.98c) 
[xh (m3 sin @2-+32 Sin COs a3 2 
™m32 SINQ, SINAZ 


Hence, the equations, (9.94), 
O11 = 2,1 = 031 (9.99) 
are equivalent, by means of (9.98a), (9.98b), (9.98c), to the two equations 


m2 Sina3 + m13 Sina? COSa, m3 Sina, + m1 Sina3 cos a2 


. . ? 
M13 SING] m2) SIN@3 
(9.100) 

M2 SINQ@3 + M13 SINA?2 COSA] m3 1 SINQ2 + M32 SIN] COSA3 


M13 sin a2 m32 sin a3 


In order to find the gyrocevian feet Aj2, A3; and A3 that generate the Brocard 
gyropoint in Fig. 9.8 we have to determine the gyrobarycentric coordinates m2, 
M13, M21, M23, m3), and m32, of the gyrocevian feet in (9.96). These are determined 
as follows: 


1. Since gyrobarycentric coordinates are homogeneous, without loss of generality 
we select the normalization condition 


m3 =m21=m32 = 1. (9.101) 


2. By (9.27), p. 278, of Corollary 9.4, and following (9.101), the condition that the 
three gyrocevians are concurrent is equivalent to the condition 


1 
m3, = ———_.. (9.102) 
M12M23 
3. Finally, the remaining gyrobarycentric coordinates, m 2 and m3, are to be de- 
termined by the two equations in (9.100). 


Substituting (9.101) and (9.102) into (9.100), we obtain two nonlinear equations, 
resulting in the following determination of the two unknowns mj 2 and m23. The 
gyrobarycentric coordinate m2 is given in terms of the gyrobarycentric coordinate 
m3 and the gyrotriangle gyroangles a;, k = 1, 2,3, by the equation 


mi2>=- 5 M73. (9.103) 
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The gyrobarycentric coordinate m3, in turn, is the unique real-valued solution 
of the cubic equation 


coz? te1z7 +92 +03 =0 (9.104) 
with coefficients 
co = sin* Q1, 
c= sin? a {sino sin(a@2 — a3) + sina3 sin(a2 — ai)}, 
(9.105) 


C2 = sina sina@3 sin(a@, — a2) sin(a3 — a2), 


oo sin’ a2 sin’ a3. 


9.7 A Gyrocevian Concurrency Condition 


Theorem 9.12 (A Gyrocevian Concurrency Condition) A;A2A3 be a gyrotriangle 
in an Einstein gyrovector space (R’, ®, @) with gyroangles ax, k = 1,2,3, and 
gyrocevians A; A23, A2A13,A3A12 that generate the gyroangles a,j, i = 1,2, as 
shown in Fig. 9.8, p. 293. The gyrocevians are concurrent if and only if 


sina) | sin 21 sin a3,1 = sinaty 2 sin a2,2 sin@3 9. (9.106) 


Proof Let the gyrocevian feet, A;;, be given by their gyrobarycentric coordinate 
representations, (9.96), p. 292, 


m31¥, Ai +ms32V, A2 


A= 
WY a +m327,, 


miy2y, Aztmpy, A3 
= Aa ae (9.107) 


mi2¥,, + M13Y,, 


i maiY, Ai +m3V,, As 
31= = 
mr1y, + m23Y,, 


Then, 


m3) sin a sin @3.2 


M32 sina sin a3] , 


m2 _ sina sind), (9.108) 


M3 sina3 sina,1” 


M23 sin a3 sin a2 2 


m2) sin a sin@2,} : 
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The first equation in (9.108) follows immediately from the first equation in (9.107) 
by (9.33), p. 280. The second (third) equation in (9.108) follows from the first equa- 
tion in (9.108) by a cyclic vertex permutation. 

Hence, by means of (9.108), the necessary and sufficient condition (9.27), p. 278, 
for gyrocevian concurrence gives the equivalent condition 


m3) ™ 12 M23 sina] sina] sin a3 1 


1 


(9.109) 


~ M32 M13 M2] ~ sin a2 sin a2,2 sin a3,2 


for gyrocevian concurrence. The latter, in turn, is clearly equivalent to condition 
(9.106) for gyrocevian concurrence, as desired. 


If the point of concurrency of the gyrocevians in Theorem 9.12 is the Brocard 
gyropoint $2) of the gyrotriangle then, by definition, w := a1.) = a@2,1 = @3,1, SO 
that the gyrocevian concurrence condition (9.106) implies the identity 


sin? w = sina,7 sina2,7 sina, (9.110) 


which, in particular, is valid in Euclidean geometry as well. 

Brocard gyropoints of a gyrotriangle share remarkable analogies with their Eu- 
clidean counterparts, the Brocard points of a triangle, which are studied, for in- 
stance, in [26, Chap. 10]. Some Brocard-like points of a triangle, that may be 
extended to the hyperbolic geometry of Einstein gyrovector spaces, are studied 
in [1]. 


9.8 Problems 


Problem 9.1 Solving a system of Equations: 
Find the equations in (9.8), p. 272, explicitly, and derive the solution in (9.9). 


Problem 9.2 A Substitution: 
Show that the substitution of Yay and Vax from (9.42) into (9.52) gives (9.53), p. 283. 


Problem 9.3 A Gyrotrigonometric Substitution: 
Show that the substitution of gyrotriangle gyrotrigonometric identities from 
Sect. 7.12, p. 187 into (9.53) result in (9.54), p. 283. 


Problem 9.4 Gyrotrigonometric/Trigonometric Addition Laws: 


1. Employ the gyrotrigonometric addition law 


sin(é, + €2) = siné] cos €2 + cos €] siné2 (9.111) 
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of the gyrosine function, along with substitutions from (9.31) to show that 
sin(€, + €2) = 0, as expected from the relation ¢; + ¢2 = 2 shown in Fig. 9.3, 
p. 279. 

2. Employ the gyrotrigonometric addition law 


cos(€1 + €2) = COS €] COS €2 — Sin é] siné2 (9.112) 


of the gyrocosine function, along with substitutions from (9.31) to show that 
cos(€1 + €2) = —1, as expected from the relation ¢; + €2 = 7 shown in Fig. 9.3. 
3. Employ the gyrotrigonometric addition law 


sin(@3,1 + @3,2) = sina3,1 COS a@3,2 + COS @3,1 SiING3,2 (9.113) 


of the gyrosine function, along with substitutions from (9.32) to show that 
sin(@3, 1 + @3.2) = sina@3, as expected from the relation a3 ) + @3 2 = a3 shown 
in Fig. 9.3. 

4. Employ the gyrotrigonometric addition law 


COS(@3,1 + 3,2) = COS @3,1 COS a3,2 — SiINA3 1 SINA3,2 (9.114) 


of the gyrocosine function, along with substitutions from (9.32) to show that 
COS(@3,1 + &3,2) = COS a@3, as expected from the relation a3.) + 03,2 =a@3 shown 
in Fig. 9.3. 


Problem 9.5 Successive Substitutions: 
Derive (9.67), p. 285, by successive substitutions into (9.66) from (9.65) and from 
(9.31)-(9.32), p. 279. 


Problem 9.6 Substitutions: 
Derive condition (9.89), p. 290, from condition (9.88) by substitutions from (9.3 1)— 
(9.32) 


Problem 9.7 Substitutions: 
Substitute (9.101) and (9.102) into (9.100), p. 295, to obtain the equations (9.103) 
and (9.104) for the unknowns m1 and m3. 


Problem 9.8 Establish Equations: 
Verify the second and the third equations in (1) (9.97b), p. 293; in (ii) (9.974), p. 294; 
and in (iii) (9.97f), p. 294. 


Problem 9.9 The Brocard Gyropoints: 

Determine the second Brocard gyropoint $22 of a gyrotriangle in an Einstein gy- 
rovector space in a way similar to the determination of the first Brocard gyropoint 
£21, Fig. 9.8, p. 293, in Sect. 9.6. 
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Problem 9.10 The Brocard Gyromidpoint: 

Determine the Brocard gyromidpoint, which is the gyromidpoint of the two Brocard 
gyropoints 21, Fig. 9.8, p. 293, and £22 of a gyrotriangle in an Einstein gyrovector 
space. 


Problem 9.11 Generalizing Theorem 9.9: 
Prove Theorem 9.10, p. 291, which is a generalization of Theorem 9.9, p. 290. 


Chapter 10 
Epilogue 


Abstract The success of the use of Einstein addition along with Einstein velocity 
dependent relativistic mass in the determination of various hyperbolic triangle cen- 
ters is demonstrated in this book. But, looking at the relativistic velocity addition 
law and its underlying hyperbolic geometry through the lens of cosmological stellar 
aberration leads to a startling conclusion: relativistic velocities add in the cosmos 
according to the gyroparallelogram addition law of hyperbolic geometry, which is 
commutative. This Epilogue of the book may thus serve as the Prologue for the fu- 
ture of Einstein’s special relativity theory as a theory regulated by the hyperbolic 
geometry of Bolyai and Lobachevsky. 


10.1 Introduction 


The hero of this book is Albert Einstein, whose addition law forms the powerful 
and elegant tool that enables hyperbolic triangle centers and relations between them 
to be determined. He introduced his addition law (1.2), p. 4, in his 1905 paper that 
founded the special theory of relativity [12]. We note that the Euclidean 3-vector 
algebra was not so widely known in 1905 and, consequently, was not used by Ein- 
stein. Indeed, Einstein calculated in [12] the behavior of the velocity components 
parallel and orthogonal to the relative velocity between inertial systems, which is 
as close as one can get without vectors to the vectorial version (1.2) that we use in 
this book. Soon later, in 1908-1910, Vladimir Variéak demonstrated in [66, 67] that 
Einstein velocity addition law has interpretation in hyperbolic geometry. 

Being neither commutative nor associative, Einstein addition law seemed to be 
structureless until its gyro-structure was discovered by the author in 1988 [55]. Ein- 
stein’s failure to recognize and advance the extraordinarily rich nonassociative alge- 
braic structure that his addition law encodes contributed to the eclipse of his velocity 
addition law, creating a void that could be filled only with Minkowskian relativity. 

Minkowskian relativity is the reformulation of Einsteinian relativity based on 
the Lorentz transformation of four-vectors rather than Einstein addition of three- 
vectors. The term “Minkowskian relativity” was coined by Lewis Pyenson in [43, 
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p. 146]. The historical struggle between Einsteinian relativity and Minkowskian rel- 
ativity is skillfully described by the renowned historian of relativity physics Scott 
Walter in [70] where, for the first time, the term “Minkowskian relativity” appears in 
a title. According to Walter [72], the reason we have space-time formalism today is 
that Minkowski’s friend, Sommerfeld, took it upon himself to rewrite Minkowski’s 
formalism, and to make it look like ordinary vector analysis. The basic distinction 
between Einsteinian special relativity and Minkowskian special relativity is that in 
the former Einstein velocity addition law and its three-vectors form the primitive 
concept from which the Lorentz transformation group is derived, while in the latter 
it is the Lorentz transformation group and its four-vectors that form the primitive 
concept. 

The gyrovector space approach to special relativity in this book and in its fore- 
runners [58, 60, 63, 64] tilts the balance away from Minkowskian special relativity 
toward Einsteinian special relativity. The success of Einstein addition law as a pow- 
erful tool in the search for hyperbolic triangle centers is Einstein’s triumph. Surpris- 
ingly, the success of Einstein addition law in hyperbolic geometry also indicates that 
this extraordinarily useful law is incomplete, as explained in the sequel. 

Ignoring forces, do uniform relativistically admissible velocities in the Universe 
add according to Einstein velocity addition law? Owing to analogies that (i) the Ein- 
stein addition law of Einsteinian, relativistically admissible, velocities and (ii) the 
vector addition law of Newtonian, classical velocities share, it is commonly ac- 
cepted that uniform velocities in the Universe add according to Einstein addition 
law. This belief is partially supported by Fizeau’s 1851 experiment [38] that vali- 
dates experimentally the physical significance of Einstein velocity addition law for 
parallel velocities. 

However, in addition to the remarkable analogies that Einstein velocity addition 
law of Einsteinian velocities and the common vector addition law of Newtonian 
velocities share, there is a remarkable disanalogy: 


1. The common vector addition law gives rise to the well-known triangle and paral- 
lelogram addition law, and the resulting triangle and parallelogram addition law 
coincide with the common vector addition law. 

2. In full analogy, Einstein velocity addition law gives rise to a gyrotriangle and a 
gyroparallelogram addition law as well, as we have seen in Sect. 5.3, p. 120, and 
as one can see, in more detail, in [63]. In contrast, however, the resulting gyro- 
triangle and gyroparallelogram addition law do not coincide with Einstein addi- 
tion. Thus, for instance, Einstein gyroparallelogram addition law, (5.11), p. 124, 
is commutative while, in contrast, Einstein addition law, (1.2), p. 4, is noncom- 
mutative. 


This remarkable disanalogy raises a natural question: Ignoring forces, do uniform 
velocities in the Universe add (i) according to Einstein velocity addition law, or 
(ii) according to the gyrotriangle and the gyroparallelogram addition law to which 
Einstein addition law gives rise? 

The answer to the question lies in the stellar aberration effect. Stellar aberration 
results from the velocity of the Earth in its annual orbit about the Sun, discovered 
by the English astronomer James Bradley in the 1720s [53]. 
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v=—-E+SeER 


Fig. 10.1 Classical Stellar Aberration and Particle Aberration: Classical interpretation in terms 
of the triangle law or, equivalently, the parallelogram law, of addition of Newtonian velocities in 
the standard model of 3-dimensional Euclidean geometry (IR*, +). Two dimensions are shown for 
graphical clarity. Here + is the common vector addition in R>. A particle P moves with Newtonian 
velocity pe (ps) relative to the Earth E (the Sun S), making an angle 6, (@;) with the Newtonian ve- 
locity v of the Sun S relative to the Earth £. In order to calculate the Newtonian, classical, particle 
aberration 6; — @¢, the Euclidean triangle ESP is augmented into the Euclidean right-angled trian- 
gle EQP, allowing elementary trigonometry to be employed. Points are given by their orthogonal 
Cartesian coordinates (x, y, Z), x24 y? +z? < oo. The coordinates are not shown. The Euclid- 
ity of (R?, +) is determined by the Euclidean metric in which the distance between two points 
A, B ER? is || — A+ Bl]. Classical stellar aberration is a special classical particle aberration when 
the particle is a photon emitted from a star 


10.2 Stellar Aberration 


Stellar aberration in the Universe, described in Figs. 10.1—10.2, is our laboratory, 
and we are the experimenters asking whether relativistic velocities add 


(i) According to Einstein velocity addition law (1.2), p. 4, or 
(ii) According to Einstein gyroparallelogram addition law (5.11), p. 124 


Fortunately, the cosmological phenomenon of stellar aberration comes to the 
rescue. Owing to the validity of well-known relativistic stellar aberration formulas, 
we will find here that 


1. Einsteinian, relativistically admissible velocities that need not be parallel do not 
add according to Einstein velocity addition law. Rather, they are gyrovectors that 
add according to the gyroparallelogram addition law (5.11), Fig. 5.4, p. 123, 
which is commutative, just as 

2. Newtonian, classical velocities are vectors that add according to the common 
parallelogram addition law 


To set the stage for presenting the relativistic stellar aberration, we begin with the 
presentation of the classical particle aberration, Fig. 10.1, which will be extended 
to a presentation of the relativistic particle aberration, Fig. 10.2, by gyro-analogies. 
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Fig. 10.2 Relativistic Stellar Aberration and Particle Aberration: Relativistic interpretation in 
terms of the gyrotriangle law or, equivalently, the gyroparallelogram law, of addition of Einsteinian 
velocities in the Beltrami—Klein ball model of 3-dimensional hyperbolic geometry (IR3, @). Here @ 
is Einstein addition, (1.2), p. 4, in the c-ball R3 CRA particle P moves with Einsteinian velocity 
Pe (ps) relative to the Earth EF (the Sun S$), making an angle 0, (0;) with the Einsteinian velocity 
v of the Sun S relative to the Earth E. In order to calculate the Einsteinian, relativistic, particle 
aberration 6; — @¢, the gyrotriangle ESP is augmented into the right-gyroangled gyrotriangle EQP, 
allowing elementary gyrotrigonometry to be employed. Points are given by their orthogonal Carte- 
sian coordinates (x, y,z), x7 + y* +z? <c*. The coordinates are not shown. The hyperbolicity 
of (R3, @) is determined by the hyperbolic gyrometric in which the distance between two points 
A,Be R3 is ||GA@B||. Relativistic stellar aberration is a special relativistic particle aberration 
when the particle is a photon emitted from a star 


Figures 10.1 and 10.2 present, respectively, the Newtonian velocity space R? of 
classical velocities, and the Einsteinian velocity space R3 of relativistically admis- 
sible velocities, along with several of their points, where only two dimensions are 
shown for clarity. The origin, O, of each of these two velocity spaces, not shown in 
Figs. 10.1-10.2, is arbitrarily selected, representing an arbitrarily selected inertial 
rest frame 2g. 

Points of a velocity space represent uniform velocities relative to the rest 
frame X. In particular, the points FE, S and P in Figs. 10.1-10.2 represent, re- 
spectively, the velocity of the Earth, the Sun, and a Particle (emitted, for instance, 
from a star) relative to the rest frame 2. 

Accordingly, the Newtonian velocity vector v of the Sun relative to the Earth is 


v=-E+S (10.1a) 
and the Einsteinian velocity gyrovector v of the Sun relative to the Earth is 
v= 0EF@S (10.1b) 


as shown, respectively, in Figs. 10.1—10.2. 
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Similarly, the particle P moves uniformly relative to the Earth and relative to the 
Sun with respective Newtonian velocities, Fig. 10.1, 


P.=—-E+P, 
P,=—-S+P. 


(10.2a) 
In full analogy with (10.2a), the Einsteinian velocities of the particle P relative 
to the Earth and relative to the Sun are, Fig. 10.2, 


P. =OLE@P 
P; = OS®P 


(10.2b) 


The Newtonian velocities (10.2a) of the particle make angles 6, and 6,, respec- 
tively, with the Newtonian velocity v in (10.1a), as shown in Fig. 10.1. 

Similarly, the Einsteinian velocities (10.2b) of the particle make gyroangles 6. 
and 6;, respectively, with the Einsteinian velocity v in (10.1b), as shown in Fig. 10.2. 

Following Fig. 10.1, classical particle aberration is the angular change 6, — 0¢ 
in the apparent direction of a moving particle caused by the motion with Newtonian 
relative velocity v, (10.la), between F and S. A relationship between the angles 6, 
and @, is called a classical particle aberration formula. 

Similarly, following Fig. 10.2, relativistic particle aberration is the gyroangular 
change 0, — 0. in the apparent direction of a moving particle caused by the mo- 
tion with Einsteinian relative velocity v, (10.1b), between EF and S. A relationship 
between the gyroangles 6, and @, is called a relativistic particle aberration formula. 

In order to uncover classical particle aberration formulas, we draw the altitude 
PQ from vertex P to side ES (extended if necessary) obtaining the right-angled tri- 
angle EQP in Fig. 10.1. The latter, in turn, enables the parallelogram law and the 
triangle law of Newtonian velocity addition, and the triangle equality and trigonom- 
etry, to be applied, obtaining the following two, mutually equivalent, classical par- 
ticle aberration formulas: 


cot@, = cot@s + ———_, 
Ps sin Os 

5 (10.3a) 
cot@, = cot@. — ————. 
De Sin Oe 


The resulting classical particle aberration formulas (10.3a) are in full agreement 
with formulas available in the literature; see, for instance, [54, (134), p. 147]. 

The details of obtaining the classical particle aberration formulas (10.3a), illus- 
trated in Fig. 10.1, are presented in [63, Chap. 13] and, hence, will not be presented 
here. 

In full analogy, in order to uncover relativistic particle aberration formulas, we 
draw the altitude PQ from vertex P to side ES (extended if necessary) obtaining the 
right gyrotriangle EQP in Fig. 10.2. The latter, in turn, enables the gyrotriangle law 
and the gyroparallelogram law of Einsteinian velocity addition, and the gyrotriangle 
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equality and gyrotrigonometry, to be applied, obtaining the following two, mutually 
equivalent, relativistic particle aberration formulas: 


cot@. = y, (cots, + —_), 
Ds sin Os 


v 
coté, = cot, — . 
a ( © pe Sin Be ) 


The resulting relativistic particle aberration formulas (10.3b) are in full agreement 
with formulas available in the literature; see, for instance, [45, p. 53], [46, p. 86] and 
[33, pp. 12-14]. 

The details of obtaining the relativistic particle aberration formulas (10.3b), illus- 
trated in Fig. 10.2, are presented in [63, Chap. 13] and, hence, will not be presented 
here. 

In Euclidean geometry, the triangle law and the parallelogram law of vector ad- 
dition are equivalent. In full analogy, their gyro-counterparts are equivalent as well, 
as explained in [64, Sect. 4.3] in detail. 

The equivalence of the two equations in (10.3a) implies p, sin@, = pe sin @, thus 
recovering the law of sines 


(10.3b) 


Ps Pe 
sin® -sin@, 


(10.4a) 


for the Euclidean triangle ESP in Fig. 10.1, noting that sin@, = sin(a — 6,). 
In full analogy, the equivalence of the two equations in (10.3b) implies the rela- 
tivistic law of gyrosines (6.44), p. 140, 


Y 
ee os (10.4b) 
sin Oe sin 0, 


for the gyrotriangle ESP in Fig. 10.2, noting that sin6@, = sin(a — 6s). 

Here, we have described the way to recover the well-known classical particle 
aberration formulas (10.3a) by employing trigonometry, the triangle equality, the 
triangle addition law, and the parallelogram addition law of Newtonian velocities. 

In full analogy, we have also described here the way to recover the well-known 
relativistic particle aberration formulas (10.3b) by employing gyrotrigonometry, the 
gyrotriangle equality, the gyrotriangle addition law, and the gyroparallelogram ad- 
dition law (5.11), p. 124, of Einsteinian velocities. 

In contrast, the well-known relativistic particle aberration formulas (10.3b) are 
obtained in the literature by employing the Lorentz transformation group of special 
relativity. 

What is remarkable here is that the relativistic particle aberration formulas 
(10.3b), which are commonly obtained in the literature by Lorentz transformation 
considerations, are recovered here by gyrotrigonometry and the gyroparallelogram 
addition law of Einsteinian velocities, in full analogy with the recovery of their 
classical counterparts. This remarkable way of recovering the particle aberration 
formulas (10.3a), (10.3b) demonstrates that since special relativity is governed by 


10.2 Stellar Aberration 307 


the Lorentz transformation group, Einsteinian velocities in special relativity add 
according to the gyroparallelogram addition law, just as Newtonian velocities add 
according to the parallelogram addition law. 

Hence, any experiment that supports the validity of the relativistic particle aber- 
ration formulas (10.3b), amounts to an experiment that supports the validity of the 
gyroparallelogram addition law (5.11), p. 124, of Einsteinian velocities. 

In the special case when the particle P in Fig. 10.2 is a photon emitted from a 
star, the Einsteinian speed of the photon relative to both FE and S is pe = ps = Cc, 
and the relativistic particle aberration formulas (10.3b) reduce to the corresponding 
stellar aberration formulas: 


cos 6, + u/c 


cot Oe = V,, aad 
S 


(10.5) 
pee cos 6. — v/c 
PORE Ny sin 0, 
The discovery of stellar aberration, which results from the velocity of the Earth in its 
annual orbit about the Sun, by the English astronomer James Bradley in the 1720s, 
is described, for instance, in [53]. 

A high precision test of the validity of the stellar aberration formulas (10.5) in 
special relativity has recently been obtained as a byproduct of the “GP-B” gyro- 
scope experiment. Indeed, the validity of the stellar aberration formulas (10.5) is 
central for the success of the “GP-B” gyroscope experiment developed by NASA 
and Stanford University [15] to test two unverified predictions of Einstein’s general 
theory of relativity [14, 20]. 

The GP-B space gyroscopes encountered two kinds of stellar aberration. Orbital 
aberration with 97.5-minute period of +5.1856 arc-seconds that results from the 
motion of the gyroscopes around the Earth, and annual aberration with one year 
period of about 20.4958 arc-seconds that results from the motion of the Earth 
(and the gyroscopes) around the Sun. These aberrations, calculated by methods of 
special relativity, were used to calibrate the gyroscopes and their accompanying 
instruments. 

If the “GP-B” gyroscope experiment proves successful, it could be considered 
as an experimental evidence of the validity of the stellar aberration formulas (10.5) 
and, hence, the validity of the relativistic particle aberration formulas (10.3b) as 
well. The experimental significance of (10.3b), in turn, could be considered as an 
experimental evidence of the validity of the gyroparallelogram addition law of Ein- 
steinian velocities. Indeed, the preliminary analysis of data has confirmed the theo- 
retical prediction of the “GP-B” gyroscope experiment [21], so that the experiment 
seems to prove successful. 

The success of “GP-B”, thus, establishes experimentally the validity of the 
gyroparallelogram law (5.11), p. 124, as the commutative addition law of uni- 
form, relativistically admissible velocities. The geometric significance of our spe- 
cial relativistic approach to hyperbolic geometry is, thus, associated with physical- 
experimental significance as well. 
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10.3 On the Future of Special Relativity and Hyperbolic 
Geometry 


It is hoped that following the demonstration that Einstein addition forms an extraor- 
dinarily powerful, elegant tool for studying hyperbolic geometry, readers of this 
book will come along and join us in the hunt for more hyperbolic triangle centers 
and relations between them by means of Einstein addition. 

Relativity today is no longer only a matter of pure science aimed at understand- 
ing the fundamental laws of Nature and the structure of the Universe. Rather, it 
has reached the status of applied technology in everyday life, as Claus Lammerzahl 
points out in detail in [32]. There are many technologies whose good operation 
requires one to take into account relativistic effects. The best known of these tech- 
nologies is, perhaps, the Global Positioning System (GPS). 

Yet, as Z.K. Silagadze notes in [50], 


“The teaching of special relativity, however, still follows its presentation 
as it unfolded historically, trying to convince the audience of this teaching 
that Newtonian physics is natural but incorrect and special relativity is its 
paradoxical but correct amendment.” 


Z.K. Silagadze, 2008 


Interest in Euclidean triangle centers has long history, indicating that, following 
this book, hyperbolic triangle centers will prove quite popular and challenging as 
well [3, 11, 52, 68]. While creating momentum for the exploration of hyperbolic 
triangle centers, this book contributes to modernizing and popularizing the teaching 
of Einstein’s special relativity theory along with its underlying hyperbolic geometry 
of Bolyai and Lobachevsky. In the resulting modernized special relativity, Einstein 
addition is a primitive concept from which the Minkowskian formalism is derived, 
and the Einstein relativistic mass is a concept that interplays harmoniously with the 
underlying hyperbolic geometry of the Einsteinian three-vector formalism as well 
as with the Minkowskian four-vector formalism of special relativity. 


Glossary 


Brocard gyropoint (2 Sect. 9.6, p. 291 
Circumgyrocenter Sect. 7.1, p. 153 
Circumgyroradius Sect. 7.4, p. 161 
Commutative Group Definition 1.2, p. 11 
Exgyrocenter Sect. 8.5, p. 230 

Exgyroradius Theorem 8.3, p. 230 

Gergonne gyropoint G, Sect. 7.14, p. 191 
Group Definition 1.1, p. 11 

Groupoid A non-empty set with a binary operation 
Gyration Gyrogroup definition, and Sect. 1.5 
Gyroaltitude Theorem 6.14, p. 146 
Gyroangle Sect. 2.6, p. 53 
Gyroautomorphism Same as gyration 
Gyroautomorphism Group Definition 1.18, p. 23 
Gyrobarycentric Coordinates Sect. 4.2, p. 88 
Gyrocentroid Definition 4.13, p. 104 
Gyrocevian Definition 9.1, p. 269 

Gyrocircle Sect. 7.3, p. 160 
Gyrocommutative Gyrogroup Gyrogroup definition, and Sect. 1.5 
Gyrodiagonal Definition 5.2, p. 120 
Gyrodistance Sect. 2.2, p. 49 

Gyrogroup Definition 1.5, p. 12 
Gyromedian Definition 4.13, p. 104 
Gyromidpoint Sect. 4.5, p. 97 
Gyroparallelogram Definition 5.2, p. 120 
Gyrosemidirect Product Sect. 1.18, p. 23 
Ingyrocenter Sect. 8.5, p. 230 

Ingyroradius Theorem 8.3, p. 230 

Nagel gyropoint NV, Sect. 8.9, p. 236 
Orthogyrocenter Sect. 7.17, p. 202 
Subgroup Definition 1.3, p. 11 
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Gyrotriangle gyroaltitude, foot, 183 
Gyrotrigonometry, 145 

Gyrovector space, 45 

Gyrovector spaces, def., 46 


I 

Incenter, corollary, 236 
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